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irrational numbers of the type + V2 or +a where a is not a perfect square were 
introduced. This process of enlargement of the number system ultimately led to the 
set of real numbers 7R = QO U OQ’ (Q’ is the set of irrational numbers) which 1s used 


most frequently in everyday life. 


1.2 Rational Numbers and Irrational Numbers 


. P 
We know that a rational number is a number which can be put in the form A 


where p, g€ ZAq#0. The numbers /16 , 3.7,4 etc., are rational numbers. J16 can 


4 
be reduced to the form 2 where p, 7 € Z, and g #0 because V16 =4= a 
q 


Irrational numbers are those numbers which cannot be put into the form s 


where p,ge Zand g#0. The numbers V2 V3, i ig are irrational numbers. . 


1.2.1 Decimal Representation of Rational and Irrational Numbers 


1) Terminating decimals: A decimal which has only a finite number of digits in its 
decimal part, is called a terminating decimal. Thus 202.04, 0.0000415, 100000.4 1237895 
are examples of terminating decimals. 

Since a terminating decimal can be converted into a common fraction, so every 
terminating decimal represents a rational number. 


2) Recurring Decimals: This is another type of rational numbers. In general, a 
recurring or periodic decimal is a decimal in which one or more digits repeat 
indefinitely. 

It will be shown (in the chapter on sequences and series) that a recurring decimal 
can be converted into a common fraction. So every recurring decimal represents a 
rational number: 

A non-terminating, non-recurring decimal is a decimal which neither terminates 
nor it is recurring. It is not possible to conyert such a decimal into a common 


| fraction. Thus a non-terminating, non-recurring decimal represents an irrational 
~ ‘number. ; 


* 
—- ee 
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Example 1: 





1) = 225: realy is a rational number. 
100 


i) 333206 -) is a recurring decimal, it is a rational number. 
ili) 23(= 03335) is a rational number. 
iv) 0.142857142857 ... <2) is a rational number. 


v) 0,01001000100001... is a non-terminating, non-periodic decimal, so 
it is an irrational number. 

vi) 214.121122111222 1111 2222 ... is also an irrational number. 

vii) 1.4142135 ... is an irrational number. 

vill) 7.3205080 ... is an irrational number. 

ix) 1.709975947 ... is an irrational number. 

x)  3.141592654... is an important irrational number called m(Pi) which 
denotes the constant ratio of the circumference of any circle to the 
length of its diameter i.e., 

circumference of any circle 


length of its diameter. 


oe eee shat atte 
An approximate value of 7 is ae a better approximation is TW 


and a still better approximation is 3.14159. The value of 1 correct to 
» lac decimal places has been determined with the help of computer. 
Example 2: Prove J/2 is an irrational number. 
Solution: Suppose, if possible, /2 is rational so that it can be written in the form 
p/q where p, g © Zand gq #0. Suppose further that p /q is in its lowest form. 


Then /2 = p/q, (q #0) 


Squaring both sides we get; 


pe 2 2 
2=—~ or p° =2q (1) 
q 
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The R.H.S. of this equation has a factor 2. Its L.H.S. must have the same factor. 


Now a prime number can be a factor of a square only if it occurs at least twice in 
the square. Therefore, p* should be of the form 4 p’ so that equation (1) takes the 


form: 
4p” =2q° 2 A(2) 
en 2p =a" es) 
In the last equation, 2 is a factor of the L.H.S. Therefore, q* should be of the 


form 4q'? so that equation 3 takes the form 


nig 4ge Le, pa 2qe s++(4) 
From equations (1) and (2), 
p=2p 
and from equations (3) and (4) 
q=2q' 
Pi 2P 


q 2q’ 
This contradicts the hypothesis that is in its lowest form. 
q 
Hence 42 is irrational. 
Example 3: Prove ¥/3 is an irrational number. 


Solution: Suppose, if possible ¥3 is rational so that it can be written in the forn— 
p/q when p, g € Zand g £0. Suppose further that p /q is in. its lowest form, 


then /3 = p/q, (q#0) 


Squaring this equation we get; 


* Pp? 
Teas or p* =3q | eee) 
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The R.H.S. of this equation has a factor 3. Its L.H.S. must have the same factor. 


Now a prime number can be a factor of a square only if it occurs at least twice in 


the square. Therefore, p’ should be of the form 9p” so that equation (1) takes the 


form: 


9p* =3q? (2) 


Le. op - =4- (3) 
In the last equation, 3 is a factor of the L.H.S. Therefore, q* should be of the 


form 9q"*so that equation (3) takes the form 
3p =9q' th Mieke psi=3sqe (4) 


From equations (1) and (2), 


Ul 


p=3p 


_and from equations (3) and (4) 





q = 3q 
PD OP: 
q  3q 


This contradicts the hypothesis that is in its lowest form. 
q 


Hence /3 is irrational. 






e 
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1.3 Properties of Real Numbers 


We are already familiar with the set of real numbers and most of their 
properties. We now state them in a unified and systematic manner. Before stating 
them we give a preliminary definition. 

Binary Operation: A binary operation may be defined as a function from A x A into 
A, but for the present discussion, the following definition would serve the purpose. 

A binary operation in a set A is a rule usually denoted by x _ that assigns to any pair 
of elements of A, taken in a definite order, another element of A. 

Two important binary operations are addition and multiplication in the set of 
real numbers. Similarly, union and intersection are binary operations on sets which 
are subsets of the same Universal set. 

7k. usually denotes the set of real numbers. We assume that two binary 
operations addition (+) and multiplication (. or x) are defined in 7X. Following are 

__ the properties or laws for real numbers. 


1. Addition Laws: - 


i) Closure Law of Addition 

Va, be R,at+be TR ( V stands for “for all” ) 
li) Associative Law of Addition 

V a,b,ce Jk,at+(b+c)=(at+b)+c 
iii) Additive Identity 


Vae /K,40€ XK such that a+0=O+a=a 
(a stands for “there exists’). 
0 (read as zero) is called the identity element of addition. 
iv) Additive Inverse 
Vae R,AC-a)e FR such that 
a+(—a)=0=(-—a)+a 
v) Commutative Law for Addition 
Va, be 7k, a+b =b+a ; 
2. Multiplication Laws — 
| vi) Closure Law of Multiplication 
Vv abéeR,abe TR (a.b is usually written as ad). 





vii) 


Vili) 


ix) 


x) 


x1) 


Associative Law for Multiplication 

Va,b,ce 7R.,a(bc) =(ab)c 

Multiplicative Identity 

VaeR.i1e FR suchthata.l=la=a 

1 is called the multiplicative identity of real numbers. 
Multiplicative Inverse 


EE Cita tg BNET SY SCETIOS 7 | 
} 


VaH)e R,aa'eR suchthatad’=d'.a=1 (a alco written asc). 
a 


Commutative Law of multiplication 
Va, be 7R,ab=ba — 


Multiplication — Addition Law 


1) 
1) 


Va,b,c,e Tk 

a (b+c) = ab + ac (Distributivity of multiplication over addition). 

(a+b) c=ac + be 

In addition to the above properties 72 possesses the following properties. 
Order Properties (described below). 

Completeness axiom which will be explained in higher classes. 


The above properties characterizes 7R i.e., only 7K possesses all these 
properties. Before stating the order axioms we state the properties of equality of 


numbers. 
4. Properties of Equality 
Equality of numbers denoted by “=” possesses the following aenertice - 
i) Reflexive property Vaelk,a=a 
ii) Symmetric Property VabeR,a=b= d=a. 
iii) Transitive Property Va b,c €)k,a=ba b=c => a=c 
iv) Additive Property Va,b,c €7R,a=b=> atc =bte 
v) Multiplicative Property Va,b,c €7k,a=b—-ac=be aca=cb. 
vi) Cancellation Property w.r.t. addition 


Wain, Cc ck, a+c=b+c=>a=b 





We b,c eR. ac = bc => a=b, c¥0. 


a 
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‘Properties of Inequalities (Order properties) 


1) Trichotomy Property VabetkkR 
eithera = bora>bora<b 
2) Transitive Property VabcehR 
1) a>bab>c>a>rc il) a<xbab<c>a<c 
3) Additive Property: V a, b,c € TR 
a) i) a>b>at+c>btec b) i) a>banc>d=>atc>btd 
luja<b>atc<bte li)a<x<bac<d=>atc<btd 


4) Multiplicative Property: 
a) WVabeceRandc>0 


1) a>b=>ac>be il) a<b=>ac<be. 

b) Va,bceR andc< 0, 

1) a>b=>ac<be i1) a<b=>ac>be 

c) Wa, b,c,d€7R anda,b,c,d are all positive, 

i) a>bac>d=>ac> bd. li) a<bac<d=ac<hbd. 






er .. aot Note That: 
Dossessing il the above 11 properties i is called a field. 
pre vulti plica ative properties of inequality we conclude that: - 


i the aon * - ae 3 ey, 1eN ~ Suet 
oth the side s of an in equalit a by a +ve number,its directior 


nultiplication ¢ eto Bides by—ve number reverses: 
of the i in ara Coa, ar Yee 











ref 
oo 


> ee oe ie. ¥ BAe Pas 
mets vase “ ts Reto 

“. a a ee te 

Sai Sia 7 ". 
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Example 4: Prove that for any real numbers a, b 


i) aO=0 ii)ab=O>a=0vVd=0 [v stands for “or”] 


Solution: i) a.0=a [1+ (-1)] (Property of additive inverse) 

=a(i-l) (Def. of subtraction) 
= a.l—a.1 (Distributive Law) 
=a-a (Property of multiplicative identity) 
= a+(—a) (Def. of subtraction) 
=() (Property of additive inverse) 

Thus a.0=0. 

(ii) Given that ab=0 (1) 


Ler eek. 
Suppose a # QO, then — exists 
a 


(1) gives: u (ab) = L .0 (Multiplicative property of equality) 
: a a 


= (=a) b= —.0 (Assoc. Law of X) 
= LD = 0 (Property of multiplicative inverse). 
=>b=0 (Property of multiplicative identity). 
Thus if ab = 0 anda #0, then b=0 
Similarly it may be shown that 
if ab =0 and b #0, thena=0. 
Hence ab =0>a=O0orb=0.. 


Example 5: For real numbers a,b show the following by stating the properties used. 


i) (-a)b=a(-b)=-ab ili) (-a)(Cb)=ab 
Solution: i) (-a)(b)+ab=(-ata)b (Distributive law) 
= 0.b=0. (Property of additive inverse) 
”. (-a)b + ab=0 
i.e., (-a)b and ab are additive inverse of each other. 
“. (-a)b = -(ab) =—ab (© — (ab) is written as —ab) 


ii) (-a) (-b) -ab = (-a)(-b) + ab) 
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4 ~—— =(a)(-b) + a) (b) (By (i)) 
: he = (a)(-b + b) (Distributive law) 
i * Te Btn St = aid 0=0, — (Property of additive inverse) 
b 
7 =< © ad = be (Principle for eanality of fractions) 
ab 

‘ (Rule for product of fractions). 

. (Golden rule of fractions) 

\ v . 


only if 
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ay Ke 
=> —=-—. 
Omer d 
7 , LF 
li) (ab). * = (a.-), (b. ~)= 1.1=1 
ab 
Thus ab and = are the multiplicative inverse of each other. But 
a 


multiplicative inverse of ab is 7 
a 


ill) 


IV) 


v) 














Los 
ab ab 
Gc l | 
Soe Cle) : (c.7) 
= (ac) ©) (Using commutative and associative laws of multiplication) 
= 06 ee 
. bd ab 
=p AS 
bd |bd 
= = ay _ak _ ak 
b Ob b kak 
Gh 
b bk 
aoa i 
ge Lim be 
— —(bd Lach —.d) 
7 me ) eo¢! ) 


Example 7 : Does the set {1, —1} possess closure property with respect to 


i) addition ii) multiplication? 


Solution: i) 1+1 =2, 1+ 1) =0=-1+1 


But 2, 0, —2 do not belong to the given set. That is, all the sums do not belong to 


~1+ (-1)=-2 


the given set. So it does not possess closure property w.r.t. addition. 
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1.1=1, 





ChE INC) el, Cl). Cl) =1 


Since all the products belong to the given set, it is closed w.r.t. multiplication. 





1. 


5. 


6. 


aid) 


Which of the following sets have closure property w.r.t. addition and 
multiplication? 

i) {0} li) {1} 
Name the properties used in the following equations. 
(Letters, where used, represent real numbers). 


i) 449=944 


iii) (V3 +V5)+V7 = V3 +(V5 +47) 
vy) 1000x1= 1000 

Vili) a—a=0 

ix) a(b-¢)=ab-ac 

xi) 4x(5x8)=(4x5)x8 


iii) {0,-1} 


iv) {1,-1} 


li) (a+l)+ ; =a+(l+ *) 


iv) 100+0=100 
vi) 4.1+(-4.1) =0 
viii) J2xV5 = J5xV2 


x) «(x-y)z=xz-yz 


xli) a(b+c—-d) = ab + ac — ad. 


Name the properties used in the following inequalities: 


i) -3<—2>0<!I1 | 








iii) 1>-1] >-3>-5 
Vv) a>b argh < 1 
a b 
Prove the following rules of addition: - 
i) ae. = a+b 
Canc = C 
Prove fates ck = se! 
i2 18 36 
Simplify by justifying each step: - 
. oul 
4+16x 4°5 
x 4 § 


li) -><-4 =>20> 16 





iv) a<Q =>-a>Q 
V1) a>b =>-q<-b 
Ne ac) ww dar-+ bc 
li) —+—= 
bd bd 

deac ed 
— + — Sk a Se 
b_d ) a_b 
0 0 
bd ab 
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1.4 Complex Numbers 


The history of mathematics shows that man has been developing and enlarging 
his concept of number according to the saying that “Necessity is the mother of 
invention”. In the remote past they started with the set of counting numbers and 
invented, by stages, the negative numbers, rational numbers irrational numbers. 
Since square of a positive as well as negative number is a positive number, the square 
root of a negative number does not exist in the realm of real numbers. Therefore, 
square roots of negative numbers were given no attention for centuries together. 
However, recently, properties of numbers involving square roots of negative numbers 
have also been discussed in detail and such numbers have been found useful and have — 
been applied in many branches of pure and applied mathematics. The numbers of the 


form x+iy,where x, ye 7 and i=V—- 1, are called complex numbers, here x is 


called real part and y is called imaginary part of the complex number. For example, 
3+ 4i, 2 - i etc. are complex numbers. 


7 . i . . . 3 f ~~ hi 
Note: Every real number is a complex number with 0 as its imaginary part. 


® 
= 
es ash ee eee 


Let us start with considering the equation. 


x* +1=0 | (1) 
= exv=a! 
=>. x=t/-1 


¥—1 does not belong to the set of real numbers. We, therefore, for convenience 
call it imaginary number and denote it by / (read as iota). 
The product of a real number and i is also an imaginary number. Thus 


2i, — 3i 2 /5 i, - 5! are all imaginary numbers. i which may be written 1.7 is also an 


imaginary number. 

Powers of i : 
i*=—1 (by definition) 
iP? =i? i=-li=-i 


i* =i? xi? =(-1)-l=1 
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s 
= 
‘ 





Thus any power of i must be equal to 1, i7,—1 or —i. For instance, 
ij =(ts) 24 =(—1)°i=i 


i® =(i*)? =(-1)*? =-1 etc. 


1.4.1 Operations on Complex Numbers 


1) 
2) 


3) 
4) 


5) 


With a view to develop algebra of complex numbers, we state a few definitions. 
The symbols a,b,c,d,k, where used, represent real numbers. 
at bi=c+di >a=cab=d. 


Addition: (a+ 5i)+(c+di)=(a+c)+(b+d)i 
k(a+ bi) =kat+kbi 
(a+bi) —(c+di) =(a+bi) +|-(c+di)| 
=a+bi+(—c—d i) 
=(a—c)+(b-d)i 
(a+bi).(c+di)=actadit+bci+bdi’ =(ac—bd)+(ad + be)i. 
Conjugate Complex Numbers: Complex numbers of the form (a+bi) and . 


(a —bi) which have the same real parts and whose imaginary parts differ in sign 
only, are called conjugates of each other. Thus 5 + 4 i and S—4i, —2 +3i and 
—2-3i, 15) i and 1/5 i are three pairs of conjugate numbers. 





We can define complex numbers also by using ordered pairs. 


_ Let Cbe the set of ordered pairs belonging to 7R x 7R which are subject to the 


following properties: - 

i) (a,b)=(c,d) Sa=c ab=d. 

ii) (a,b)+(c,d).=(a+c,b+d) 

1) Ifkis any real number, then k(a,b)=(ka, kb) 
iv) (a,b) (c,d) = (ac—bd, ad+bc) 


Then C is called the set of complex numbers. It is easy to see that 
(a,b)—(c,d) = (a—c, b—d) 
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4. Simplify the following: 





Di ii) i iii) (i) Siren 

5. Write in terms of i 
| —16 l 

) J-1b a cz iy _[—t© ad bak 

1) yal il) J-5 111) 75 iv) = 

Simplify the following: 
65.0) (339) +355) 7. (8-5)-(7, 4) 8. (2,6) (3,7) 
9, 6,—4) (-3, -2) 10. (0,3) (0,5) 11. (2,6) + (3,7). 
12. (5,-—4) +(-3, -8) [inert (2,6) Oy" DarOi yes ik ce 

(3,7) Baa 38 Ti 


13. Prove that the sum as well as the product of any two conjugate complex 
numbers is a real number. 

14. Find the multiplicative inverse of each of the following numbers: 
) 4a) ii) (V2, -V/5} iii) (1,0) 

15. Factorize the following: 
i) a’ +4b? li) 9a7+16b? iii) 3x?+3y? 

16. Separate into real and imaginary parts (write as a simple complex number): 
i) 2-—Ti 7 (—2 + 3i)? i i 


i= a) 
4+5i (I+ ) 1+i 


1.5 The Real Line 












X- 5 ? | WONT bis aan xX 
Fig. (1) ote 
In Fig.(1), let X° X bea line.. We represent the number 0 by a point O 
(called the origin) of the line. Let | OA| represents a unit length. According to this 
unit, positive numbers are represented on this line by points to the right of O and 
negative numbers. by points to the left of O. It is easy to visualize that all +ve and 
.vé rational numbers are represented on this line. What about the irrational numbers? 
The fact is that all the irrational numbers are also represented by points of 
the line. Therefore, we postulate: - : 


Postulate: A (1 — 1) correspondence can be established between the pornts ofa Tine l 
and the real numbers in such a way that: - | 


, ¥ ; 
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Let (a,0), (c,0) be two elements of this subset. Then 
i) (a,0) + (c, 0) =(a+c,0) ii) k(a,0) =(ka, 0) 
iii) (a,0) X (c, 0) = (ac,0) 


iv) Multiplicative inverse of (a, 0) is e 0} a#OQ. 
| a 


Notice that the results are the same as we should have obtained if we had 
operated on the real numbers a and c ignoring the second component of each ordered 
pair i.e., 0 which has played no part in the above calculations. 

On account of this special feature we identify the complex number (a, 0) with 
the real number a 1.e., we postulate: 

(a,0)=a vorty 2G) 

Now consider (0, 1) 

(0, 1) . (0,1) = 1,0) 

=—I] (by (1) above). 
If we set (0,1) =1 | (2) 
then (0,1)? = (0,1), =i.i=i? =-1 | 
We are now in a position to write every complex number given as an ordered 
pair, in terms of 7. For example 


(a,b) =(a,0) + (0,5) (def. of addition) 
=a(1,0)+5(0,1) - (by (1) and (2) above) 
=a.1+bi 
= atib 

Thus (a,b) = a+ ib .where i’ =-1 


This result enables us to convert any Complex number given in one notation into 
the other. 







Pe ehinercise 1:2) 
1. Verify the addition properties of complex numbers. 
2. — Verify the multiplictition properties of the complex numbers. 
3. Verify the distributive law of complex numbers. 
 @ B)\(c,d)+€e, f)|= Gb) (¢,d)+ (a,b) (e-f) 
(Hint: Simplify each side separately) 









. 
ee re, .- | lo. he os et ae 
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4. Simplify the following: 








i ii) i'* iii) (i) ivy "EDF 
5. Write in terms of i | 
Nvclb ies, ee ay |S 
| | 25 ear 
Simplify the following: 
6. (7,9) +(,-5) 7. (8-5)-(-7,4) 8 (2,6) 3,7) 
9; (5,-4) (-3,-2) 10. (0,3) (0,5) 11. (2,6) = (3,7). 
12. (5,4) +(-3,-8) eth ra Wea ac 
3,7) 3+7i 3-7 


13. Prove that the sum as well as the product of any two conjugate complex 
numbers is a real number. 

14. Find the multiplicative inverse of each of the following numbers: 
i) (4,7) ii) V2,- -5) iii) (1,0) 


15. Factorize the following: 





i) a? + 4p? ii) 9a? +16b? iii) 3x2 +3y? 
16. Separate into real and imaginary parts (write as a simple complex number): - 
jy eT tyson 
4+5i (1+i ) 1+1 


1.5 The Real Line ) 
sie es Sa ee ee eth bs, 
Xx: 4 ED: 
Fig. (1) | 
In Fig.(1), let X’ X bea line.. We represent the number 0 by a point O 
(called the origin) of the line. Let |OA| represents a unit length. According to this 
unit, positive numbers are represented on this line by points to the right of O and 
negative numbers. by points to the left of O. It is easy to visualize that all+ve and_ 
\Ve rational numbers are represented on this line. What about the irrational numbers? 
The fact is that all the irrational numbers are also represented by points of | 
the line. Therefore, we postulate: - = 
Postulate: A (1 — 1) correspondence can be established between she tints of a Tine 
and the real numbers in such a way that: - 


| 
] 
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i) The number 0 corresponds to a point O of the line. 
li) The number | corresponds to a point A of the line. 





iii) If x,, x, are the numbers corresponding to two points P,, P,, then the 
distance between P and P, will be | x, — 


x, |. 
It is evident that the above correspondence will be such that corresponding to 
any real number there will be one and only one point on the line and vice versa. 
When a (1 — 1) correspondence between the points of a line x’ x and the real 
numbers has been established in the manner described above, the line is called the 


real line and the real number, say x, corresponding to any point P of the line is called 
the coordinate of the point. 


ay 


‘1.5.1 The Real Plane or The Coordinate Plane 


We know that -the cartesian 
product of two non-empty sets A 
and B, denoted by A x B, is the set: 
AxB={(%, y)|xe Aaye B} 

The members of a cartesian x’ 
product are ordered pairs. 

The cartesian product 7R.x7R 
where, is the set of real numbers 
is called the cartesian plaiie. 

By taking two perpendicular 
lines x oxand y‘oy as coordinate : 
axes On a geometrical plane and Fig. (2) : 
choosing aconvenient unitof _ : ; 
distance, elements of 72.x7R can be represented on the plane in such a way that 


there is a (1-1) nace between the elements of TR TR and points of the 
* plane. 





The geometrical plane on which coordinate system has been specified is called 
” the real plane or the coordinate plane. : 
: _ Ordinarily we do not distinguish between the Cartesian plane // TR TR. and the — 
Coordinate plane whose points correspond to or represent | the elements of RXR. 


> 
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If a point A of the coordinate plane corresponds to the ordered pair (a, b) then 
-.a, b are called the coordinates of A. a is called the x-coordinate or abscissa and 0 is 
called the y — coordinate or ordinate. 


In the figure shown above, the coordinates of the points B,C,D and E are (3,2), 
(—4,3), (-3, -4) and (5, —4) respectively. | 

Corresponding to every ordered pair (a, b) € 7R x7 there is one and only one 
point in the plane and corresponding to every point in the plane there is one and only 
one ordered pair (a, b) in 7R.X7R. 

There is thus a (1-1) correspondence between 7K. X7/K and the plane. 
1.6 Geometrical Representation of Complex Numbers 

The Complex Plane 


We have seen that there is a (1-1) correspondence between the elements, 
(ordered pairs) of the Cartesian plane 7 x7R and the complex numbers. Therefore, 
there is a (1-1) correspondence between the points of the coordinate plane and the 
complex numbers. We can, therefore, represent complex numbers by points of the 
coordinate plane. In this representation every complex number will be represented by 
one and only one point of the coordinate plane and every point of the plane will 
represent one and only one complex number. The components of the complex 
number will be the coordinates of the point representing it. In this representation the 
x-axis is called the real axis and the y-axis is called the imaginary axis. The 
coordinate plane itself is called the complex plane or z — plane. 

By way of illustration a number of complex numbers have been shown i in figure 3. 

The figure representing one or 
more complex numbers on the complex 
plane is called an Argand diagram. 
Points on the x-axis represent real 
numbers whereas the points on the y- 
axis represent imaginary numbers. 

In fig (4), xy are the STSEMIELES 
ofa point. 


It represents the Seine wauinibes 
x+iy. The real number 








a 
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\ x*> + y? “is called the modulus of the 
complex number a+ id. 


In the figure MALo x 
-. OM =x, MA= y 
In the right-angled triangle OMA, 
we have, by Pythagoras theorem, 


|OAP=|0M 2 +1MAL 


AOA LE Jx? + y? 


Thus |OA| represents the modulus of x + iy. In other words: The modulus of a 
complex number is the distance from the origin of the point representing the 


number. The modulus of a complex number is generally denoted as: lx+ yil or 
\(x,y)l. For convenience, a complex number is denoted by z. 
If z=x+ ty =(2,y), then 


Izl= J x+y? 
Example 1: Find moduli of the following complex numbers : 
(i) 1-iV3 (ii) 3 (iii) —5i (iv) 3+ 4i 
Solution: sah 
i) Letz=1 -iv3 ~ ti) Let z=3 
or. z=3+0i 
or z= 1+i(-3) . saignvos Sf 
~ bl=vor+ Cy 


.1zl= 4)? +(0)? =3 
= V1+3=2 
iii) Let 2=-Si 

or z=0+(-5)i 


iv) Let z=3+4i 
“1 zf=./0? +(-5)? =5 


s1zl=J(3)2+ (4)? 


= /O6i=S 
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Theorems: V z, z,, z,€C€, 





| 

D|-zl=|2|=[z|=|-z| it) Zz | 
iii) zz =|z\° iv) z4+2z, =Z,+7Z, 
v) |b }=++, z, #0 vi) I z,.z, leh z, bz, | | 
£2 £9 ts | 

vii) | z, |—Iz, ISlz,+2z, Isl z, lt1z, 1° | 
Proof :(i): Let z=ar+ib, | 
So, -z=-a-ib,Z=a-iband —Z=-a+ib | 
*.|-2|= ya)? +(-b)? = Va? +0? (1) | 
|z|=Va? +b (2) 7 
|z|=(@? +0)? = Va? +0? (3) : 


|-2|=y(-a)’ +)? = va? +0? (4) 
By equations (1), (2), (3) and (4) we conclude that 
-2|=|z|=|2|=|-z 
| (ii) Let z=a+tib 
so that z = a—ib 
Taking conjugate again of both sides, we have 
Z =at+ib=z 
(iii) Let z=a+ib sothat z=a—ib 
“. Zz =(atib)(a—Ib) 
=a’ —iab+iab—i*b’ 
= a? —(-1)b* 
=a? +b? =|2|’ 
(iv) Let z,=a+ib and z, =c+id, then 


i a 
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Z, +Z,=(at+ib)+(ct+id) 
=(a+c)+i(b+d) 


$0, Z, +2, =(at+c)+i(b+d) (Taking conjugate on both sides) 


=(a+c)-i(b+d) 
= (a- ib) + (c- id) =2,4z, 
(v) Let z,=a+ib and z, =c+id, where z, #0, then 








{ _atib 
Zo) CO tid 
at+ib c-—id 
= x ; Note this ste 
ctid c-—id ( P) 
_ (act+bd)+i(be—ad) act+bd  .bc-—ad 
= 2 z 52 a2 20) 2 
c +d c +d c +d 








. | 2% |) actbd .bc-ad 

le) eta ra? 
2 

actbd .bc—ad 

Gad td i 











Now 

















_ (ac+bd)—i(bc —ad) 
c* +d? 
act+bd .bc—ad 
— GE = Pama 2 | (2) 
From (1) and (2) , we have 


15S 
2 
(vi) Let z,=a+ib and z, =c+id, then 
| z,.Z, |=|(a+ib) (c+id)| 
= |(ac—bd)+ (ad + be)i| 
=,/(ac—bd)? + (ad +be)? 
= Vac? +b?d? +a7d? +b2c? | 
= (a? +b?) (c? +d?) 


Ca 








Rel |! 


“Ty 


_—-— . +; nat... oC ee i a fe ie ee nn a eo 


, Chapter I: Number Systems | 





=lz,!.1z,| 
This result may be stated thus: - 
The modulus of the product of two complex numbers is equal to the product of 
their moduli. 
(vii) Algebraic proof of its part is tedius, Therefore, we prove it geometrically. 





Fig (3) 
In the figure point A represents z,= a + ib and point C represents z,=c + id. We 
complete the parallelogram OABC. From the figure, it is evident that coordinates of 
B are (a + c, b + d), therefore, B represents 
Zz, + Z, =(a+c)+(b+d) i and |OB |= [z,+2,|. 


Also |OA|=1z,I, |AB|=l0C|=1z, 1. 
In the AOAB; OA+AB>OB (OA = mOA etc.) 
oI Z ltl zi l>lz + Zz! (1) 


Also in the same triangle, OA — AB < OB 

el Zl Zol < ligt azo 

Combining (1) and (2), we have 

Iz,| -Iz,| <lz,+ z,1<Iz,l+lz,| 

which gives the required results with 
inequality signs. 

Results with equality signs will hold when 
the points A and C representing Z, and z, become 


| eke 
collinear with B. This will be so when b = A 





(see fig (6)). Fig (6). +s 
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In such a case 
Iz,1+1z,1=!0B1+10A\ 

|OBI+1BC\ 

\OC| 

Iz, + z,| 


[I 


Il 


Thus !z, + z,! = Iz,1+1z,| 
The second part of result (vii) namely 
PZtecaleSal Zilch Zo 4 
is analogue of the triangular inequality . In, words, it may be stated thus: - 


The modulus of the sum of two complex numbers is less than or equal to the 
sum of the moduli of the numbers. 


Example 2: If z,=2+ i, z,= 3—2i, z,=1+3i then express 





5% z in the form a + ib 
Zo 
(Conjugate of a complex number z is denoted as z) 
Solution: | 
% % _ (2+i)(1+3i) _ (2-i) (-3i) 
Zo 3-2i 3-2i 
m(2=3) +01) elt 
3-2i 3222) 


_ (1-7i) B+2i) 
(3—2i) (3+2i) 
iu, (—3+14) + (—2-—2))i i: ll 23, 
: | 3° +2? 13 ia) 
Example 3: Show that Vz,, z, € C, ZZ = Zi Z 
Solution: Let z,=a+bi, z,=c+di 
= (ac—bd) — (ad +be)i - (1) 


“In any triangle the sum of the lengths of any two sides is greater than the length of the third side and 
difference of the lengths of any two sides is less than the length of the third side. 


a ee 
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2-2, = (a+bi) (c+di) 

=(a—bi) (c—di) 

=(ac —bd) + (—ad —be)i 
Thus from (1) and (2) we have, Z Z> = Z, Zy 
Polar form of a Complex number : Consider 
adjoining diagram representing the complex 
number z=x+iy. From the diagram, we see 
that x=rcos@and y=rsin@ where r= zl and 
@ is called argument of z. 


Hence x+iy=rcos@ +rsin6é (1) 


where r=,x°+y* and @=tan’ 2 


Equation (i) is called the polar form of the complex number z. 
Example 4: Express the complex number 1+ iV3 in polar form. 
Solutoin : 
Step-I: Put rcos@ =1 and rsin@ = 3 


Step-II: = _r* =(l)’ +(V3} 
=> 7 =143 =4— ne 


/3 


Step-III : 6 = tan™ aap an /3 = 60° 


Thus  1+i¥3 =2 cos 60° +i2sin60° 
De Moivre’s Theorem : - 

(cos@ +isin@)' =cosn@ +i sinnO,Vne Z 
’ Proof of this theorem is beyond the scope of this book. 


1.7 To find real and imaginary parts of 


PNT oe 
i) (x+iy)" ii) aa , xX tiy, #0 
| X_ +ly, | 
for n=+1, +2, +3, ... 
1) Let x=rcos@ and y=rsin@, then 


(x+iy)" =(rcos@ +irsin@)" 
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=(rcos@ +irsin@)” 
[r(cos@ +isin@)|" 
r” (cos@ +isin@)" 


r"(cosn@ +isinn@) (By De Moivre’s Theorem) 
r" cosn@ +ir" sinn@ 


Thus r“cosn@ and r” sinn@ are respectively the real and imaginary parts of 
(x+iy)". 


Where r= Vx +y> and @=tan™ ae 
y 


li) Let x, +iy, =7,cos@, +7, sin@, and x, +iy, =r,cos@,+r,sin@, then, 


7 n . > n . . n 
x, +iy, r,cos@, +7, isin@,) _ 7,"(cos@, +isin@, ) 
Soe, || Sl) SS 0 Eu oe LEP 
xX, +1y, r, cos@, +r, isin 9.) r,"(cos@, +isin@, ) 


n 
=-1-(c0s 0, +isin®, )' (cos@, +isin@, )” 
2 


n 


(cosn@, +isin nO, ) (cos(—n@), +isin(-7n@,) ), 





up 
(By De Moivre’s Theorem) 


= “_(cosnd, +isinn@, ) (cosn8, —isinn@, ), (cos(-#) = cos@ 
lr, 


sin(—0) =—sin@ ) 
= a , ((cosn@, cosn8, +sinn@, sinn@, ) 
r 


*® 





+i (sin n@, cos n@, —cosn@, sin no, ) 


= oo [cos(n8, —n@,) +tsin(n@, —n8, )| --cos(o.-B)=coso. cosB +sinasinB 
5 Ae Pe 


and sin (@— 8B) =sin acos B—cos asin B 


= + |cosn(@, -@,)+ isinn(@, -8,)] 
: 2 P 


= + [cosn(6, 6, isin n(, = 0, )] 
ss 1M 
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Thus 9.) are respectively the real and 








ry a 


Xai Ly 


where 7, =x, +y, ; 6, =tan' and r,= x, +y, 3 0,= tan.’ 22 
Example 5: Find out real and «siaeinard parts of each of the following complex 
numbers. 


| , me beee 
i) (/3 +i) ll) a 


Solution : 
)) mee itet rcos@ = -J3 and rsin@ =1 where 


Ee = (V3) +1° or r= ¥3+1=2 and @ = tan"! = 30! 


( 3 +i) = (r cos@ +irsin 0)’ 


imaginary parts of wn utd 7 X, tiy, #0 





=" (cos 30 + isin 30) | (By De Moivre’s Theorem ) 
=2*(cos90° + isin 90°) 
=8(0+i.1) 
=81 
Thus 0 and 8 are respectively real and imaginary Parts of (V3 +i)°. 
li) Let 7, cos@,= | and r, sin@, = —V3 
= |(1)? +(—/3) =/1+3 =2 and @, = gn \ 93. 60" 
Also let r, cos@,= | and r, sin@, = J3 


=r, = (1)? +(3) =J/1+3=2 and 6, =tan™ 13 60s 


fee: ] 2 ee 


So 


143 i z 2(cos(60°) + isin(60°)) 
(cos(—60°) tisin(—60°)) 
(cos(60°) + isin(60°)) 

= (cos(60°) + isin(—60°)) (cos(60°) + isin(60°))- 





Oe es ee ee 


— 
ae 


ma eo 








= (cos(—300°) + isin(-300°) \cos(- pag) By De Moivre’s Theorem 


= {cos(300°) — i sin(300°) {cos(300°) —isin(300°)) : cos (-6) = os 6 
and sin(—@ ) =—sin@ 
| 
= Le 3. = me 3. 
22 AD 


1 v3 1-3 i) 
Thus aoe are pee pestvely real and imaginary parts of at i 


Bi 





- Exercise 1 ie 
1. Gaal the Following Purnbers on the complex oR : 
1) 2+3i li) 2—3i Lil) —2—3i. iv) —2+3i 
v) -—6 vl) i Vii) ai viii) -—5—6i 
2. Find the multiplicative inverse of each of the following numbers: - 
1) —3i 1) 1—2i ili) —3—Si iv) (1,2) 
3. Simplify 
ii ii) (-ai)’,aeR iii) i> iv) @° 


4. Prove that z=z iff zis real. 
5. Simplify by expressing in the form a+bi 


i) 5+2V-4 | ii) (2+-V¥-3)3+~-3) 
ii) ——— ose 
V5 +/-8 } ¥6 -J-12 
6. Show that VzeC 
i) z +z isareal number. il) (z =F y is a real number. 


7. Simplify the following 


(ae ean (3) 
i). | a ii) eae 


i ae) - iy) (a+bif 


v) (a+b? vi) (a+biy 
vu) -(a—bi) ; ye Ale y 





itl ED ee 


mm Bae 
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Sets; Eunctions and 
~_ 8) F an. 





2.1 Introduction 


We are familiar with the notion of a set since the word is frequently used in 
everyday speech, for instance, water set, tea set, sofa set. It is a wonder that 
mathematicians have developed this ordinary word into a mathematical concept as 
much as it has become a language which is employed in most branches of modern 


mathematics. 

For the purposes of mathematics, a set is generally described as a well-defined 
collection of distinct objects. By a well-defined collection is meant a collection, 
which is such that, given any object, we may be able to decide whether the object 


belongs to the collection or not. By distinct objects we mean objects no two of which 
are identical (same). 


The objects in a set are called its members or elements, Capital letters A, B, C, 
X, Y, Zetc., are generally used as names of sets and small letters a, D, c, x, y, z etc., 
are used as members of sets. 


There are three different ways of describing a set. 


i) | The Descriptive Method: A set may be described in words. For instance, 

| the set of all vowels of the English alphabets. 

ii) The Tabular Method: A set may be described by listing its 
elements within brackets. If A is the set mentioned above, then we may 
write: 

A={a,e,i,o,u } 
iii)  Set-builder method: It is sometimes more convenient or useful to 


employ the method of set-builder notation in specifying sets. This is done _ 


by using a symbol or letter for an arbitrary member of the set and stating 
the property common to all the members. Thus the above set may be 
written as: 
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A=({x\xisa vowel of the English alphabet} 
This is read as A is the set of all x such that x is a vowel of the English 
alphabet. 
The symbol used for membership of a set is €. Thus ae A means a is an 
element of A or a belongs to A. c ¢ A means c does not belong to A orc is not a 


member of A. Elements of a set can be anything: people, countries, rivers, objects of 


our thought. In algebra we usually deal with sets of numbers. Such sets, alongwith 
their names are given below: - 


N = Thesetofall natural numbers = {I,2,3,...} 

W = Theset of all whole numbers = {0,1,2,...} 

Z = Theset of all integers = {0,+1,+2....}. 
Z’ = The set of all negative integers = {-1-2,-3....}. 
QO =The set of all odd integers = {+1,+3,45....}. 
E =Theset of all even integers = {0, +2,+4,...}. 


OQ = Thesetofallrational numbers = f 1x=—- where p,q €Z andg#0 
q 


' Q =The set of all irrational numbers = frie 2. where ge(Zanda | 
q 
7k. = The set of all real numbers =Q0U0' 


Equal Sets: Two sets A and B are equal i.e., A=B, if and only if they have the same 


elements that is, if and only if every element of each set is an element of the other set. 


Thus the sets { 1, 2, 3 } and { 2, 1, 3} are equal. From the definition of equality 
of sets it follows that a mere change in the order of the elements of a set does not alter 


.the set. In other words, while describing a set in the tabular form its elements may be 
written in any order. 





of quivalent Sets: If the elements éf two sets A and B can be wait i in such a way that 
each element of A is paired with one and only one element of B and vice versa, then, 


_ = 


8899985858 58 


Se RE Ae ee ee 
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such a pairing is called a one-to-one correspondence between A and B.e.g., if | 
A = {Billal, Ahsan, Jehanzeb} and B= {Fatima, Ummara, Samina} . al 
then six: different (1 — 1) correspondences can be established between A and B. = 
Two of these correspondences are shown below: - 

i). {Billal, Ahsan, Jehanzeb } 


(Fatima,  Ummara,  Samina} 
il). {Billal, Ahsan, «+ Jehanzeb} 


{Fatima, Samina, Ummara } 
(Write down the remaining 4 correspondences yourselves) ' ~ 


Two sets are said to be equivalent if a (1 — 1) correspondence can be established 
between them. In the above example A and B are equivalent sets. 
Example 1: Consider the sets N='{1, 2, 3,... } and O= {1,3,5,...} | 
We may establish (1-1) correspondence between them in the following manner: | 
(1,.2,3,45 5,02.) | 
eR ek SE cou, 
Thus the sets V and O are equivalent. But notice that they are not equal. 


Remember that two equal sets are necessarily equivalent, but the converse may : 
not be true i.e., two equivalent sets are not necessarily equal. 


Sometimes, the symbol ~ is used to mean is equivalent to. Thus N ~ O. 


Order of a Set: There is no restriction on the number of members of a set. A set may 
have 0, 1, 2, 3 or any number of elements. Sets with zero or one element deserve 
special attention. According to the everyday use of the word set or collection it must 
have at least two elements. But in mathematics it is found convenient and useful to 
consider sets which have only one element or no element at all. , 





A set having only one element is called a singleton set and a set with no 
elements (zero number of elements) is called the empty set or null set. The empty 


. set is denoted by the symbol O or { }. The set of odd integers between 2 and 4 is ae 


singleton i.e., the set {3} and the set of even integers between the same numbers is 


_the empty set. _ 
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The solution set of the equation x* +1=0, in the set of real numbers is also the 


empty set. Clearly the set {0} is a singleton set having zero as its only element, and 
not the empty set. 


Finite and Infinite sets: If a set is equivalent to the set {1, 2, 3, ...., } for some 
fixed natural number n, then the set is said to be finite otherwise infinite. 


Sets ofnumbersWN, Z, Z etc., mentioned earlier are infinite sets. 


The set {1, 3, 5, ...., 9999} is a finite set but the set { 1, 3, 5, ...}, which is the 
set of all positive odd natural numbers is an infinite set. 


Subset: If every element of a set A is an element of set B, then A is a subset of B. 
Symbolically this is written as: A CB (A is subset of B) 


In puce a case we Say B is a super set of A. Symbolically this is written as: 
B DA (Bi is a superset of A) 


“dey regent Meet 


» above definition may also be stated as follows: 


Ld + _ 
a ae ae 
* eM ae “h ? = 
ie , } S at *y 
waar 7 a ni 
4 fie. a 





Pronce Subset: If Ai isa eubeet of B and B Contains at least one Bleiient which i is : not 


an element of A, then A is said to be a proper subset of B. In such a case we write: 
A c B (Aisa proper subset of B). 


Improper Subset: If A is subset of B and A = B, then we say that A is an improper 
subset of B. From this definition it also follows that every set A is an improper subset 
of itself. 
Example 2: LetA={a,b,c}, B={c,a,b}and C={a,),c,d}, es clearly 
AcC, BcCbutA=B and B =A. 
Notice that teach of A and Bi is an Bamps subset of the other. because A= - Bo 





Theorem 1.1: The empty set is a subset of every: set. 
We can convince ourselves about the fact by rewording the definition of subset 


_ as follows: - 


_ Ais subset of B if it contains no element which is not an element of B. 


Orion an empty set does not contain such element, which is not contained by 
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Power Set: A set may contain elements, which are sets themselves. For example if: 
C = Set of classes of a certain school, then elements of C are sets themselves because 
each class is a set of students. An important set of sets is the power set of a given set. 
The power set of a set S denoted by P (S) is the set containing all the possible 
subsets of S. 
Example 3: If A = {a, b}, then P (A) = {@, {a}, {b}, {a,b}} 
Recall that the empty set is a subset of every set and every set is its own subset. 
Example 4: If B= {1, 2, 3}, then 
P(B) = {®, {1}, {2}, {3}, {1,2}, {1,3}, {2,3}, (1,2,3}} 
Example 5: If C = {a, b, c, d}, then 


P(C)={®, {a}, {b}, {c}, {d}, {a, b}, {ac}, {ad}, {b,c}, {b,d}, {c,d}, 
{a,b,c}, {a,b,d}, {a,c,d}, {b,c,d}, {a,b,c,d}}. 
Example 6: If D = {a}, then P(D) = {®, {a}} 


Example 7: If . } then P(E) = {@ }. 


eee eee == - = = ore —_—: —— 








Es hea Sia TFs BA a aT at a 5 io ie 
“Note () The power set of the empty set is not empty. PRE RRA: 
(2) Let n (S) denoted the number of elements ofa set's ; then-n{P(S)} denote 
i « the number of elements of the power-set. oe : 0 Soh age eee 


© ia SWE eet the following table of n results: sere ee 





i In general ifa (S) =m. then, i PG) = 2" 5 


Universal Set: When we are studying any branch of mmathemanies thes sets 5 with which 
we have to deal, are generally subsets of a bigger set. Such a set is called the 
Universal set or the Universe of Discourse. At the elementary level when we are 
' studying arithmetic, we have to-deal with whole numbers only. At that stage the set 


of whole numbers can be treated as Universal Set. At a later stage, when we have to” 


deal with negative numbers also and fractions, the set of the rational numbers can be 
treated as the Universal Set. 








= —_ — aus ee Si ee a 


ee = 
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For illustrating certain concepts of the Set Theory, we sometimes consider quite 
small sets (sets having small number of elements) to be universal. This is only an 
academic artificiality. 


1. 


5 og oe gon oes ee ee a : ae ew eee oe ee on eth ie RE Se eg ee Se eo i ing St ee 
P s - tate 7 ee " > he “- - a a* hh 7 * - ae 1 Ve 
‘ -_=) 1 * = bt: ral ~ is a ae, 4. he ae « ‘pe " 7 os 7 oh - r z : 7 . i? 
pres iis <4 2 te ‘ter, yy - a In ss rae 4 e dy a ar a, fe) Re . H fd i Con a | oe a a LT 1 c, ‘ 
4. 4 a)" 3 —_ = - = a) = a Sel ae J TE | ’ - - re 
; ~ = Sf ‘ rr : : i a 


‘Write the following sets in set builder notation: 


i) 
ill) 
VY) 
Vil) 
Viii) 
x) 
X1) 


Xii) 


{1, 2, 3, ...., 1000} 11)  {0, 1, 2,...., 100} 
{0,+1,+2,....,+1000} iv) {0,-1,-2, ....,—500} 
{100, 101, 102, ...., 400} vi) {-—100, -101, —102,....,-500} 
{Peshawar, Lahore, Karachi, Quetta} 

{January, June, July} ix) The set of all odd natural numbers 
The set of all rational numbers 
The set of all real numbers between | and 2, 
The set of all integers between — 100 and 1000 


Write each of the following sets in the descriptive and tabular forms: - 


1) 
iii) 
Vv) 
Vii) 
ix) 
xi) 
xiii) 


xv) 


{xlxe N Ax S10} li) {xlxe N a4<x<12} 
{xlxe Z A-—5< x <5} iv) {xlxe Ea2<x<4} 
{xlxe Pa x<12} vi) {xlxe OA3<x<12} 
{xlxe Ea 45 x10} vili) {xlxe EA4<x<6} 
{xlxe OA 5<x<7} x) {xlxe OA5Sx<7} 
{xlxeN ax+4=0} xii) {xlxeQax’ =2} 
{xl xe 72 ax=x} xiv) {xlxeQax=-x} 
{xlxe ax#x} xvi) {xlxeTRA XE OQ } 


Which of the following sets are finite and which of these are infinite? 


i) 


ti) 


. The set of students of your class. 
The set of all schools in Pakistan. 


iii) The set of natural numbers between 3 and 10. 


IV) 


The set of rational numbers between 3 and 10. 


v) 
V1) 
Vii) 
Vii) 
ix) 
X1) 
Xiii) 


XV) 


Write two proper subsets of each of the following sets: - 


i) 
v) 


Chapter. 2; Sets, Functions and Groups 





The set of real numbers between 0 and |. 
The set of rationales between 0 and 1 
The set of whole numbers between 0 and 1 


The set of all leaves of trees in Pakistan. 


P(N) x) P{a b,c} 

{1:2;3;4, 25} xii) {1,2,3,....,100000000} 

{xlxe TR Ax#x} xiv) {xlxe ZR ax” =-16} | 
{xlxeQax? =5} xvi) {xlxeQa0Sx<1} | 


{a, b, c} ii) {0,1} iii) N iv) Z 
O vi) FR vii) W viii) {xlxE Qa0<x<2} 


Is there any set which has no proper sub set? If so name that set. 


What is the difference between {a, b} and {{a,b}}? 


Which of the following sentences are true and which of them are false? 


1) 


iv) 


{1,2} = {2,1}. ii) @cf{a}} iii) {a}c {aj} 
{a}e {{a}} v) ae {{a}} vi) ®e {{a}} 


What is the number of elements of the power set of each of the following sets? 


i) 


IV) 


{rem} i) {0,1} ili) {1,2,3,4,5,6,7} 


{0,1,2,3,4,5,6,7} v) {a {b,c}} vi)’ {{a,b},{b,c,}, {d,e}} 


Write down the power set of each of the following sets: - 


1) 


{9, 11} ii) {+—%+} ii) {®} iv). {a, {b,c}} 


— — - aS ss 
i 
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10. Which pairs of sets are equivalent? Which of them are also equal? 
ita DC}, {1 2,3) 
ii) The set of the first 10 whole members, {0, 1, 2, 3, ....,9} 


lil) Set of angles of a quadrilateral ABCD, 
set of the sides of the same quadrilateral. 


iv) Set of the sides of a hexagon ABCDEF, 


set of the angles of the same hexagon; 


Veto daemy oa oSe yo vi) {1.23,4,.-.}; (1 


t> | — 
i | — 
| 


vii) {5, 10, 15, 20, ....; 55555}, {5, 10, 15, 20, ...} 
2.2 Operations on Sets 


Just as operations of addition, subtraction etc., are performed on numbers, the 
Operations of unions, intersection etc., are performed on sets. We are already familiar 
with them. A review of the main rules is given below: - 


Union of two sets: The Union of two sets A and B, denoted by AUB, is the set of all 
elements, which belong to A or B. Symbolically; 


AUB = {x|xe Av xe B} 
Thus if A = ah 2, 3}, B={2 3, 4, 5}; then AUB = { 1,2,3,4,5} 








ats comn nono A i 14 B, ‘namely the elements 2,3 have | ais 
Pri ee ls See 
JB because Tepetition ofa an element of a set is not 


% a “hs 
cad = % & 7 ais ri Cai i 
as 2 ae - i i= « a i” = 
aye. ete “e p this as : =X 
a . ee ! fo * 
reas re eee ae 7: ae Ry Be re Othe * 
pence ese Siete Be F pe rig o eee. Rae pt np 


Tatereattion “of cape mo The ienecuon of two sets A and B, ‘jenoied d by Ar Nn B, as 
the set of all elements, which belong to both A and B. Symbolically; 


AQNB={xilxe AAxe B}. 


Thus for the above sets A and B, A AB ={2,3} 


Disjoint Sets: If the intersection of two sets is the empty set then the sets are said to 
be disjoiht sets. For example: if - 
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S, = The set of odd natural numbers and S, = The set of even natural numbers, 
then S, and S, are disjoint sets. 


The set of arts students and the set of science students of a college are disjoint 
sets. 


Overlapping sets: If the intersection of two sets is non-empty but neither is a subset 
of the other, the sets are called overlapping sets, e.g., if 


L = {2,3,4,5,6} and M = {5,6,7,8,9,10}, then Z and M are two overlapping sets. 
Complement of a set: The complement of a set A, denoted by A’ or A‘ relative to the 
universal set U is the set of all elements of U, which do not belong to A. 

Symbolically: A’ ={x|lxeU a x¢ A} 
For example, if U=N,then E’=O and O'=E 


Example 1: If U = set of alphabets of English language, C = set of consonants, 
W = set of vowels, then C’=Wand W’=C. 


Difference of two Sets: The Difference set of two sets A and B denoted by A-B 
consists of all the elements which belong to A but do not belong to B. 


The Difference set of two sets B and A denoted by B—A consists of all the 
elements, which belong to B but do not belong to A. 
Symbolically, A-—B={xlxe Anx¢é B} and B—A={xl xe BAx¢ A} 
Example 2: If A = {1,2,3,4,5}, B = {4,5,6,7,8,9,10}, then 
A-B= Rea A= SEG 






re Sah ROT ee sea 
Aa In view of the definition of comp ment and differe 


nd G nC 
that for any set A, A= -U=A Se aa oS A 
Ext be pie ee TO. 5 3 : ie ake 





B: 258 
2 3 Venn Diagrams 


Venn diagrams are very useful in depicting visually the basic concepts of sets 
and relationships between sets. They were first used by an English logician and 
‘mathematician John Venn (1834 to 1883 A.D). 

Jn a Venn diagram, a rectangular region represents the universal set and régions 





bounded by simple closed curves represent other sets, which are subsets of the 


TT we 


- o oe ee ee — 


ee ee ee - 
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universal set.. For the sake of beauty these regions are generally shown as circular 
regions. 

In the adjoining figures, the shaded circular region 
represents a set A and the remaining portion of 


rectangle representing the universal set U 
represents A’ or U-A. 





Below are given some more diagrams 


illustrating basic operations on two sets in different cases (lined region represents the 
result of the relevant operation in each case given below). 





The above diagrams suggest the following results:- 
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Relation between _ Result Suggested _ 
| No. AandB 

li. Aand B disjoint sets 
ANB=@ 
A and B are 
overlapping 


ANB#@Q@ 











AUB consists of all the elements of A and all the 
elements of B. Also n (AUB) =n (A) +n (B) 
AWB contains elements which are 

i)inA and notinB ii)in Band notinA 

iii) in both A and B. Also 
.n(AUB)=n (A) + n(B)-— (AMB) 

AUB=B; n(AU B)= n(B) 


‘|AUB=A: n(AU B)= n(A) 











ACB 
BcA, - 


_ 






ANB=@ | ANB=®8; n(ANB)=0 






| AMB contains the elements which are in A and B 
ANB=A; n(AMB)=n(A) 

AQNB=B, n(ANB)=n(B) 

A-B=A; n(A-B)=n(A) 


ANB#® 
AC B 
BcA 








1 ND 





A and B are disjoint 
sets. 
A and B are 
overlapping 
ACB 
BcA 
A and B disjoint 
14. Aand Bare 
overlapping 
mo, ACB 
= BCA 









n(A-B) =n(A) -n (ANB) 





A-B=9; n(A-B) =0. 
A-B#@®; n(A—B)=n(A)—n(B) 
B-A=B: n(B —A) =n (B) 

| n(B—A) =n(B)—n (ANB) 











B-A#@®;n(B—-A) =n(B)—-n (A) 
|'B-A=@®;n(B—A)=0 
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8) Venn diagrams are useful erly in case © of abstract sets whose elements are 
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Da Exhibit AUB mi ANB B by V Venn AG aprains in the following cases: 
i) A cB li) BcA iii) AUA 
iv) A and B are disjoint sets. v) Aand B are overlapping sets 
2. Show A-B and B-A by Venn diagrams when: - 
i) AandB are overlapping sets li) ACB iii) BCA 


3. Under what conditions on A and B are the following statements true? 
i) AUB=A ii) AUB=B ili) A-—B=A 
iv) AQB=B -v) n(AUB)=n(A)+n(B) vi) n(A4NB)=n(A) 
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vil) A-B=A vill) n(AMB)=0 ix) AUB=U 


xX) AUB=BUA xi) n(AQNB)= n(B). xi) U-A=@® 


4. Let U= {1,2,3,4,5,6,7,8,9,10}, A= {2,4,6,8,10}, B= {1,2,3,4,5} 
and C ={1,3,5,7,9} 
List the members of each of the following sets: - 
peas ii) BS ii) AUB iv) A-B 
vy) ANC VI) ADU GE vii) AS UC. viii) U 


5. Using the Venn diagrams, if necessary, find the single sets equal to the 
following: - 
i) A® uANU iii) AUU iv) AU® VDN®. 


6. Use Venn diagrams to verify the following: - 


1) A-B=ANB li) (A-—B)° NOB=B _ 


2.4 Operations on Three Sets 


If A, B and C are three given sets, operations of union and intersection can be 


performed on them in the following ways: - 


i) AU(BUC) ii) (AUB)UC li) AN(BUC) 
iv) (ANB)NC vy) AU(BNO © vi) (ANC) U(BNC) 
vii) (AUB) AC viii) (A MB) UC. ix) AUQABUO 


Let A = {1, 2,3}, B={2,3,4,5} and C = {3,4,5,6,7,8} 
We find sets (i) to (iii) for the three sets (Find the remaining sets yourselves). 


i) BUC = {2,3,4,5,6,7,8}, AU(BUC) ={1,2,3,4,5,6,7,8} 
ii) AUB ={I,2,3,4,5}, (AUB) UC ={1,2,3,4,5,6,7,8} 
iii) BAC ={3,4,5}, | AA(BAC) = {3} 


2.5 Properties of Union and Intersection 
We now state the fundamental properties of union and intersection of two or - 
three sets. Formal proofs of the last four are also being given. 
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Properties: } 
il) AVUB=BUA (Commutative property of Union) 
li) ANB=BONA (Commutative property of Intersection) 
ii) AU(B UC) = (AUB) UC (Associative property of Union) 


IV) AMBAC) = (ANB)NC (Associative property of Intersection). 


Vv) 


AU(BOC) = (AUB) A(AUC) (Distributivity of Union over intersection) 


vi) AN(BUC) = (AN B)U(AN C)(Distributivity of intersection over Union) 
vii) (AUB) =A’OB’ See 


Proofs of De Morgan’s laws and distributive laws: 


i) 


(AU BY =A AB 
Letxe (AUBY 

=> x¢éAVUB 

=> x¢ AandA¢ B 
= xeAandxe B 


=> xe ANB (1) 
But x is an arbitrary member of (AUB) | . 
Therefore, (1) means that (AUB)’ c A’nN B’ (2) 


Now suppose that ye A’ B’ 
=> yeAandyceB 

=> y€A andy ¢B 

=> yé¢AUB 

=> y € (AUB) 


Thus A’9 B’ C(AUBY | (3) 


ii) 


iii) 


From (2) and (3) we conclude that 
(AUB) =ANB 
(ANB) =A’UB’ 
It may be proved similarly or deducted from (i) by complementation 
AU(BNOQ) = (AUB)N(AUCQ 
Letxe AU (BNC) 


= xéeAorxe BNC 
= IfxeAitmustbelongtoAUB and xe AUC 7 
=> xe (AUB)N(AUC) es i — () 


Also ifxe BAC, thenxe Bandxe C. 


= - xe AUBandxe AUC 


=> xe (AUB)N(AUQ 


TmsAUBAQCAULAAALO —i‘“‘_i;*é*;*é‘«YC 
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Conversely, suppose that 
ye (AUB) N(AUC) 
There are two cases to consider: - 
yeEA,yéA 
In the first case ye A U (BNC) 
If y € A, it must belong to B as well as C 
le. yE (BAC) 
~YEAU (BNC) 
So in either case 
yE (AUB) N(AUOQO) => yEAVU (BNO) 
thus (AUB) N(AUC) CAU (BNC) (3) 
From (2) and (3) it follows that 
AU(BNC)=(AUBNAVUC) 
Iv) AN(BUQ) = (ANB)UCANO 
It may be proved similarly or deducted from (iii) by complementation 


Verification of the properties: 
Example 1: Let A = { 1,2,3}, B= {2,3,4,5} and C= {3,4,5,6,7,8} 


i) AUBe= {1,23} vu {2,3,4,5} ‘ BwA= ool Nel ® 
; = {1,2,3,4,5} = {2,3,4,5, 1} 

HAO B= =B UA" 
di) ANB=(1,23}/2 (2,3,4,5} BOA={23,4,5} 7 {1,2,3} 


= {2,3} = {2,3} 





(iii) and (iv) Verity yourselves 

(v) AU(BAC) = {1,2,3}U ((2,3,4,5} 7,4,5,6,7,8) 

{1,2,3} U {3,4,5} 

. {1,2,3,4,5} 7 (1) 
(AUB)A(AUO) = ((1,2,3}U{2,3,4,5})A (1,2,3} U{3,4,5,6,7,8}) 

: {1,2,3,4,5} O {1,2,3,4,5,6,7,8} | 
{1,2,3,4,5} (2) 


il fl 


From (1) and (2), AU (BAC) =(AUB)QA(AUC) — 


vi) Verify yourselves. 
vii) Let the universal set be U = { 1,2,3,4,5,6,7,8,9,10} 
AUB = {1,2,3}U (2,3,4,5} = {1,2,3,4,5} 
_ (AUB) ={6,7,8,9,10} ql) - ; 
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A’ = U-A = (4.5.6.7.8.9.10} 
B' = U-B = {1,6,7,8,9,10} 
A’ B’ = {4,5,6,7,8,9,10}A{1,6,7,8,9,10} 
= {6,7,8,9,10} (2) 





- — == re 
-- mn 


From (1) and (2), | (AUBY = AO BY 
viii) Verify yourselves. 


Verification of the properties with the help of Venn diagrams. 
i) and (ii): Verification is very 
simple, therefore},do it yourselves. 

iii) In fig. (1) set A is represented by 


A | 





BUC 
vertically lined region and BUC is = + 
represented by horizontally lined AUB C) 
region. The set AU (BUC) is aS 
represented by the region which is = =e 
lined either in one or both ways. 
In figure(2) AUB is represented by 
horizontally lined region and C by es, 
vertically lined region. (AU B)UC is oO 
represented by the region which is C |l 
lined in either one or both ways. (AUB)UC 
| = ||| v # 
From fig (1) and (2) we can see that 
AU(BUC)=(AUB)UC = 
(iv) In fig (3) doubly lined region a 
represents. es BAC|| 
AN(BAC) AN(BAC) 
HF 





Fig. (3) 








In fig (4) doubly lined region represents 
(AN B)AC, 


|AQAB= 
Since in fig (3) and (4) these regions are 
the same therefore, | C || 
AN(BOC)=(ANB)AC. (ANB)AC 
HF 
(v) In fig. (5) AU(BOC) is 
represented by the region which is lined A= 
horizontally or vertically or both ways. Bi) 
BOC |l 
AU(BNC) 
=,|Ilv # 





In fig. (66) (AUB)QN(AUC) is 
represented by the doubly lined region. 
Since the two region in fig (5) and (6) are 
the same, therefore. 





AU(BONC)=(AUB)N(AUC 
(vi) Verify yourselves. 
(vii) In fig (7) (A U B) is represented 


by vertically lined region. 
AUB= 


(AUB)' || 
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In fig. (8) doubly lined region represents. ee eeeeee 


A’ OB’. 
The two regions in fig (7). And (8) are the 
same, therefore, (A U B)’ = A’ A B’ 


a 


| 


—— 
SS 


> & > 





(viii) aA eee 





consi le red ee in phe carestcanialso ‘be effected similarly 
il of verification may be written by yourselves. 
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Bene eee Exercise 2.3 
- 1. Verify the commutative properties of union and intersection for the following 
pairs of sets: - 
i) A={1,2,3,4,5}, B= {4,6,8,10} ii) NZ 


fii) A={xlx e Rax>0}, B=R. 


2 Verify the properties for the sets A,B and C given below: - 


i)  Associativity of Union li) Associativity of intersection. 
iii) Distributivity of Union over intersection. 


1v), Distributivity of-intersection over union. 
a) A=({1,2,3,4}, B= (3,4,5,6,7,8}, C= {5,6,7,9,10} 
b) A=@, B= {0}, C= {0,1,2} 
c) NZQ- 
3. Verify De Morgan’s Laws for the following sets: 
U={1,2,3,....,20}, A= (2,46, ....,20}and B={1,3,5, ....,19}. 
4. Let U=The set of the English alphabet 
A={x\xisa vowel}, B={ y|yis a consonant}, 
Verify De Morgan’s Laws for these sets. 
5. With the help of Venn diagrams, verify the two distributive properties in the 
following cases w.r.t union and intersection. 
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i) Ac B, AN C= @ and B and Care overlapping. 
ii) A and B are overlapping, B and C are overlapping but A and C are disjoint. 


6 Taking any set, say A = {1,2,3,4,5} verify the following: - 


i) AU@®=A li) AUA=A ll) ANA=A 

7. If U=({1,2,3,4,5,.....20} and A= {1,3,5, ...., 19}, verify the following: - 
i) AWUA'=U li) AQNU=A iii) ANA =®@ 

8. From suitable properties of union and intersection deduce the following results: 
i) ANMN(AUB)=AU(ANB) li) AU(ANB)=AN(AUB). 


9. Using venn diagrams, verify the following results. 
i) ANB =A _ iff ANB=® iil) (A-B) UB=AUB. 
ii) (A-B)N B=@ iv) AUB=AU (A’ OB). | 


2.6 Inductive and Deductive Logic 

In daily life we often draw general conclusions from a limited number of 
observations or experiences. A person gets penicillin injection once or twice and 
experiences reaction soon afterwards. He generalises that he is allergic to penicillin. 
We generally form opinions about others on the basis of a few contacts only. This 
way of drawing conclusions is called induction. 


Inductive reasoning is useful in natural sciences where we have to depend upon 
repeated experiments or observations. In fact greater part of our knowledge is based 
on induction. 

On many occasions we have to adopt the opposite course. We have to draw 
conclusions from accepted or well-known facts. We often consult lawyers or doctors 
on the basis of their good reputation. This way of reasoning 1.e., drawing conclusions 
from premises believed to be true, is called deduction. One usual example of 
deduction is: All men are mortal. We are men. Therefore, we are also mortal. 


Deduction is much used in higher mathematics. In teaching elementary 
_ Mathematics we generally resort to the inductive method. For instance the following 


Sequences can be continued, inductively, to as many terms as we like: 
i) 2,4,6,... ii) 1,4,9,... i), -1,=—1;2,—2;3;=3, =. 
lat leek eet i Fats en 
V1) 


1V) be: 7 pai v) : 3127367 10° 100°1000° 





= 
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As already remarked, in higher mathematics we use the deductive method. To 
start with we accept a few statements (called postulates) as true without proof and 
draw as many conclusions from them as possible. 


Basic principles of deductive logic were laid down by Greek philosopher, 
Aristotle. The illustrious mathematician Euelid used the deductive method while 
writing his 13 books of geometry, called Elements. Toward the end of the 17th 
century the eminent German mathematician, Leibniz, symbolized deduction . Due to 
this device deductive method became far more useful and easier to apply. 


2.6.‘ -Aristotelian and non-Aristotelian logics 


For reasoning we have to use propositions. A daclarative statement which may 
be true or false but not both is called a proposition. According to Aristotle there could 
be only two possibilities — a proposition could be either true or false and there could 
not be any third possibility. This is correct so far as mathematics and other exact 
sciences are concerned. For instance, the statement a =bcan be either true or false. 
Similarly, any physical or chemical theory can be either true or false. However, in 
statistical or social sciences it is sometimes not possible to divide all statements into 
_ two mutually exclusive classes. Some statements may be, for instance, undecided. 


Deductive logic in which every statement is regarded as true or false and there is 
no other possibility. is called Aristotlian Logic. Logic in which there is scope for a 


third or fourth possibility is called non-Aristotelian. We shall be concerned at this 
stage with Anstotelian logic only. 


2.6.2. Symbolic logic . 


* For the sake of brevity propositions will be denoted by the letters p,getc. We 
give a brief list of the other symbols which will be used. | 


[_ How beread 


Not p, 
negation of p 






p if and only if q 


. | pis equivalent to g 
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Explanation of the use of the Symbols: 


1) Negation: If p is any proposition its negation is denoted by 
~p, read ‘not p’. It follows from this definition that if p is 
true, ~p is false and if p is false, ~p is true. The adjoining 
table, called truth table, gives the possible truth-values of p 
and ~p. 





2) Conjunction of two statements p and g is denoted 
symbolically as pag (p and qg). A conjunction is 
considered to be true only if both its components are 
true. So the truth table of pq 1s table (2). 





Example 1: : 

i) Lahore is the capital of the Punjab and }___. 
Quetta is the capital of Balochistan. 

ii) 4<5A8<10 Table (2) 3 


ii) 4<5a8>10 
iv) 2+2=3A6+6=10 


Clearly conjunctions (i) and (ii) are true whereas (iii) and (iv) are false. 


aii 
at T At 





3) Disjunction of p and g is p or q. It is symbolically 
written pv q. The disjunction p Vv qis considered 
to be true when at least one of the components p and 
qg is true. It is false when both of them are false. 
Table (3) is the truth table. 


Example 2: 





i) 10 is a positive integer or 6 is a rational number. 


Find truth value of this disjunction. Table (3) 
Solution: Since the first component is true, the disjunction is true. 


ii) A triangle can have two right angles or Lahore is the capital of Sind. 


‘Solution: Both the components being false, the composite proposition is false. 
2.7 Implication or conditional 


A compound statement of the form if p then g, also written p implies q, is called . 
a conditional or an implication. p is called the antecedent or hypothesis and is 


called the consequent or the conclusion. | 





| ; 
PRE IICA NORIO eae RCL LCT LTS OTLONTIELT ye 


A conditional is regarded as false only when the antecedent is true and 


consequent is false. In all other cases it is considered to be true. Its truth table is, 
therefore, of the adjoining form. 


Entries in the first two rows are quite in 
‘consonance with common sense but the entries of the 
last two rows seem to be against common sense. 
According to the third row the conditional 


If p then g 
is true when p is false and q is true and the compound 


proposition is true (according to the fourth row of the Table (4) 





table) even when both its components are false. We attempt to clear the position with 
the help of an example. Consider the conditional 


If a person A lives at Lahore, then he lives in Pakistan. 


If the antecedent is false i.e., A does not live in Lahore, all the same he may be 

living in Pakistan. We have no reason to say that he does not live in Pakistan 

We cannot, therefore, say that the conditional is false. So we must regard it as true. It 
must be remembered that we are discussing a problem of Aristotlian logic in which 
every proposition must be either true or false and there is no third possibility. In the 
case under discussion there being no reason to regard the proposition as false, it has to 
be regarded as true. Similarly, when both the antecedent and consequent of the 
conditional under consideration are false, there is no justification for quarrelling with 
the proposition. Consider another example. 


A certain player, Z, claims that if he is appointed captain, the team will win the 
tournament. There are four possibilities: - 


i) Z is appointed captain and the team wins the tournament. Z’s claim is true. 
li) Z is appointed captain but the team loses the tournament. Z’s claim is falsified. 


iii)  Zis not appointed captain but the team all the same wins the tournament. 
There is no reason to falsify Z’s claim. 

iv) Z is not appointed captain and.the team loses the tournament. Evidently, 

blame cannot be put on Z. hi 








—_—— 
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It is worth noticing that emphasis is on the conjunction if occurring in the 
beginning of the ancedent of the conditional. If condition stated in the antecedent is 


not satisfied we should regard the proposition as true without caring whether the 
consequent is true or false. 


For another view of the matter we revert to the example about a Lahorite: 
‘If a person A lives at Lahore, then he lives in Pakistan’. 

p: ApersonA lives at Lahore. 

gq: He lives in Pakistan 


When we say that this proposition is true we mean that in this case it is not 
possible that “A lives at Lahore’ is true and that ‘A does not live in Pakistan’ is also 
true, thatis p— gq and ~(pa ~ q) are both simultaneously true. Now the truth table 


of ~ (pa ~ q) is as shown below: 


Ce [a | [ee [aro 
i eo 


Table (5) 










Looking at the last column of this table we find that truth values of the 
compound proposition ~(pA~q)are the same as those adopted by us for the 
conditional p — q. This shows that the two propositions pq and ~(pa ~ q) are 
logically equivalent. Therefore, the truth values adopted by us for the conditional are 
correct. 


2.7.1 Biconditional : p< g 


The proposition p—qAq- pis shortly written p< qgand is called the 
biconditional or equivalence. It is read p iff q (iff stands for “if and only if”) 
We draw up its truth table. | 
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aDle (O 


From the table it appears that p < q is true only when both p and q are true or 
both p and q are false. 


Z.7.2 Conditionals related with a given conditional. 
Let p > q be a given conditional. Then 
| i) g— pis called the converse of p > q; 
ll) ~ p >~ qis called the inverse of p > q; 
lil) ~ q —~ pis Called the contrapositive of p-—.q. 


To compare the truth values of these new conditionals witli those of p— q we 
draws up their joint table. 


Given 
conditional 





_ From the table it appears that 
i) _ Any conditional and its contrapositive are equivalent therefore any theorem 
may be proved by proving its contrapositive. 


ll). The converse and inverse are equivalent to each other. 





Se CADE 2 OLS ICO sianice OLOUDS 


Example 3: Prove that in any universe the empty set @ is a subset of any set A. 


First Proof: Let U be the universal set consider the conditional: , 


VxeU xEeDOuxe dA (1) 


The antecedent of this conditional is false because no xe U , is amember of @. 
Hence the conditional is true. 

Second proof: (By contrapositive) 
The contrapositive of conditional (1) is 

VWxeU,x¢ A> xE@ (2) 

The consequent of this conditional is true. Therefore, the conditional is true. 
Hence the result. 

Example 4: Construct the truth table ol. / (p 3g ap >qJ] 


Solution: Desired truth table is given below: - 





Table (8) 


2.7.3 Tautologies 


i) A statement which is true for all the possible values of the variables involved 
in it is called a tautology, for example, p — g <= (~q —>~ p)is a tautology. 
(are already verified by a truth table), 


ii) A statement which is always false is called an absurdity or a contradiction 





. Sere 
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lil) 





A statement which can be true or false depending upon the truth values of the 
variables involved in it is called a contingency e.g.. (p 9 q)A(pv4q) isa 
contingency. 

(You can verify it by constructing its truth table). 


2.7.4 Quantifiers 


1 


The words or symbols which convey the idea of quantity or number are called 
quantifiers. 


In mathematics two types of quantifiers are generally used. 
Universal quantifier meaning for all 


Symbol used: V 


ii) Existential quantifier: There exist (some or few, at least one) symbol used: 3 
Example 5 


1) 


ll) 


Vxe A. p(x)is true. 


(To be read : For all x belonging to A the statement p(x) is true). 
dxe Ad p(x)is true. 


ns be read : 3 here exists: x pean to a suck that Statement ACHE is true). 





Write the converse, inverse and Penapouitive of the following conditionals: - 
D) a i) gp iii) ~p>~q _ iv) ~q>-~p 
Construct truth tables for the following statements: - 

i) (p>~p)v(p>q) ii) (pa~p)>4q 

lili) ~(p—>q)@(pa~q) 

Show that each of the following statements is a tautology: - 


) (padre iit) Pry 

ti) ~(p>q)>?P iv) ~qA(p—q)>~p 

Determine whether each of the following is a tautology, a contingency or an 
_ absurdity:- 
i) pa~p ii) p> @- Pp) iii) qV(~qv Pp) 


Prove that -:p Vv (~ pA ~q)V (pAq)= PV (~ PA~Q) 








2.8 Truth Sets, A link between Set Theory and Logic. 


Logical propositions p,getc., are formulae expressed in terms of some 
variables. For the sake of simplicity and convenience we may assume that they are all 
expressed in terms of a single variable x where x is a real variable. Thus 


p = p(x) where, x€ 7. All those values of x which make the formula p(x) true form. 


a set, say P. Then P is the truth set of p. Similarly, the truth set, QO, of g may be 
defined. We can extend this notion and apply it in other cases. 


i) Truth set of ~p: Truth set of ~p will evidently consist of those values of the 
- variable for which p is false i.e., they will be members of P’ , the complement of P. 


li) p V q: Truth set of pv q= p(x) v q(x) consists of those values of the variable 
for which p(x) in true or g(x) is true or both p(x) and g(x) are true. 


Therefore, truth set of p v q will be: 
PUQ = {a{p(a)is true or g(x) is true} 


iii) p Aq: Truth set of p(x) Aq(x) will consist of those values of the variable 
for which both p(x)and g(x) are true. Evidently truth set of 


PAQ=POQ 
= {x| p(x) is true A q(x) is true} 


iv) p — q: We know that p—qis equivalent to ~pvq therefore truth set of 


p—-qwillbe P’UQO 


v) p © q: We know that p <> q means that p and q are simultaneously true or 


false. Therefore, in this case truth sets of p and q will be the same i.e., 


a. od 


: Ve it Bat iD cy Wi ~~ Le is ro =_ | = 
his af ppb iT r rel a of Gc ve Le) ar iple. 


Example 1: “Give logical proofs of the following theorems! - 


(A, B and C are any sets) 
i) (AUB) =A’ OB’ ii) AN(BUC)=(ANB)U(ANC) 
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Solution: i) The corresponding formula of logic is 
~(PV q)=~ PA~q (1) 

We construct truth table of the two sides. 
ealeaile liew.[aeye vq ePX@) | (pv q) Wee pA~ 
a 










The last two columns of the table establish the equality of the two sides of eq.(1) 
(iL), Logical form of the theorem ts 
PA(QVr)=(PAQ)V (Par) 
We construct the table for the two sides of this equation. 


it - Dee (3) 6 7 


[waawienn 
= ee 









Comparison of the entries of columns 5) and 8) i iS SCE DL to establish the desired 
result. 








Exercise 2.5 _ Meal ten eects 


Convert the follenene theoremis to logical form andip prove them ‘iby eonetructing: 
truth tables: - 


1. (ANB) =A UB 2. (AUB)UC=AU(BUC) 
3. (ANB)AC=AN(BNC) 4 AU(BNC)=(AUB)N(AVUC) 
2.9 Relations 


In every-day use relation means an abstract type of connection between two 
persons or objects , for instance, (Teacher, Pupil), (Mother, Son), (Husband, Wife), 
(Brother, Sister), (Friend, Friend), (House, Owner). In mathematics also some 
operations determine relationship between two numbers, for example: - 


>:(5,4); square: (25, 5); Square root: (2,4); Equal: (2 X 2, 4). 


Technically a relation is a set of ordered pairs whose elements are ordered 
pairs of related numbers or objects. The relationship between the components of an 
ordered pair may or may not be mentioned. 


1) Let A and B be two non-empty sets, then any subset of the Cartesian 
product A x B is called a binary relation, or simply a relation, 
from A to B. Ordinarily a relation will be denoted by the letter r. 


ii) The set of the first elements of the ordered pairs forming a relation 
is called its domain. 


iii) The set of the second elements of the ordered pairs forming a 
relation is called its range. 


iv) If A is a non-empty set, any subset of AXA is called a relation in 
, A. Some authors call it a relation on A. 


Example 1: Let c;,c2,c3 be three children and m,, m, be two men such that father 
of both c,,¢2 is m, and father of c, is m,. Find the relation { (child, father) } 
Solution: C = Set of children = {c,,c;,c,} and F=setoffathers = {m,,m,} 
CXF ={(C,,1), (Cm), (C.,1,), (C2, Mz), (C3,1) ), (Cz.™)} 
r = set of ordered pairs (child, father). | 


PERU E EY 


= {(c,, m,),(c,, m,),(c,, m,)} 
Dom r = {c,, C>,C,}, Ran r={m,, m, } 


The relation is shown diagrammatically in fig. (2.29). 





Fig (2.29) 
Example 2: Let A = {1,2,3}. Determine the relation r such that xry iff x < y. 


Solution: Ax A ={(1,1), (1,2), (1,3), (2,1), (2,2), (2,3), (3,D, (3,2), (3, 3)} 
Clearly, required relation is: 
r={(1,2),(1,3),(2,3)}, Dom r={1,2},Ran r= (2,3) 
Example 3: Let A = 7, the set of all real numbers. 
Determine the relation r such thatx ry iffy=x+ 1 
Solution: AxA=7R xR 7 
r={(x, y) |y=x+ 1} 
When x=0, y=1 
x=-l, y=0, zi 
ris represented by the line passing through the points (0,1), (—1.0). 
Some more points belonging to r are: 
- {(12), (2,3), G4), 2-1, 3,-2),(-4,-3)} 
Clearly, Dom r =7R and Ran r= 7K. 
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2.10 Functions 


A very important special type of relation is a function defined as below: - 
Let A and B be two non-empty sets such that: 
i) fis arelation from A to B that is, f is asubset of AX B 
ii) Domf=A 
iil) First element of no two pairs of f are equal, then f is said to be a 
function from A to B. 
The function fis also written as: 
f: AB 
which is read: fis a function from A toB. 
If (x, y) in an element of f when regarded as a set of ordered pairs, 
we write y=f(x). y is called the value of f for x or image of x under f. 
In example | discussed above 
1) risasubset of CxF; 
lu) Domr= {c,;c,,c,;}=C; 
iii) First elements of no two related pairs of r are the same. 
Therefore, r in a function from C to F. 
In Example 2 discussed above 
i) risasubset of AXA; 
i) Domr+#A 
Therefore, the relation in this case is not a function. 
In example 3 discussed above 
i) ris asubset of RR, 
ii) Domr= K 
iii) Clearly first elements of no two ordered pairs of r can be equal. Therefore, 
in this case r is a function. 

i) Into Function: If a function f: A 8 1s 
such that Ran fc B ie., Ran f# B, then fis 
said to be a function from A into B. In fig.(1) 
f is clearly a function. But Ran f # 2. 
Therefore, fis a function from A into B. 





f ={0.2).6,4), 6,0} 
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ii) 


ili) 


iv) 


Onto (Surjective) function: If a function 
f : A —B is such that Ran f = B i.e., every 
element of B is the image of some elements of 
A, then f is called an onto function or a 


surjective function. 


(1-1) and into (Injective) function: If a 
function f from A into B is such that second 
elements of no two of its ordered pairs are 
equal, then it is called an injective (1 — 1, and 
into) function. The function shown in fig (3) 
is such a function. | 


(1 — 1) and Onto function (bijective 
function). If fis a function from A onto B 
such that second elements of no two of its 
ordered pairs are the same, then fis said to 
be (1 — 1) function from A onto B. 


Such a function is also called a (1-1) 
correspondence between A and B. It is 


feStemerrst fas 
: c ara A bi os la 3, | 
ee Toe 


= Fig (2) A 


al 


| f= {(c,,7,),(C,,),(cy,m)} 


A B 
2? seme soemee_) | 
| 2e-—————> eh 

Fig (3) 
f ={G,a),(2,b)} 


Fig (4) 


+e” 


f ={(a,2),,x),(c, y)} 


also called a bijective function. Fig(4) shows a (1-1) correspondence between 


the sets A and B. 


(a, z), (b, x) and (c, y) are the pairs of corresponding elements i.e., in this case 
f={G z), (, x), (c, y)} which is a bijective function or (1-1) correspondence 


between the sets A and B. 


Set — Builder Notation for a function: We know that sub-builder notation is more 
suitable for infinite sets. So is the case in respect of a function comprising infinite 
number of ordered pairs. Consider for instance, the function 


f={ (1,0), 2,4), G, 9), (4, 16), ..-} 


Dom f= {1, ab. 3, 4, ... }.and Ran f = {l, 4, 9, 16, sol 


This function may be written as: f= {(x, y)|y=x,xe N} 
For the sake of brevity this function may be written as: 


0 Ee 
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f = function defined by the equation y = eres IM 


Or, to be still more brief: The function x’, x € N. 

In algebra and Calculus the domain of most functions is7R and if evident from 
the context it is, generally, omitted. 
2.10.1 Linear and Quadratic Functions 

The function { (x, y) | y=mx + c} is called a linear function, because its graph 
(geometric representation) is a straight line. Detailed study of a straight line will be 
undertaken in the next class. For the present it is sufficient to know that an equation 
of the form | 7 

y=mx+corax+by+c=0 represents a straight line . This can be easily 
verified by drawing graphs of a few linear equations with numerical coefficients. The 


2 ae 
function { (x, y)|y=ax +b6x +c} is called a quadratic function because it is 
defined by a quadratic (second degree) equation in x, y. 


Example 4: Give rough sketch of the functions 


i) {@y)1 3x+y=2} ll) ((xy)l y= > 2) 


Solution: 
i) The equation defining the function is 3x + y =2 
= y= —3x+2 

We know that this equation, being linear, 
represents a straight line. Therefore, for drawing 
its sketch or graph only two of its points are 
sufficient. 

When “9x=0) y=23> 


When y=0,x= ; = 0.6 nearly. So two 


points on the line are A (0, 2) and B = (0.6, 0). 


Joining A and B and producing AB in both 
directions, we obtain the line AB i.e., graph of the 
given function. 
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ii) The equation defining the functionis y= 5 x. 


Corresponding to the values 0, + 1, +2, 43 ... 
of x, values of y are 0, .5, 2, 4.5, ... 

We plot the points (0, 0), (+ 1, .5), (4 2, 2), 
( + 3, 4.5), ... Joining them by means of asmooth *~ 
curve and extending it upwards we get the required . 
graph. We notice that: Fig. (2) 


i) The entire graph lies above the x-axis. 


—i 








¥ 


ll) Two equal and opposite values of x porsspandt to every value of y (but 
not vice versa). 

ill) As x increases (numerically) y increases and there is no end to their 
increase. Thus the graph goes infinitely upwards. Such a curve is 


called a parabola. The students will learn more about it in the next 
class. 


2.11 Inverse of a function 


If a relation or a function is given in the tabular form i.e., as a set of ordered 
pairs, its inverse is obtained by interchanging the components of each ordered pair. 
The inverse of r and fare denoted r-' and f~ respectively. 

If r or f are given in set-builder notation the inverse of each is obtained by 


interchanging x and y in the defining equation. The inverse of a function may or may 
not be a function. 


The inverse of the linear function | : 

{(x, y) | y=mx+c} is {(x,y)lx=my+c} which is also a linear function. 
_ Briefly, we may say that the inverse of a line is a line. 

The line y = x is clearly self-inverse. The function defined by this equation 1.€., 


the function {(x, y) | y=x} is called the identity function. 
Example 6: Find the inverse of 


i) {(1, 1}, @, 4), G, 9), G, 16), ..x€ 2"), 5 apie, 
ii) {(%y)ly=2x+3,xe R) iii) {@ yl? +y°=a"}. 
Tell which of these are functions. 


— —— = a a ay LS ee es ee 
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Solution: 
1) The inverse is: 
{( 2, 1), (4, 2), (9, 3), (16, 4) ...}. 
_ This is also a function. 
_ Note: Remember that the eae has Bie 







ae tg eal 


y= vx, re Oe he, oh Sy see ab 


ey i* re ioe a a 


Ke ~ defines a function t bit the equ 


ee in See ree i the equation 


The function defined by the equation 





y=vx, x20 
is called the square root function. 
The equation y = Lin) ae Vx 
Therefore, the equation y* = x (x 2 0) may( be. regarded as defining the union of 
the functions defined by | 
y= V¥x,x.> Oandy= —Jx,x > 0. 
ii) The given function is a linear function. Its inverse is: 
(x, y)| x =2y+3} 
which is also a linear function. 
Points (0, 3), ( —1.5,0) lie on the sien line and points G, 0), (0, 1.5) lie on its 
inverse. (Draw the graphs yourselves). 
_ The lines /, i’are symmetric with respect to the line y= x. This quality of 
symmetry is true not only about a linear n function and its inverse but is also true 
about any function of a higher degree and its inverse (why?) . 





1. For A = {1,2,3,4}, find the following relations in A. State the domain and 
range of each relation. Also draw the graph of each. 
i) {(%y) ly=x} ji) {y) ly+x=5} 
iii) {(x,y) lxt+y<5} iv) _{((%,y) 1xt+ y>5} 
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2. Repeat Q-1 when A =, the set of real numbers. Which of the real lines are 
functions. 


3. Which of the following diagrams represent functions and of which type? 





4. Find the inverse of each of the following relations. Tell whether each relation 
and its inverse is a function or not: - 


i) {(2,1), (3,2), (4,3), (5.4), (6,5)} ii) {(1,3), (2,5), (3,7), (4,9), SD} 
ili) (x, y) ly =2x+3,xe R } iv) (x, y) | y* =4ax, x2 o} 
v) {a y) 1x? +y? =9, 1x1 <3, yl<3} 


2.12 Binary Operations 


In lower classes we have been studying different number systems investigating 
the properties of the operations performed on each system. Now we adopt the 
opposite course. We now study certain operations which may be useful in various 
particular cases. 

An operation which when performed on a single number yields another number 
of the same or a different system is called a unary operation. 

Examples of Unary operations are negation of a given number, extraction of 
Square roots or cube roots of a number, squaring a number or raising it to a higher 
power. 

We now consider binary operation, of much greater importance, operation 
which requires two numbers. We start by giving a formal definition of such an 
operation. 
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A binary operation denoted as 3 (read as star) on a non-empty set G is a 
function which associates with each ordered pair (a, 6), of elements of G; a unique 
element, denoted as a  b of G. 

In other words, a binary operation on a set G is a function from the set G x G to 
the set G. For convenience we often omit the word binary before operation. 

Also in place of saying >< is an operation on G, we shall say G is closed with 
respect to x 
Example 1: Ordinary addition, multiplication are operations on N. i.e., N is closed 
with respect to ordinary addition and multiplication because 

Va,be N,a+be Naa.beN 
(V stands for "forall" and A stands for "and" ) 


Example 2: Ordinary addition and multiplication are operations on £, the set of all 
even natural numbers. It is worth noting that addition is not an operation on O, the set 
of old natural numbers. 

Example 3: With obvious modification of the meanings of the symbols, let E be 
any even natural number and O be any odd natural number, then 


EQ@E = E (Sum of two even numbers is an even number). 


E@®O=O0O 
and O@MO=E 





These results can be beautifully shown in the form of a table given above: 
This shows that the set {E, O} is closed under conainat) addition. 
The table may be read (horizontally). 


E@E =E, E+0O =0O; 
O@MO=E, O+ ‘ =" 
Example 4: The set {l,—1, i, —i}where 








i=J/-1 is closed w.r.t Seda tt a (but [ ck  ecahete| ns-luel| ad OGL Eiakal | 
not w. r. t addition). This can be verified osha (Slps |e) SS 
| from the adjoining table. tat oie ee 





Example 5: _ It can be easily verified that ordinary oles [ae 


multiplication (but not acon) is an operation on 
the set {1,@,@°}where @* =1. The adjoining table 


may be used for the verification of this fact. 
_(@ is pronounced omega) 
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Operations on Residue Classes Modulo n. 
Three consecutive natural numbers may be written in the form: 


3n, 3n +1, 3n+2 When divided by 3 they give remainders 0, 1, 2 
respectively. 


Any other number, when divided by 3, will leave one of the above numbers as 
the reminder. On account of their special importance (in theory of numbers) the 
remainders like the above are called residue classes Modulo 3. Similarly, we can 
define Residue classes Modulo 5 etc. An interesting fact about residue classes is 
that that ordinary addition and multiplication are operations on such a class. 


Example 6: Give the table for addition of elements of the set of residue classes 
modulo 5. 


addition except that when the sum equals or exceeds 5, 
we divide it out by 5 and insert the remainder only in the 
table. Thus 4+3=7but in place of 7 we insert | 
2(= 7 —5) in the table and in place if 2+3=S, we insert 

O(=S—5S). 





Example 7: Give the table for adition of elemnts of the set of residue classes modulo 4. 


Solution: Clearly {0,1,2,3}is the set of residues that we|®|0]|1|2| 3. 
have to consider. We add pairs of elements‘as in ordinary MON ZONA 20.31 
addition except that when the sum equals or exceeds 4, we TORS esi 
divide it out by 4 and insert the remainder only in the table. | 2 | 2 | 3 | 0 | 1 | 
Thus 3+2=5 but in place of 5 we insert l(=5—4)in the | 3 | 3 | 0 | 1 | 2 | 
table and in place of 1+3=4, we insert 0(= 4-4). 


Example 8: Give the table for multiplication of elemnts of the set of residue classes 
modulo 4. 


Solution: Clearly {0,1,2,3}is the set of residues that we | @ | 0 | 1 | 2 | 3 | 
have to consider. We multiply pairs of elements as in (01 0]/0] 0) 
ordinary multiplication except that when the product equals | 1 | 0 | 1 | 2 | 3 | 
or exceeds 4, we divide it out by 4 and insert the remainder | 2 | 0 | 2.| 0 | 2. 
only in the table. Thus 3x2=6 but in place of 6 we insert | 3 |.0 | 3 | 2 | 1 | 
2(= 6—4) in the table and in place of 2x2=4, we insert | | 
W=s4—-4), | 


| | ae = 
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Example 9: Give the table for multiplication of elements of the set of residue 
classes module 8. 


Solution: Table is given below: 





Note: For performing multiplication of residue classes Ois generally ‘omitted. OR er 


2.12.1 Properties of Binary Operations 


Let S be a non-empty set and 3 a binary operations on it. Then 3 may possess 
one or more of the following properties: - 


i) Commutativity: is said to be commutative if 
4X¥b=b¥aVabeS , 
ii) Associativity: 3 is said to be associative on S if 


ax (bx c)=(ax b) xc V = a,b,ceS. 





iii) Existence of an identity element: An element e€ S is called an identity 
element w.r.t x if 


aye=exaz=a,VaeS. 


iv) Existence of inverse of each element: For any saniane ae §,5 an clement 
a’ € § such that 


; 
s 
‘ 
' 
- 
} 


‘ters ae ear 


a i a =a KE a=e (the identity element) 








* 
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respectively then 


Grample 10: Let A= ({I,2 3,...,20}, 


the set of first 20 natunll ea iat 


Ordinary aadinon is not a binary operation on A because the set is not closed w.r.t. 
addition, For instance, 10+25=35¢A 


Example 11: Addition and multiplication are commutative and associative 
operations on the sets 


N,Z,Q, IR (usual notation), 
e.g. 4X5=5x4, 24+(64+5)=(2+3)+5 etc. 


Example 12: Verify by a few examples that subtraction is not a binary operation 
on N but it is an operation on Z, the set of integers. 


# 
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1. Complete the table, indicating by a tick Be aaa pronerties which are 
satisfied by the specified set of numbers. 


Closure 


Associative 
Identity 
| Inverse 


Commutative 





2. What are the field monte In what respect does the field of real numbers differ 
from that of complex numbers? 


3. Show that the adjoining table is that of 
multiplication of the elements of the set of 
residue classes modulo 5. 





4, Prepare a table of addition of the elements of the set of residue classes modulo 4. 


5. Which of the following binary operations Shown in tables (a) and (b) is 
commutative? 


| 
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(b) 
6. Supply the missing elements of the third row of the 
given table so that the operation 3 may be 


associative. 


7. What operation is represented by the adjoining 
table? Name the identity element of the 
relevant set, if it exists. Is the operation 
associative? Find the inverses of 0,1,2,3, if 


they exist. 





2.13 Groups 


We have considered, at some length, binary operations and their properties. We 
now use our knowledge to classify sets according to the propecties of operations 
defined on them. 


First we state a few preliminary definitions which will culminate in the 
definition of a group. 


Groupoid: A groupoid is a non-empty set on which a binary operation > is defined. 


Some authors call the system (S, 3 ) a groupoid. But, for the sake of brevity 


and convenience we shall call 5 a groupoid, it being understood that an operation x 
is defined on it. 


In other words, a slosed set with respect to an honeraiion x is called a groupoid 





Chapter. 2: Sets, Functions and Groups 


Example 1: The set {£,O} where E is any even number and OQ is any odd number, (as 
already seen) are closed w.r.t. addition. 


It is, therefore, a groupoid. 


Example 2: The set of Natural numbers is not closed under operation of subtraction 
€.8:; 
For 45€N,  45=-lé@N 
Thus (N, —) is not a groupoid under subtraction. 


Example 3: As seen earlier with the help of a table the set {1,—1,i,-i}, is closed w.r.t. 
multiplication (but not w.r.t. addition). So it is also a groupoid w.r.t x. 


Semi-group: A non-empty set S is semi-group if; 
i)  Itis closed with respect to an operation x and 
ii) The operation 3 is associative. 


As is obvious from its very name, a semi-group satisfies half of the conditions 
required for a group. 


Example 4: The set of natural numbers, N, together with the operation of addition is 
a semi-group. N is clearly closed w.r.t. addition (+). 


Also V a,b,cEe N, at+(b+c)=(atb)+c 


Therefore, both the conditions for a semi-group are satisfied. 


Non-commutative or non-abelian set: A set A is non-commutative if commutative 


law does not hold fir it. 


For example a set A is non-commutative or non-abilian set under 3 when 3 is 
defined as: 


Vx,vexxRKy=x 


Clearly x % vy =.x and y x» x=y indicates that A is non-commutative or non-abilian 
set. 


Example 5: Consider Z, the set of integers together with the operation of 
multiplication. Product of any two integers is an integer. 


Also product of integers is associative because Va.b,ce Z a.(b.c) =(ab).c 
Therefore, (Z,.) is a semi-group. 


_ Example 6: Let P(S) be the power-set of § and let A,B,C. ... be the members of P. 


Since union of any two subsets of S§ is a subset of S, there Fores P is closed with 


respect to U. Also the operation is associative. 


"“TIrin @ 
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| (e.g. AU(BUC)=(AUB)UC, which is true in general). 
| Therefore, (P(S),W)is a semi-group. 
Similarly (P(S),A) is a semi-group. 
Example 7: Subtraction is non-commulative and non-associative on N. 
Solution: For 4, 5, 6, € N, we see that 
4-5 =—]| and 5—4=1 
Clearly | 4-5 #54 
Thus subtraction is non-commutative on N. 
Also 5-(4-1)= 5-(3)=2 and (5-4)-1 = 1-1 =0 
Clearly 5—-(4—1) # (5—4)-1 
Thus subtraction is non-associative on N. 
Example 8: For a set A of distinct elements, the binary operation > on A defined by 
xx y=x,Vx,yeA 
is non commutative and assocaitve. 


Solution: Consider 


XY =X- and yx%x=y 
Clearly XK VY FY RX 


Thus 3 iS non-commutative on A. 


_Monoid: A semi-group having an identity is called a monoid i.e., a monoid is a set S; 
i) which is closed w.r.t. some operation x. | 
ii) the operation >< is associative and 
iii) it has an identity. 
Example 9: The power-set P(S)of a set S is a monoid w.r.t. the operation 


U,because, as seen above, it is a semi-group and its identity is the empty-set ® 
becalise if A is any subset of S, 
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DUA=AUGP =A 


Example 10: The set of all non negative integers i.e., Z~ U{0} 
i) is clearly closed w.r.t. addition, 
li) addition is also Associative, and 
iii)  QOis the identity of the set. 
(at+0=O0+a = a VWaeZ* VU{0}) 
-. the given set is a monoid w.r.t. EIST : . 


“Note: It 3 is easy to verify: that the: even vt ina i onoid wir 
_ well but not w.r.t. subtraction tay peat teh es 





Exaniple 11: The set of natural auinben! N. w.r.t, © 
i) the product of any two natural numbers is a natural number; 
11) Product of natural numbers is also associative i.e., 
Va,b,ce NN a.(bc)=(a.b).c 


lil) | € Nis the identity of the set. 
‘. Nis a monoid w.r.t. multiplication. 
Note: N is not a monoid w.r.t. addition because it has no identity Wart addition. 
Definition of Group: A monoid having inverse of each of its elements under 3 is 


called a group under x. That is a group under x is a set G (Say) if 
1) _ Gis closed w.r.t. some operation 3; | 
ii) The operation of » is associative; 
111) G has an identity element w.r.t. x and 
iv). | Every element of G has an inverse in G w.r.t. x. 
If G satisfies the additional condition: 
v) For every a.be G 


ax hb=h xa 
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then G is said to-be an Abelian’ or commutative group under 3x. 


Example 12: The set N w.r.t. + 





Condition (i) colsure: satisfiedi.e.. Va,beENa+tbeNn 
(ii) Associativity: satisfied i.e., | 
Va,b,ce N,a+(b+c)=(a+b)+c 


(iii) and (iv) not satisfied 1.e., neither identity nor inverse of any element 
exists. 


.. Nis only a semi-group. Neither monoid nor a group w.r.t. +. 
Example 13: N w.r.t ® 
Condition: (i) Closure: satisfied 


Va,be N, a.be N 


(11) Associativity: satisfied 


Va,b,ceN, ad(bc)=(ab).c 


(i11) Identity element, yes, 1 is the identity element 


(iv) Inverse of any element of N does not exist in N, so N is a monoid but 
_ nota group under multiplication. 


Example 14: Consider S = {0,1,2 } upon which operation ® has been performed as 
shown in the following table. Show that S is an abelian group under @. 
Solution: | 


i) Clearly S as shown under the operation is 
closed. 


li) The operation is associative e.g. 
0+(1+2)=0+0=0 


(0+1)+2=1+2=0 etc. 





lil) Identity element 0 exists. 





* Named after brilliant Norwegian mathematician, N.H. Abal (1802-29) who was killed in a duel at a 
young age, probably by his political rivals. 





’ 
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iv) Inverses of all elements exist, for example 


0+0=0, 1+2 =0, 2+1=0 
=> 0'=0 1° =2, 27=1 


Vv) Also @ is clearly commutative e.g., 1+2=0=2+1 


Hence the result. 


Example 15: Consider the set S = {1,—1,i,-i}. Set-up its multiplication table and 
show that the set is an abelian group under multiplication 


Solution: 
1) Sis evidently closed w.r.t.®. 
ii) Multiplication is also associative 


(Recall that multiplication of complex numbers is 
associative) 
ii) Identity element of S is 1. 


iv) Inverse of each element exists. 





Each of | and —1 is self inverse. 
i and —i are inverse of each other. 


Vv) ®@is also commutative as in the case of C, the set of complex numbers. Hence 
given set is an Abelian group. : 


Example: Let G be the set of all 2x2 non-singular. real matrices, then under the 
usual multiplication of matrices, G is a non-abelian group. 


Condition (i) Closure: satisfied; i.e., product of any two 2 x 2 matrices is again a 
matrix of order 2 x 2. 


(ii) Associativity: satisfied 
For any matrices A, B and C conformable for multiplication. | 
AX(Bx C)=(A xX B) XC. 
So, condition of associativity is satisfied for 2 x 2 matrices. 


ty| 20) | eee =. 
(111) F ; is an identity matrix. 


(iv) As Gcontains non-singular matrices only $0, it contains inverse of 
each of its elements. 


t.; £e- == e se =. Sco w ss Lee Se irises aeeet eoete ek Soe eR Se ae ees. ltt 5 
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(v) We know that AB + BA in general. Particularly for G, AB # BA. 


Thus G is a non-abilian or non-commutative gorup. 


Finite and Infinite Gorup: A gorup G is said to be a finite group if it contains 
finite number of elements. Otherwise G is an infinite gorup. 


The given examples of groups are clearly distinguishable whether finite or infinite. 
Cancellation laws: If a,b,c are elements of a group G, then 
il) ab=ac=>b=c (Left cancellation Law) 
li) ba=ca=>b=c (Right cancellation Law) 
Proof: (i) ab=ac => a™'(ab)=a"'(ac) 
=> (a ‘a)b=(a"'a)c (by associative law) 


= eb=e¢ ("a a=e) 
— b=c 


li) Prove yourselves. 
2.14 Solution of linear equations 
a,b being elements of a group G, solve the following equations: 
1) ax=b, li) xa=b 
Solution: (i) Given:ax=b = a™'‘(ax)=a™'b 
=> (a a)x=a™'b (by associativity) 


= ex =a'b 


= x =a™~b whichis the desired solution. 
11) Solve yourselves. 


Note: Since the inverse (left or right) of any element.a of a group is unique, from 
the above procedure, it follows that the above solution is also unique. 
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2.15 Reversal law of inverses 


If a,b are elements of a group G, then show that 
(ab) =b"'q" 
Proof: (ab)(b'a')=a(bb")a" (Associative law) 


=aqea 





=aa 


=€é 


‘abandb'a™ are IRGKS ote: each other. 
Saigon NR 






ted -" eth; aS Ht-O0 vi ony e extend 
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i henrene If (G,  ) is a group with e¢ its identity, then e is unique. 
Proof: Suppose the contrary that identity is not unique. And let e’ be anotheridentity. 


e, e being identities, we have 


eMe=emKe=e’ (e is an identity) (i) | 

e Xe=-exe =e (eis an identity) (ii) 
Comparing (i) and (11) : 

é = €. 


Thus the identity of a group is always unique. 
Examples: 
i) (Z,+) has no identity other then 0 (zero). 
ii) (7R- {0}, x) has no identity other than 1. 
iii) (C,+) has no identity other than 0 + 0i, 


iv) (C,.) has no identity other than 1 + Oi. 
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v) (M,,.) has no identity other than E 1 
where M, is a set of 2 x 2 matrices. 
Theoram: If (G, 3 ) is a group and a € G, there is a unique inverse of a in G. 
Proof: Let (G, >< ) be a group andae G. 


Suppose that a’ and a” are two inverses of ain G. Then 


a’ =a’ % e=a' & (aX a’) (a” is an inverse of a w.r.t. * ) 
= (a’ a) % a” (Associative law in G). 
=e Xa’ (a’ is an inverse of a). 
=a" | (e is an identity of G). 


Thus inverse of a@ is unique in G. 
Examples 16: 


i) in group (Z, +), HERS of 1 is —1 and inverse of 2 is —2 and so on. 


i) in b BrOU BCs { ©, ple inverse of 3 is ; etc. 





1. Operation ® yer) eat the t two Pe ember iar G= 10, ise showin in nthee = 
adjoining table. Answer the questions: - 


i) Name the identity element if it exists? 

il) What is the inverse of 1? 

iii) Is the set G, under the given operation a group? 
Abelian or non-Abelian? 


2. The operation @ as performed on the set 
{0,1,2,3}is shown in the adjoining table, show that 
the set is an Abelian group? 
3. For each of the following sets, determine whether or 


not the set forms a group with beeper to the 
indicated operation. 








pil) 
lil) 
1V) 


v) 


10. 
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Set Operation 
The set of rational numbers x 
The set of rational numbers + 
The set of positive rational numbers - x 
The set of integers + 
The set of integers x 


Show that the adjoining table represents the sums of the elements 

of the set {E,O}. s[elo 
What is the identity element of this set? Show that this set is an 
abelian group. 





Show that the set {1,@,@’}, when w° =1, is an Abelian group w.r.t. ordinary 
multiplication. 

If G is a group under the operation x and a,be G, find the solutions of the 
equations: ax x=b, xx a=b . | 

Show that the set consisting of elements of the form a+ ./3b(a, b being rational), 
is an abelian group w.r.t. addition. ) 

Determine whether,( P(S) , ), where 3 stands for intersection is a semi-group, 
a monoid or neither. If it is a monoid, specify its identity. 


Complete the following table to obtain a semi-group under 3 





Prove that all 2x2 non-singular matrices over the real field form a non-abelian 
group under multiplication. : 





. | wr Vving 3s 


os 
és 


y 
La 
. 


Matrices and 
Determinants 





3.1 Introduction 


While solving linear systems of equations, a new notation was introduced to 
reduce the amount of writing. For this new notation the word matrix was first used by 
the English mathematician James Sylvester (1814 -— 1897). Arthur Cayley 
(1821 — 1895) developed the theory of matrices and used them in the linear 


transformations. Now-a-days, matrices are used in high speed computers and also in 
other various disciplines. 


The concept of determinants was used by Chinese and Japanese but the 
Japanese mathematician Seki Kowa (1642 — 1708) and the German Mathematician 
Gottfried Wilhelm Leibniz (1646 -— 1716) are credited for the invention of 


determinants. G. Cramer (1704 — 1752) employed the determinants successfully for 
solving the systems of linear equations. | 


A rectangular array of numbers enclosed by a pair of brackets such as: 
sy te 
Deel 3 (i) be 1 -1 4 (ii) 
ii 
-5 4°97 3522346 | 
41-1 


is called a matrix. The horizontal lines of numbers are called rows and the vertical 
lines of numbers are called columns. The numbers used in rows or columns are said 
to be the entries or elements of the matrix. 


The matrix in (i) has two rows and three columns while the matrix in (ii) has 4 
rows and three columns. Note that the number of the elements of the matrix in (ii) is 


4x3=12. Now we give a general definition of a matrix. 
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Generally, a bracketed rectangular array of mxn elements a, (i =1,2,3,....,m 


j =1,2,3,....,n) , arranged in m rows and n columns such as: 


4, GA. Ay an, 
Qa, 42 4 a5, (iii) 
Gini a2 Qn3 Ginn 


is called an m by n matrix (written as mXn matrix). 


mxXnis Called the order of the matrix in (iii). We usually use capital letters 
such as A, B, C, X, Y, etc., to represent the matrices and small letters such as a, B, c, l, 
M, N, Ay) 54,5145 «ee0y CtC., to.indicate the entries of the matrices. 


Let the matrix in (iii) be denoted by A. The ith row and the jth column of A 
are indicated in the following tabular representation of A. 


jth column 
Gri ciaecls ay Gin 
Gy, 47 4; a; Aon 
eS TYE a3; 43, 
A : ; , (iv) 
throw >! a, a, a3 + Qi ct Gin 
Gini an? Gin3 i any ak Ginn 
The elements of the ith row of A are aj, aj. aj .... ai; .... Aj, While the 
elements of the jth column of A are a,; a; aj; .... dj... G,. We note that a, is 


_ the element of the ith row and jth column of A. The double subscripts are useful to 
name the elements of the matrices. For example, the element 7 is at a,, position in the 


a4 


A= la,]_ or A= la, |, fori = 1, 2, 3,...., m: isi 2; he .., Where 
1S the element of the ith row and jth Soluran of A, 


2 3 : . 
matrix ie j .For convenience, we shall write the matrix A as: 
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Note: a, is also known as the (i, j) th element or entry of A. 


The elements (entries) of matrices need not always be numbers but in the 
study of matrices, we shall take the elements of the matrices from 7 or from C. 


ee 
“ts . 


aD ) : The matrix A is called real if all of its elements are real. 






Row Matrix or Row vector: A matrix, which has only one row, i.e., a 1xn matrix of 
the form [a, G;, @j, .. 4,,| is said to be a row matrix or a row vector. 


Column Matrix or Column Vector: A matrix which has only one column i.¢., 


aj 
aj 
an mxX1 matrix of the form | a3; |is said to be a column matrix or a column vector. 


Amj 


2 
For example [1 -—1 3 4] is a row matrix having 4 columns and | —1|is a 
3 


column matrix having 3 rows. 
Rectangular Matrix: If m#n, then the matrix is called a rectangular matrix of 
order mxXn, that is, the matrix in which the number of rows is not equal to the 


number of columns, is said to be a rectangular matrix. For example; 


=—3™0 


2 

doi a peat are rectangular matricés of orders 2x3 and 4x3 

= Om4. 3 -1 5 
} YTD 

respectively. 

Square Matrix: If m =n, then the matrix of order mxXn is said to be a square matrix 


. of order n or m. i.e., the matrix which has the same number of rows and columns is 
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| tl 
255 | 
called a square matrix. For example; (01, 1 and |2—-1 §8{are square ' 
SeeSiar 4 . 
matrices of orders 1, 2 and 3 respectively. | 
Let A= la, |be a square matrix of order n, then the entries 
Gi;, Gy, 433, ..-., @,, form the principal diagonal for the matrix A and the entries 
Qins Gy n-1> 43-29 +++) Ay12+4,, form the secondary diagonal for the matrix A. For 
Ci izes Pair 
. | ao Ap, Ves As, ee. 
example, in the matrix ~ , the entries of the principal diagonal are 


Ax, Fr 5H. sg 


ai, Ayn 443 ay, 
4},422,433,a44 and the entries of the secondary diagonal are @,,,4,,,@4>,44)- 
The principal diagonal of a square matrix is also called the leading diagonal or 
main diagonal of the matrix. 
Diagonal Matrix: Let A = [a,j] be a square matrix of order n. 
If a; = 0 for all i+ j and at least one a; #0 for i =j, that is, some elements of 


the principal diagonal of A may be zero but not all, then the matrix A is called a 


diagonal matrix. The matrices 


000 0 
er Oe ORO 
[7],|0 2. OJland ania seanle diagonal matrices. 
0 0:25 
000 4} 


Scalar Matrix: Let A= la, |be a square matrix of order n. 


If aj =O for all i# j anda; =k (some non-zero scalar) for all i=), then the 


matrix A is called a scalar matrix of order n. For example; 








_ LSS Ee 2 i ——————————— EE SES [=e eer ere 
a 
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50 @ 00.0 
TRO ae % | luc 10° 3 (0; 0 
,|0 a Ojand are scalar matrices of order 2, 3 and 4 
07 OO 320 
0 0 
) LOM OMsOe3 
respectively. 


Unit Matrix or Identity Matrix: Let A=[a;] be a square matrix of order n. If a; = 0 
for alli #j and a; = 1 for all i=j, then the matrix A is called a unit matrix or identity 
matrix of order n. We denote such a matrix by /, and it is of the form: 


WOR ON 80 
NO 1 Wo @ 
I,=|0 0 1 + 0| 

QMOn Opes 


ORO 
The identity matrix of order 3 is denoted by J3, that is, /3 = F l 4 
Om .0sel 


Null Matrix or Zero Matrix: A square or rectangular matrix whose each element is 
zero, is called a null or zero matrix. An mXn matrix with all its elements equal to 
zero, is denoted by O.,. Null matrices may be of any order. Here are some 


0 ol]. 
k Hof 
10 


O may be used to denote null matrix of any order if there is no confusion. 


examples; 


0 0 O} 


0} 0 aly : | 





Equal Matrices: Two matrices of the same order are said to be equal if their _ 


. corresponding entries are equal. For example, A= la, | and B = b, are equal, 


ie., A =B iff a; =b, {OTE = 1623.) =1]2.3.....,.7; In other words, A and B 
represent the same matrix. 
3.1.1 Addition of Matrices 


Two matrices are conformable for addition if they are of the same order. 
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The sum A + Boftwom x nmatrices A = [aj] and B = [},| is the m x n matrix 
== [c,| formed by adding the corresponding entries of A and B together. In symbols, we 
write as C = A + B, that is: [cj] = [aj + 5;) 
where cj = aj + Qj for i= 1.2, 3,.....mand J = 1, 2, 3,. i 
Note that aj + 5; is the (i, /) th element of A + Fe 


Transpose of a Matrix: If A is a matrix of order mxXn then an nXm matrix 
obtained by interchanging the rows and columns of A, is called the transpose of A. It 
is denoted by A’. If A=[aj]mn,then the transpose of A is defined as: 


A‘ =[45 Jim Where a;,= a, fori=1,2,3,....,0 and j=1,2,3,.....m 


Th se ST) 


b, D,. b,, bi, 
For example, if B=[bj] x4 =| 92 222 23 b,, | , then 
Ds, by, 0s; b34 


B' =[b, Jog Where b, = b,, fori=1, 2,3,4 and j=1, 2, 31.¢e., 


f 
ll 
f 


oo 
> 


by, b, l b, l b, l 


I2 


_ My | 
| Da b, Di b>, b3, 
B' —= 21 — 


f ? , 
32 b;, Dy; b,, b; 


31 
f , 
42 bi; | b,, by, D5, 


o 
Ss 


> 
ee 


/ 
41 


oo 


Note that the 2nd row of B has the same. entries respectively as the 2nd 


column of B’ and the 3rd row of B’ has the same entries respectively as the 3rd column — 


of B etc. 
Example 1: | 
Tea) Sl 7 2-13 «1 Pt ale 
If A=|3.1 2 5|and B=|1- 3 -1 4 |, then show that 
0-2 1 6 30k aia , 3 





(A+B)! =A' +B’ 
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Solution: 


ian On —1) 62 2d Sl 1+2 QO+(-l1) -1+3 2+1 
A+B=|3 1 2 Si+i/1 3 .-1 4]=)341 143 424+(-1) =+%45+4 
OR —2) sl 16 Seles 2: =) 0+3 —-2+1 1+2 6+(-1) 
30-12. 3 
== (Ae 4 lO 
B— 1 3) '5 
3 
—| 


and (A+B)! = 5 
3 


oe hf 


3 

—| 

; (1) 
5 


Taking ieee of A and B, we have 


13 
ie and Bi = “I - » [80 
2 4 -l 
1 das 3 314 a3 
rey | | 3 3 1| |-1 4 -1 Bw 
= WoT lie) i 3 
2 5 16 eae 3.9.15 


From (1) and (2), wehave (A+B)! =A’ +B' 


3.1.2 Scalar Multiplication 
If A=[a,]ismxn matrix and k is a scalar, then the product of k and A, 


denoted by KA, is the matrix formed by multiplying each entry of A by k, that is, 
kA =[ka;,;] 


Obviously, order of KA is mxn. 





{ff A= [a,]e M,,,., (the set of all mxn matrices over the real field 7X), then 
ka,e 7R ,foralliand j,which shows that kAeM,,,. It follows that the set 
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M_ possesses the closure property with respect to scalar ,multiplication. If 


A,BeM,,,and r,s are scalars, then we can prove that r(sA) =(rsyA, 


* (r+s)A=rA+sA, r(A+B)=rA+rB. 


3.1.3 Subtraction of Matrices 
If A=[a,]and B= [5;;] are matrices of order mxn . then we define 


subtraction of B from A as: 
A— BY = 2A (—3) ee 
[aj] + [-bil] | 
[ay + (-by)) =[an- ha] for’ = 1, 283s ms] SNS nee 


Thus the matrix A-B is formed by subtracting each entry of B from the 
corresponding entry of A. 


3.1.4 Multiplication of two Matrices 


Two matrices A and B are said to be suitable for the product AB if the 
number of columns of A is equal to the number of rows of B. , 

Let A=[a,]be a 2x3 matrix and B=[b,]bea 3x2matrix. Then the 
product AB is defined to be the2x2 matrix C whose element c,is the sum of - 


products of the corresponding elements of the ith row of A with elements of jth 
column of B. The element Cn os Cs As shown i in MUS figure (A), mat) is 





Fig.(A) 
Cy, =A, D,; + Az,b2, +4, 5,,. Thus 
Pu Pn by t4,.by + Ags, Ay Pe + 4nd b,, 
Mpa| 42 Fail, 4 By Py $Oj202) 14393, F912 F 412922 F 43932 
= 21 922 


Qn, 42 Fa, AyD, + A202, +2303, 8219). + Andy + Ab, 
31 932 | 


, . 
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O, Ol 
(ne nf GQ, 2 %3 
Similarly BA=|b,, b,, 


|i Ca Cir 
bs, bs, 


By Ay, FBi24y, G2 +O 24y. B14); $9,242; | 


B3,Q), +8O324>, 03,4), +O524., 95, ,3 + 9324, 





AB and BA are defined and their orders are 2x2 and 3x fone 





_ illustrated as given below: 
"Order ofA A ee mxn 





i a 2 If the boduct AB is is . defined, ne the order of the mig! can be™ 


a 4 , Wt he j 7 . ia 
Pea ltcsapxip 
rr ‘om | lain they Py ee en ty beta we 
= tal ; ene = Seb . oe a ' : : A 
or : SR eyons ja aah t ras 2 53. thi : : x m x P i ia 1 


‘ 5, 
250 ee 2. ee ee ee eee ee oe Se 


2) =L «0 2 -—-2 3 
Example 2: If A=|1 2 —3|andB=|—1 -4 6|,thencompute A‘B. 
lyave2 —2 OS eh eh 
Solution: | 
| pee Oull2e 104 
Aa AA 23) 1 92, —3 


ik) De SPN a ag) 





4-1+0 -—2-2+0 0+3+0) |3 -4 
=|2+2-3 -1+4-6 0-6+6/=|1 -3 
2+2-2 -1+4-4 0-6+4 Le 


e403 41/2 —2 3 
foe AcB=\1, —3 0) ||-1 *—4 6 
‘ i2e—t —2)|'0 —5 <5 


3 
0 
0) 


aa) a ie ee 


a 
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6+4+0 -6+16—-15 9-24+15 10 =5 0 
=/2+3+0 -2+12+0 3-18+0)=/5 10 -15 
4+1+0 -—-4+4+10 6-6-10 3 10) —10 





3. 2 "Tedermiunant of a2x Dy mantic 
We can associate with every square matrix A over rR or C, a number |Al, 


known as the determinant of the matrix A. 
The determinant of a matrix is denoted by enclosing its square array between 
vertical bars instead of brackets. The number of elements in any row or column is 


. a b : 
called the order of determinant. For example, if A= q\’ then the determinant of 
mel 


a b 
Als : 
c a 


Its value is defined to be the real number ad — bc, that is, 


la) =|" iret 
, eG! : 


py =i)| 1 4 | 
For example, if A = and B= , then 
| 4 3 2 8 


P| i oe 
|=), ,|=@ @-CD@=6+4=10 


1 4 
and |BI=|, [=O @-@@)=8-8=0 


1 


Hence the determinant of a matrix is the difference of the products of the entries in 


T— 
ad 


_. the two diagonals. 


~ 7 
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o 
e Md = ad —bc 
—be ad 
he i eae. Wi BRET gov eA SOG ae z i 
Ne on 
cminant x dimatrix [ais defined a as a= = Ce 


7 
oP mm ee ar am a9 =? her eer 


3.2.1 Singular and Non-Singular Matrices 


A square matrix A is singular if |A|= 0, otherwise it is a non-singular matrix. 


1 4 
In the above example, |B|=0 => B= i | is a singular matrix 


) 2) 
and [Al =10#0=> A= ‘ 3 | is a non-singular matrix. 


3.2.2 Adjoint of a2 x 2 Matrix 


b 
The adjoint of the matrix A= E ; is denoted by adj A and is defined as: 
lao . 


: s a. 
“fa 
—c a 
3.2.3 Inverse of a 2 x 2 Matrix | 
Let A be a non-singualr square matrix of order 2. If there exists a matrix B such 


150 
that AB = BA =I1,where I, = E 1 , then B is called the multiplicative inverse of A 


and is usually denoted by A”, that is, 





Example 3: For a non-singular matrix A, prove that 4” = vie A 


Q 


Solution: If 4 -| , and A= -\? 4 then: 
cod ris 
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AA” =1,, that is, 


a b\llp @q jb © 
ie GA te & THO i 
_|apt+br agtbs 1 0 

or = 
cpt+dr cq+ds| |0 1 


ap + br =1...(1) aq + bs = Q...(1i) 
cp + dr =0...(ili) cq + ds =1...(iv) 


From (iii), r=——p. 
d 
Putting the value of rin (i), we have 


wid 25) nS = ae 
- Ape d ad —be 


and roe ae g = See 
~ Sg 2S aad bem mad mbe 





Similarly, solving (ii) and (iv), we get 


_ f=b a a 
ad —bc” ad —bc 





q 


q 


iff NY 


Substituting these values in ? | we have - 





Sst dices 
_ad-be|-c a| 





Pe Pe 
Thus 4”! Ty adi 4 
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3 
Example 4: Find A if A -|; | and verify that AA'=A'A 


Solution: |A| -| ‘ =5-3=2 
Since |A| #0, we can find Aa 


Aus = sei A 


|4| 


—3 

1)1 -3 FA = 

=> A’ =— =|" 2 
“ace hee 

2 2 


2 fe 

De SON. 124\s5:i4-19 (i) 
1 -3 5 0 1 

—_ + — 

2 2 


oaee. 
AS pmo (tl: \0 P 
Thegt Gs -|, ( | w) 
+: 
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' 3.3 Solution of simultaneous linear equations by using 
matrices 


' 
' 
' 
' 


Let the system of linear equations be 


A,X, + AX, =D, (i) 


A,X, + Ay»X, =|, 


Se SS oo (Oe Se 


es a a 


where 4, ,,@).,@>,,@),), and b, are real numbers. 


The system (i) can be written in the matrix form as: 


le | Le = ; | or AX=B (ii) 
A, 422 || *2 b, 

a, 4p x b, 
where A-| px-| |e] | 

a, 4 xX, b, 


If [Al # 0, then A~' exists so (ii) gives 


* 
ee ee Na ee ae ed 
. 


" 
Le OPO IES TST 8 


A'(AX)=A™'B (By pre-multiplying (ii) by A™) 


or (A 'A)X =A'B (Matrix multiplication is associative) 


=> ski Aun (An A—T) 
— X=A'B 
ee * “4 as Bole | 
x4 |Al —a, a, 2) - 
Bi Ax. — Aid, 
= al = a,b; | = [A|: 
|Al — Ay,b, + 4,5, a,b, —b,a,, 
4 
Bb, a). Ps b, 
b, ay _ |%1 b, 

















Thus x, = 


| 
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It follows from the above discussion that the system of linear equations such 
as (i) has a unique solution if [A| 70) 





Example 5: Solve the following systems of linear equations. 


3x, -—x, =1 
xX, +x, =3 


i) 


. +2x, =4 
ii) Xj + 2X2 


2x) +4x5 ="]12 


| 5x, — x, =I 
Solution: (i) The matrix form of the system Pee i 


X, +x, =3 
3 -1 )* ai 
eel x a3 


a I l 
or AX=B.... (I) where A= y= lia! \and Be 
l1 1 ‘| x, | 3 


3: —!I 
A| = =3+1=4 
=n 
I 
and adj A -| | | , therefore, 
l 
ttf a a mae fal 
Ae = = 4 4 
ne | J) 
| 4 4 


“@) becomes X =A"'B, thatis, 





I 
Pa 
+ | 
i 
ee, 
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a x, =landx, =2 
(ii) | The matrix form of the system 
2 alls le 
2 4/) x, 12 


2 
4 


xy + 2X9 =4 . 
2x1 +4x5 =12 


=4-—4=0,s0 A ‘does not exist. 





| ! 


Multiplying the first equation of the above system by 2, we have 
2x, + 4x, =8 but 2x, + 4x, =12 


which is impossible. Thus the system has no solution. 


Exercise 3.4 jess 
23 it GA] 
li-A= and B=| | , then show that 
5 6 4] 
1) 4A-3A=A ll) 3B -—3A=3(B-—A) 


ee 18) A 
If A= eens , show that A’ = /,. 

| —r5 
Find x and yif . 
i) xt+3 1 2 i) paces il | yeah] 
1 = 

-3 3y-4 —-3 2 -3 3y-4 —3 2x 

— M2 53 OS eae 3 
If A= and B = | , find the following matrices; 
a iL) 11 -1l 2 | 


bri) ai4A38 ii)  A+3(B—A) 


Finds andar cs cileeoleaeaemes nica 
ew aea@ 2 <r 6 6 
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6. If A =| aij 333. show that 
i) A(MA)=(AW)A ii) (A+ M)A=AA+MA iii) AA-A=(A-DA 


7. If A=|aj|,,,and B=|bij|,,,. show that (A+B) =AA+AB. 


2 


8. If =|! 
- ja b 


= Ways (0 
Jana Aa é 4 , find the values of a and b. 


1 —1 hk @ 
9, If A=|. and A* = , find the values of a and b. 
aap 0 1 


| | e152 ZnO 
10. 86 A=| |ana2=| a then show that (A+ B)' =A'+B'. 


ay 2) jl leo 
Rei 3 

11. Find A?ifA=|5 2 6 
9 = =s 


12. Find the matrix X if. 


, § Deis = AS Seas 
v 2, lp ‘ ot EB x=[; ‘dl 


13. Find the matrix A if, - 





|v (Ceara eee: — —— 





: —1 3 -7 | 
ipe i) 0|A=|0 0 ii) 5 7A = t | a | 
= | it | Tee 

a : 

+ te rcos@ 0 —sing@|| cos@ O sing 

14. Show that OMae7. 0 || O ] 0 |=¥7/3. 

| | rsing 0 cosd ||—rsing 0 rcos¢ 
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3.4 Field 
A set F is called a field if the operations of addition ‘+’ and multiplication * 
on /* satisfy the following properties written in 1 tabular form as: 


Addition bees | Multiplication 














1) Forany a,be F, — 
a+beF 


For any a,be F, 
abe F 








Commutativity 


For any a,be F, 
ab=b.a 


li) For any a,be F, 





a+b=b+a 






Associativity | 
iii) For any a,b,ce F, For any a,b,ce F, 
| = (atb)t+c=at(btc) CED), 


Existence of Identity 
iv) For any : For any 


ae F,J Oe Fsuch that 0 2s Eos tee suchahal 
a.l=l.a=a 
a+Q=Q+a=a , 







| Existence of Inverses _ ; 
v) For any v) Forany ace F,a#0 
ae F,i —ae Fsuch that j ster such that 
; a 
a.(—)=(-).a=1 
| a a 
Distributivity 
vi) For any a,b,cé F, D, :a(b+c)=ab+ac 
/D,:(b+c)a=bat+ca 





All the above mentioned properties hold for Q, 7R. and C. 
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3.5 Properties of Matrix Addition , Scalar Multiplication and 
Matrix Multiplication. 
If A, B and C are n x n matrices and c and d are scalers, the following 
properties are true: 
1. Commutative property w.r.t. addition: A+B=B+A 


_  Note:ww.r.t. is used for “with respect to”. 


2: Associative property w.r.t. addition: (A+B)+C=A+(B+C) 
3. Associative property of scalar multiplication: (cd)A = c(dA) 
4. Existance of additive identity; A+O = O+A=A _  (Ois null matrix) 
&) Existance of multiplicative identity: JA=A/=A (1 is unit/identity matrix) 
6. _—*Distributive property w.r.t scalar multiplication: 
(a) c(A+B) =cA+cB (b) (c+d)A=cA+dA 
ds Associative property w.r.t. multiplication: A(BC)=(AB)C 


Left distributive property: A(B+C) =AB+AC 
9, Right distributive property: (A+B)C =AC+BC 
10. c(AB) = (cA)B = A(cB) 


20.) 14] 1 -l1 0O 
Examplel: FindABandBAif A=|1 4 2]and B=|2 3 -l 
3 0 6] 1 -2 3 


220m vil —1 0 
Solution: AB=|1 4 2/|2 3 -!l 
3 0 NPL SA 
2x1+0x24+1x1 2x(—1)+0x3+1x(-2) 2x0+0x(-1)+1x3 


=|1x1+4x2+2x1 1x(-1)+4x3+42x(-2) 1x0+4x(-1)+2x3 
3x%1+0x2+6x1 3x(-1)+0x3+6x(-2) 3x0+0x(-1)+6x3 


. 
+ 
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3 =-4 43 
=|11l (7 s@2 (1) | 
19 -—15 18} | 
il 1) 04) (2 oma | 
BA=|2 3 -i||1 4 2 | 
ly =2, 3)|\|3 06 | 
1x2+(-1I)x1+0x3 1x0+(-1)x4+0x0 1x1+(-1)x2+0x6 |: | 
=|2x2+3x1+(-1)x3 2x0+3x4+(-I)x0 2x1+3x2+(-1)x6 | 
1x2+(-2)x1+3x3 1x0+(—2)x4+3x0 1x1+(-2)x2+3x6| 
1-4 -1] | 
=|4 12 2 (2) | 





[9 —8 15] © 
Thus from (1) and (2), AB # BA pts 


Se Se ee = 
4 t. ~) 


_ Note: Matrix multiplication is not commutative in general 


ny 
a Beka: a ee 


2) = 183 en On 
Example2: If A=| 1 0 4 —2],thenfind AA’ and (A’‘)’. 
—3i 58 25.—) 


Solution: Taking transpose of A, we have 





Qian lees 
=r ay GS 
A'= , SO 
che th 
Onn =o =7 
5 HR Oe a 5h 8} 
| | | = ay GS 
AA‘ =| 1 0 4 -2) | 
36157) SORE, 
| “|}0 -2 -1 
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~44+14+9+0 24+04+12+0 -6-5+6+0 
=| 2+04+12+0 14+0+16+4 -—34+0+8+2 
OS Ot Ono 048-2) 94 25+4 +1 
14 14 -§ 
Sikeb PAL 4 
—-5-7 39 
Die Ls — 3 = 
7a 2ee— 103° 10 
As Ac Neel ,8o0 (A‘)’ =| 1 O 4 —2) whichis A, 
| —3 54 12> =] 
(WSF 


pats, (A): = A™. 
Eo be case en 
es 


egy | * a SS Pipats 


Ratt ag 
7 = < Ae - 


eee! that this rule holds for Tay matrix a. AO 
_ Exercise 3. he 


a Pe i et 


1, If . A=[a, Ts then fhon that 


i) 1,A=A ii) AI,=A 
2. Find the inverses of the following matrices. 
= 3. —1 wel 2e3 |. [2 4 ere 2meli 
eae =|. | ls 4 
3. Solve the following system of linear equations. 
. 2x1 —3xX2 =5 sy) 4X1 +9x2 =5| «... 3x-Sy=1 
Dx] + x2 ay | i) 3X] — ile Laity =—3 
1 -1 2) 2 1-1 [1-3 -2 
4-5 If A=!'3" 2° 5), B=|1 3 41 and C=/-1 2 OO |, then find 
—-1 0 4] —] 2 1 3 4 -I 
i)A-B li) B—A iii) (A—B)-C iv)A-—(B-C) 
[ia -i | 2i -1 
BS: i A=|) | B-| | and c-| : #) shen show ta 
1 -i 2 1 i ice Ce 


1) (AB)C = A(BC) - ii) (A+ B)C = AC+BC 


6. If A and B are square matrices of the same order, then explain why in general; 
i) (A+B)? # A? +2AB+B? 
iii)(A+B)(A-B)# A? —B? ~ 


ii) (A—B)? # A? —2AB+B? 
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2-173 08 
7.  IfA=| 1 0 4 -2],thenfind AA’ and A‘A. 
-3 5 2 =1) 
8. Solve the following matrix equations for X: 
Re; Bere hes SH] 1/20 —3id 
i) 3X -2A=B if A=| 7, 5 | and B=| 4 zs 
Ae x rer th Si i) og SI) al 
‘l) 2X -—3A=B if A=| |, 4 al and B=|7 2 4 
9. Solve the following matrix equations for A: 


ot al Ls ae oad ie 


3.6 Determinants 
The determinants of square matrices of order n23, can be wnitten by 
following the same pattern as already discussed. For example, ifn =4 


Gi, Gyn GAy3 Ary Qi, G2 G3 4 
A, 4x7 Az, Ary a, G2, 427 493 Ag 
A= 2 "| then the determinat of A=|A| = 
G3, G57 Ay, Any Gy, Gy, G3, Axy : 


Now our aim is to compute the determinants of various orders. But before | 
describing a method for computation of determinants of order n 23, we introduce the 
following definitions. 
3.6.1 Minor and Cofactor of an Element of a Matrix or its 

Determinant | 
Minor of an Element: Let us consider a square matrix A of order 3 . Then the minor 
of an element a,, denoted by M,,is the determinant of the (3—1)x(3—1) matrix 
_ formed by deleting the ith row and the jth column of A(or|A)). 


For example, if 
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Q, 2 43 
A=|a,, 4d, 4,, |, then the matrix obtained by deleting the first row 


Q,, Gy 43; 


| 
: + yp --Gqz--434- 
45, 42; : 


and the second column of A is : (see adjoining figure) |a,, a, 42; 
L43; 433 
Gx, 4. 433 


; J Fig Gr 
and its determinant is the minor of a@,,,thatis, M,,=| " > 








G3; _ 33 
Cofactor of an Element: The cofactor of an element a, denoted by A, is defined by 
A, = (—])'* XM 

where MM, is the minor of the element a,of Aor |A| 


G5, Gy, a,, 4 


For example, A,, =(—1)'**M,, =(-1)’ 














3 443 43, 443 


3.6.2 Determinant of a Square Matrix of Order n >3: 
The determinant of a square matrix of order n is the sum of the products of 
each element of row (or column) and its cofactor. 


Gy Gy. 43 wy a, 
GN a>, A>, > Gp, -*- az, 
G3, Gy a3 Semele As, 
Gy, Gn Giz a; a,, 
Crime Gee tans) esc (Gay. 8!" 1G, 
|Al = aj Ajj + ;2 Aj2 + 4j3Aj3 +....+ jn Ain for (=1, 2::3,...,7 


or |A|=a,,A,, +@,;A,, +43;A,; +..+4,,A,, for j=1, 2, 3,.....7 
Putting 7 = 1, we have 
- |Al=a,,A,, +4,,A,. +4,,4, +--+ @,,4,, which is called the expansion of |A|by the 


‘irst row. 











a 


~ ay Ay; 





If A is a matrix of order 3, that is, A G5, Gp, |; Wich: 


Oe a we ra ag 





| Cen  UEK 
|A| =a, A, +4,A,, +a, Ar, fori=1,2,3) | | (1) 
or Al =4,)A,,+4,,A,, +45 Ay, for j=1, 2,3 AR. (2) 
For example, for i=1, j =1land J =2, we have 
Al = a,,A,, +4,.A), + 4,34); (i) 
or |A] = a,,A,, + @,,A>, + 5)Ay, 7 (ii) 
or |Al = a,.A\y + dy, Ayy + Ay Ay | | Gl) 


(iii) can be written as: |A| = a, (-1)'*M,, 4a,,(-l)*” M + Ay (-1)*" M,, 





i 1.€., |A| = =a, 5M 5 +a,M,, re a,,M ,. : (iv) 
M -a,,M,; +a,,M,, (v) 
Putting the values of 7) ).My2 and Wy, 3in (.). we obtain 
) G4, Ax, Ay, ays) G71 Fn 
\A| = ay — Ap Tah, 
a3. as; a3, a3; a3) 432 | 


or |A| = = iy (G99433 — 493459) — Ayo (A943, — 7,43,) +), (Ghaee G5,43,) (Vi) 
me ses ns v; 
or |A| = A) 459433 F Ajo A444) + 4),4)43) — A,;A5,A4. — A),4>,4;; — M3423, Ne 


Fe © oe 


The second scripts of positive terms are in circular order ~~ 
of anti-clockwise direction i.e., these are as 123, 231, 312% ape: ‘ 
(adjoining figure) while the second scripts of negative terms are | ne) 
such as 132, 213, 321. ae” 







An alternative way to remember the expansion of the determinant | 
Ali given in Ops is sown in the heute below. 
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Example 1: Evaluate the determinantof A +: oe { 


ues) 2 
23 
=l_sy gu 
AN 550) 


Using the result (v) of the Art.3.6.2, that is, 
|A| = re —a,,M,,+43M\3, we get, 


yk oe 
|A| = | Wa - yl, +3 4 . | 
= 116 —1(—3)] + 2(—2).2-1.4]+ 3[2)(-3) - 12] 
= (6+3)+2(4-—4) +3(6-12) 


Solution: |A| 








= 9-16-18 =—25 
i eet 
Example 2:Find the cofactors 4,,, A, and A,if A=|—-2 3 1 |and find Al . 


4 -3 2 
Solution: We first find M 5>»M,. andM,,, | 


—2 | es) , 
w f2 tpaees oe -[, Jere 


Lyte lhe 
and M,, |" [1 = 


Thus A,=CD?M, =CDC8) Hg: A, =I)? M, =1C10) =—10 
Ay =(1)*?My =D) =-7 
and [Al = aA + @nAn +4xAn — (—2)8 + 3(—10) + (-3)(-7) 


= —]6—30+21=-25 
Note that 4, Aj. + @2, An + 431432 = 1(8) + (—2)(-10) + 4(-7) 
—8+20—-28 =0 
and ayy Ary + Ong Any + Asp Av2 = 3(8) + (10) + 2-7) 
=24-10-14 = s 


Similarly we can show that @,,A,, + Ay, Ag, + 43,433 = 
| AAs EGisez cae =0 and a,,As, ie ag 33 —9 


Lee 
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3.7 Properties of Determinants which Help in their Evaluation 
1. For a square matrix A, IAI =1A'I 
2. If in a square matrix A, two rows or two columns are interchanged, the 


determinant of the resulting matrix is —|Al 


3. If a square matrix A has two identical rows or two identical columns, then 
|4|=0 | 

4, If all the entries of a row (or a column) of a square matrix A are zero, then 
[4|=0 

a If the entries of a row (or a column) in a square matrix A are multiplied by a 


number k € 7&., then the determinant of the resulting matrix is k |Al. 





6. If each entry of a row (or a column) of a square matrix consists of two terms, 
then its determinant can be written as the sum of two determinants, i.e., if 
a, +5, 
B=|a,,+b,, | 
a,,+b,, | 
ay, +d, Qo 43 | 
BI =|a,, +5, G77 Aa, ! 
a,, +b,, G32 33 
7. If to each entry of a row (or a column) of a square matrix A is added ‘a non- 


zero multiple of the corresponding entry of another row (or column ),then thease 
determinant of the resulting matrix is |A|. 
8. If a matrix is in triangular form, then the value of its determinant is the 


product of the entries on its main diagonal. 
Now we prove the above mentioned properties of determinants. 


to ee Te ek ye a TT 


Proporty. 1:!f the rows-and columns of a determinant are: interchanged, then the value 


of the determinant does not change. For example' 
411 12 Fi 


| =G); Ay Gyn 49) = 4); Ay9— 4) Ay. — 
ay, 42 














| cos and columns are interchanged) - 
ay. os 


Property 2: The value of a determinant changes sign if any two rows Columns) are 
interchanged. For example, 





| 
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Gy, 4&2] _ 
=); 4y2— G9 A, 
GQ, ar 
2 Ay 
and =4)5 A>,—4), 4y=—( 4), 2-4, 4>,) (columns are interchanged) 
Ay, Aa, 


Property 3: If all the entries in any row (column) are zero, the value of the 
determinant is zero. For example, 


Gi. 43 


= 0 (expanding by C) 




















Gs, Ag, 


~ 


Property 4: If any two rows (columns) of a determinant are identical, the value of 
the determinant is zero. For example, 


abe 


a b c\=0, (it can be proved by expanding the determinant) 
ay eZ 


Property 5: If any row (column) of a determinant is multiplied by a non-zero 
number k, the value of the new determinant becomes equal to k times the value of 
original determinant. For example, 








a, 4a ale a 
|A|= 1! ~~?) multiplying first row by a non-zero number k, we get 
a>) 
ka,, ka a, a 
12 Il 12 
= kay, d_,—ka,, a, =k (a, 4-4, 22) =k 
G2, 4x ; rin Tes 














Property 6: If any row (column) of a determinant consists of two terms, it can be 
written as the sum of two determinants as given below: : 


ay) £B,, a Gy3) (4 F121 b, a, 4,; 


a, +b, An 4q3|=|42 422 a>,|+|b,, a,,  4,,| (proof is left for the reader) 
Q,,+b,, G3. 433) |431 %2 433 bs, Gy. Ax, 





ee Chapter 3: Matrices and Determinants 





Property 7: If any row (column) of a determinant is multiplied by a non-zero 
number k and the result is added to the corresponding entries of another row 
(column), the value of the determinant does not change. For example, 


Qi, 42 Qa; ,+ka, 


a, a, +ka,, 


(k multiple of C, is added to C, ) 














Gz, 4x 


It can be proved by expanding both the sides. Proof is left for the reader. 


2 tL =—2: Sees 
3 l 5 =! 
Example 3: If A= , evaluate |A| 
-5 -3 1 QO 
1--l1 0 2 
2) hm Dar sre 
3 l —] 
Solution: |A| = ; 
-5 -3 1 Q 
Le P= S02: 
Ov%:0) 23580 
0 A425 / 
=| oe By R, +(-2)R,,R, + (-3)R, and R, +5R, & 
| (15 01ee2 | 4 


Expanding by first column, we have ‘ | 


|A| = 0.A,, + 0-A,, +0.A,, +1.A,, 


Ney Ae OneoeO . . 
=(-1)"x14 5 -7=(-1)|4 5 —7 
Ley il i@ -8 1 10 


= (- 1-34 x10-(-7)(-8)]= 340-56) = 48 


. 
RPP CUCL ELE GO OO Ls 
7 


x atx btc . 
Example 4: Without expansion, show that |x b+x c+a\/=0 
X ctx atb 
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Solution: 





Multiplying each entry of C, by —1 and adding to the corresponding 
entry of C, 1.e.,by C, +(—I)C,, we get 


x atx bt+cl |x atx+(-—Dx bte 
x b+x ctal=|x b+x+(-l)x cta 


x ct+x atb |x c+xt+(-lDx a+b 


Ix a bte 1 a b+c\( by propertyS or 
=|x b ct+aj =x b c+a\| taking xcommon 
x c atb l ¢ atb from C, 


l at+(b+c) b+cel_ 

Leen : adding the entries of C,to the | 
=x\l b+(c+a) crtal\, ndi ntri tC. | 

1 ct(at+b) atb corresponding entries of C, 


Lk [eee 
=x(a+b+c)l 1 c+tal, (by property 5) 
1 1 a+b 
-=x(a+b+c).0 (-. C, and C, are identical or by property 3) 
=0 | | 
xe Ol ee) | 
examnic 5: Solve the equation Gee cd =( 
Bs | e279 3g 
Fa2o ek IN 


Solution: By C,+C, andC, +C,, we have 


ve) Ls. ated 
Oneal 0 0 
Us 7 Ee 
i eZ eee ad eee a | 


=0 


| x | l 


Leap 2a ORG Gel sy 
—-2 x+l x-l 


Expanding by R,, we get 1 
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beam | 1 


By R, +2R,, we get tei 2 se 
10 x+3 x43 
x ele! : 
or (x+3)}1 1 2)=0 (by taking x + 3 common from R,) 
Ort lem 
be LI 
= x+3=0 or ol 2=0 
oF at al 
= x=-3 or x=0 (. R, and R, are identical if x = 0) 


Thus the solution set is + 3, of. 
3.8 Adjoint and Inverse of a SH PEIN Matrix of Order n>3 


Qj, GQ. Ay A, A, Ay 
If A=l/a,, ad 4a,, |, then the matrix of co-factors of A=" Arn Ao Asal: 
143, 432 433 A;, Aj. As; 
| Ai, A;, A;, 
andadj A= |A, A, A, 
Aj; A,; As; 


Inverse of a Square Matrix of Order n = 3: Let A be a non singular square matrix 
of order n. If there exists a matrix B such that AB = BA = J, then B is called the 
multiplicative inverse of A and is denoted by A‘. It is obvious -that the order of 
Ais nxn, | 

Thus AA“ =/, and A'A=/.. 


If Ais anon singular matrix.then 


Ag eA 
|A| | 

“1 0 2). | 
Example 6: Find Atif A=|0 2 1 : 7 
) tt -1 1 | 


Solution: We first find the cofactors of the elements of A. *: / 
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2 0 1 
a=" _ [rheen=s A= co" [-coco=1 


: 2 (1042) =-2 


10 Hee) 
{f-ebel-o=1 


) 2 | ( 
A, =(-1)"* | [-10-=-2 A,, =(-1)? 


x2 | 2 | 243 
Ay = C1 |=10-2)=-1 A,, =(-1)? 





ee a= 0) <1 
OMe 1 





341 (9 2 | a — (1,22 
Ay ="), -10-9=—4 A, = (-1) 


l| 








A= cpt, 1- 1.(2—0) =2 
| AMIR ASSIA: Sale —2 
Thus (Ale =| 40 An Ag |=|—25 -1e1 
Am AmatA =A? 
oe 4 
and adj A=[A‘J,,= |1 -1 -1l| (- Aj=A, fori, j=.1, 2, 3) 
: HG: 
Since |A|=a,,A), +4,A). +4,34)5 
= 1(3) + O(1) + 2(—2) 
=3+0-4=-1, 


See At —3 2 4 
So (ene it -ofl Sie ie Sl 


4 =| 27 ea eile) 
fS1"9 ais 
Example 7: If A=| 1 4 | and B-| D 1 , then verify that 
il 
(AB)' = BA’ | | 
21 eA 3s els) —1 


| Lanes | ' 
Solution: AB = lL 4 Pe |- 1-8 344 |=|-7 7 |,s0 
"1242 6-1 Ae 5 || 


.  . — 1 
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=) — 74 
AB)' = 
TE De 


| - _ —| 5] 2 | 1 -—2 
and B'A‘' = * eS A’ = and B‘ = 
3° I 2 4 -!1 2 4 -!1 3 J 


_f-1-4 1282242) tsa 7e4 
»|—34+2 9344) 6— 1h 5 


Thus (AB)' = B' A! 





Exercise3.3. 
Evaluate the following determinants. ite) | 
5 -2 -4 5 2-3 lL 2-3 
1. 1s | 3" 9 = =3) fii) 3:4 — el 1) i=l) 3a 4 
— 21 = lin a2 -2> | -2 =2 “341.6 
at+l a-l a 1 2 =-—2 24; aay a 
iv) | a atl a-lI v) -1 1 -3} wi)|b 2b: b 
a— le =a atl 2 4 -1 Cha Cea 
2. Without expansion show that 
O78 "2 3 -! liza | 
ald) OO u) jl kk O}=0 ii) |4 5 6=0 | 
2.33 14 | 2-3 5 78 9 


3. Show that 
Ay Ay yz FQy3] (Ay, Ayn 3] 1 Ay. Ayn GG, 
1) Gp, 4x27 Ang FQy3)=1A,, Ay2 Ay3|+1/G,, Ay GQ, 


G3, 432 Ax, F553] 145, G5 33] 143, G3. Gy, 


257 3 2701 a+l a a 
ii) 3 9 6=91 1 2 iii)} a atl a |=U@Ga+tl) 
Pe iy 3 2-53 1] a a atl 


0 IO te Me AD Ry Ce, Om — 
eS mews Heese He eet 
= 
P 
7 
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gle Eman Lie 141 b+c a a 
iv) X yy ZI=|X y Ziv) | b cta ob. |=4abc 
Yau zxaexy| ix) ty? fz? c cc atb 
lb —-l a rcos@? 1 —sing 
vi) ja b OQl=a?+b° vii)| 0 1 O |=r 
Le Fae" rsing 0 cosd 


a b+c a+b 
b 393 es 
vili)|b -cta bt+e| =a +b +c —3abe 
c at+b cta 


athe “bes ic 

ix)| @ Bbt+A Cc |=A(atb+c+A) 
a b ctaA 
J ] 

X) a 6b c\|=(a—b)(b—c)(c—a) 
ase bul ct 


| b+c a a’ 
xi) |ct+ta b b*|=(atb+c)(a—b)(b-—c)(c—a) 
a+b c c? ; 


ea 2 2 — 35 5 3—2 5 
4, IfA=|0 -—-2 Q| and B=} 3. —-1 4 |, then find: 
—-2 -2 | ea la 


| 1) Aj2, A272, A32 and {Al ii) B,,B, B,, and |B 


5. Without expansion verify that 


1 a’ Bs 
a@ Bty 1 1 23x eaei4| Pe 
i) |B y+a@ 1=0 ii) \2 3 6x=0 iti) tb? —|=0 
Y a+ BN 3 5 9x | rie yale 
ab| ~ 


i 


WH 
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Iv) 


itn La leis. el 











v) vi) |nl m m)=|l m mW 
fe a a SM | RNG Fey 
. 2a 2b 2c 
vil) lath 62b ob+c=0 
atc b+c 2c 
+ 1 2 64 lle 27 lee =a OLeRC 
vi) 16 63 A=|6 3 Sl4l6 3 —3. ix) |0°' al —H=0 
—3 5-1) }\=35 | "\=3 a4 b -c Q 
6. Find values of x if 
Sel x 1 x-l 3 12 ee 
i) |-l 3 4/=-30 li) j-l x+l 2=0 iii) (2 x 2)=0 
ne het, 2. PD ex Sim One kl 
7. Evaluate the following determinants: 
3 4 2 Sel 
Peeler 2 ae [4 Ole ee 
l ll 
al eee. N59 2° 
4 1 3 Se as 
ak il | 
rhs | | 
8. Show that ; =(x43)(x=1)?. 
Lx 
4158 





9. Find |Aa‘|and|A’ lif 
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3 

} 3 2 -l Wi 2 
i) A= ll) A= 

Dae °3 l 

2 


10. If A is a square matrix of order 3, then show that |kA| = k*|A]. 
11. Find the values of Aif A and B are singular. 


Wo —_—_ — 


Sele 27.0 
SUA) 3 32 S45 
A= 7 3 6 “ B= 
I) 5 S552 20). Fe) 
2 A -l1 3 
12. Which of the following matrices are singular and which of them are non singular? 
ie 2) -1 : 
LOS 2 3 -1 ‘a i 2 
)}3 1 -1 11) | elooelan 0 Ws fp, 9 
AO) 2c 23) 5 
3 -1 3 4 
2a li 0 
~™ 13. FindtheinverseofA=|1 1 OJ]and show that A7' A =/; 
| 2-—3 5 


14. Verifythat (AB) =B'Aif 


1 52 “351 ‘ e521 [4-3 
» =|! of 2=| 4 f ) a-|) sh B-|; 1 


15. Verify that (AB)! = B' A‘and if 


; 1 
Aaly * | and B=|3 2 
QO -I: 


— f 7. 
verify that (4-') = (4’) 
~ 17. If A and B are non-singular matrices, then show that 
)eeAB) ee — Be AT ii) (A’)” =A 


. basal 
16. — 
if A ; : 
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3.9 Elementary Row and Column Operations on a Matrix 


Usually a given system of linear equations is reduced to a simple equivalent 
system by applying in turn a finite number of elementary operations which are stated 
as below: 


l. Interchanging two equations. 
oh Multiplying an equation by a non-zero number. 
3. Adding a multiple of one equation to another equation. 


————_—— rw 


Note: The systems of linear equations involving the same variables, are” 2 
: ‘equivalent if they have the same solution. iin eB 1 
Corresponding to these three elementary ‘operations, the followin ae 
row operations are applied to matrices to obtain equivalent matrices. 
1) Interchanging two rows 
il), Multiplying a row by a non-zero number 
ill) eens a multiple of one row to Se row. 


Tae 


i nee 


7 efits number of row operations on A. eee PB > = 
Notations that are used to represent row operations for I to I are e given below: 
Interchanging R,and R,is expressed as Rj > Rj. 


k times R, is denoted by kR; > R; | f 
Adding k times R, to R,is expressed as R; +kR, — R; | a 
(R; is the new row obtained after applying the row operation). a 

For equivalent matrices A and B, we write A &.B. | 


If A £B then B XA Also if A SB and B Rc. then AC. Now we state the | 


elementary column operations and notations that are used for them. 
i) Interchanging two columns C, eC; 


li) Multiplying a column by a non-zero number kC, > C; 


| 
| 

lil) Adding a multiple of one column to another columnC, + kC az C. | 
Consider the system of linear equations; | 
x+y+2z=1 | 
; 


2x—y+8z=12> whichcan be written in matrix forms as 
3x4+5y+4z=-3 2 


=a A Textbook of Algebra and Trigonometry $A? 
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he ae Hiss] Ba Bal lt 3223 
2 -1 8\|y|=|12 or fey zyl--1 5l=f1 12 -3] 
Sa | 23/93 280 a4 
that is, AX =B (i) X'A' =B' (ii) 
tit x| | 1 
where A=|2 -1 8|,X =| y| and B=| 12 
Sa: 4 ez —3 


A is called the matrix of coefficients. 


Appending a column of constants on the left of A, we get the augmented 
matrix of the given system, that is, 


Lermlee2 se: 31) 
2 —1 8 : 12 |(Appended column is separated by a dotted line segment) 
[Sv Sy eer 


Now we explain the application of elementary operations on the system of 


linear equations and the application of elementary row operations on the augmented 
matrix of the system writing them side by side. 


X+y+2z=1 eA ik 9298 oh 
2x+—y+8z=12 21a 8 12 
3x+5y+4z=-3 355-4 =A 
Adding —2 times the first equation to the | By R, + (-2)R, > R; and 
second and —3 times the first equation to R, + (-3)R, — Rj, we get 
the third, we get 
x+y+2z=1 | - PUL RAP2 rs see 
—3y+4z=10 ROMS. ay: 210 
2y—-2z=-6 OR 22 e— 
Interchanging the second and third equations, wehave By R, <> R,, we get 
x+y+2z=1 | fi. SL Oa 
by—27= RiO 2 -2 : -6 
2y-2z=-6 need 10 


—3y+4z=10 
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Multiplying the second equation by > we get By—R, — R,, we get. 


x+y+2z=] hee 
y-Z= —3 R () l ae = 3 
Adding 3 times the second equationto § By R3+3R2—> R;, we obtain, 
the third, we obtain, | 
: + y + 2z = l 1 1 2 : 1 
See OO rT £3) te) 


The given system is reduced to the triangular form which is so called because 
on the left the coefficients (of the terms) within the dotted triangle are zero. 
| Putting z=lin y-z=-—3, wehave y-l=-3 > y=-2 
Substiliting z=1, y =—2in the first equation, we get 
x+(-—2)+20) =1> x=1 


Thus the solution set of the given system is {(1, -2, 1)}. 


1) 32a 
1 FS] *5 
matrix for the matrix equation (ii), that is 27488) luc4 


Appending a row of constants below the matrix. A’, we obtain the augmented 
tp 3 | 


Now we apply elementary column operations to this augmented matrix. 


2 3°]. JSOmO 
Lagi HSS li 723hea 


: By C, +(—2)C, > C; and 
2 8 41 Clo 4 oll ees 


| C, +(-3)C, 9 C 
Liecggl'2po3)| ai lela Olson 
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140° 20 Led, 6:9) 
C)/2 -2 4|ByC, eC, CQ. —1 4 By ga © 
mle —G£10 1 <3 0 

LE 0= 0 

l Lea 
Cio -1 1|ByC,+3C, 3C, 

1 -3 1 


Thus [x y ai 4 imo |. i -3 1] 


or [xty+2z y-z zj=[1 —3 1] 


x+y+2z=1 
=> y-z=-3 
z=1 


Upper Triangular Matrix: A square matrix A =[a, ]is called upper triangular if 
all elements below the principal diagonal are zero, that is, 

a, =Ofor all i> j 
Lower Triangular Matrix: A square matrix A=[a, ]is said to be lower triangular 
if all elements above the principal diagonal are zero, that is, 

a, =Oforalli< j 
Triangular Matrix: A square matrix A is named as triangular whether it is upper 
triangular or lower triangular. For example, the matrices 





) ) Om Or 0 
QO 1 4) and] are triangular matrices of order 3 and 4 
A520) 
0 0 6 
Sih 2s Bid 
ous The first matrix is SUDDEr taal gat wale the second is lower triangular. 
Nol fe na I matr rics es are by : : i lower triangu flame sa 


tet, Matrix:A square matrices A =[4jj] px, 1s eeaien symmetric if A’ =A. 
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From A‘ =A, it follows that [@;],., =[4y Jno 

which implies that a, =a, fori, j=1, 2, 3,....,m. 

but by the definition of transpose, a; =a, fori, j =1, 2, 3, ...., n. 
Thus a, =a, fori, J =1, 2, 3, ....,n. 

and we conclude that a square matrix A= [aij Inn is symmetric if a, =a,,. 


For example, the matrices 


ima | Sates son aaa 
; t h b f | and 2 5 1-2/2 symmetric. 
> pleats Ores 


Skew Symmetric Matrix : A square matrix A=[a,],,., is called skew symmetric or 


anti-symmetric if A’ =—A. 


From A‘ =—A, it follows that [a;,]=[-a,] for i,j =1, 2,3, ..... 
which implies that a; =—a, for i,j = 1,2, 3,....,m 

but by the definition of transpose a; =a, fori, j=1, 2,3, ....,. 
Thus —a,j = aj; or aj =—a jj 


Alternatively we can say that a square matrix A=[a,],,., iS anti-symmetnic if 


For diagonal elements j =1,s0 





a, =—a, or 2a,=0=> a, =0 fort=1,2,3,....,.m 
0 -4 | 
Forexampleif B=| 4 OO -—3}, then 
=P Se 
On 4 0 -4 1 
B=|-4 0 3 /=C)) 4 O -3/=-B 
i 3 08 -1 3 0 


Thus the matrix B is skew-symmetric. 





—— ” 
=] 
— 
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Let A= la, ] be an mxXmmatrix with complex entries. Then the m2Xmmatrix 
[a,,] where aj, is the complex conjugate of a, for all i, j, is culled conjugate of A and 


is denoted by A . For example, if 


gap =7 = ean Ss et 
a z Phen alS 3-i Sole Sie | 
ai ol +1 21 soilt+i) |-2i 1-i 


Hermitian Matrix: A square matrix A=T[a,],,,,with complex entries, is called 
hermitian if (a) =A. 
From, (a) = A it follows that ry ees le which implies that Gi, =a, for 
i,j =1.2,3.....,n but by the definition of transpose, a, =a, for i, j=1, 2,3.....,n. 
Thus a, =a, for i, j/=1,2,3,...... and we can say that a square matrix 


A =[a,] is hermitian if a, =a, fOr p= 123. on. 


AAA 


For diagnal elements, 7 = 1 so a,,=a@, which implies that a,,is real for 
t=1, 2, 3,....,2 


lee 
F le, if A= , ther 
CRExAmp I ee > | en 


= Lele elle Sa 
a his 2 | = (4) “| 2 ae 
Thus A is hermitian. 
Skew Hermitian Matrix: A square matrix A =[a, ],,., with complex entries, is called 
skew-hennitian onantichermitian if (A)' =-A. 
From (A)' =A, it follows that ay] = (=a; ) sen 
which implies that @;, =—a, fori, j =1, 2, 3, ..., n. 
but by the definition of transpose. @, =@,, fori. j =1, 2. 3. ..... n. 
Thus —aj;=@j; or ay = —G; fori, j = 1,2, 3,...., n. 
and we can conclude that a square matrix A = [4j, Jn iS anti-hermitian if ay = —G ;- 
For diagonal elements j =i,so a, =—a, => 4, +4, =0 
which holds if a; =0 or a, =iA where Ais real 
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because 0+0=0 or iA+iA =iA-iA=0 


Q 2—-3i| . 
For example, if A= ,then 
—2-3i 0 


=O 2+3i 
A= 
et SLO 


os, (0 [eo calee Ov foes 
= (A) =|... =) | Sa) 
243i «(0 93) PO 


Thus A is skew-hermitian. 
3.10 Echelon and Reduced Echelon Forms of Matrices 

In any non-zero row of a matrix, the first non-zero entry is called the leading 
entry of that row. The zeros before the leading entry of a row are named as the 
leading zero entries of the row. 
Echelon Form of a Matrix: An Xn matrix A is called in (row) echelon form if 


1) In each successive non-zero row, the number of zeros before the leading entry 
is greater than the number of such zeros in the preceding row, 
ji) Every non-zero row in A precedes every zero row (if any), 


iii) The first non-zero entry (or leading entry) i in cach) rOW is 1. 
Note: Some authors do not require. the condition Gi) © 


AY 





0 | 2 =am4 
The matrices |}0 QO 2}/and}Q QO 1 2) arein echelon form 
0 0 OF ORO 
0/10) sia Oo 
but the matrices|0 1 3 -1]and/0 O —1 |are notin echelon form. 
OROROMRO 00 4 


Reduced Echelon Form of a Matrix: An mxXn matrix A is said to be in reduced 
(row) echelon form if it is in (row) echelon form and if the first non-zero entry (or 
leading entry) in R; lies in C,, then all other entries of C, are zero. | 

11 2 0 0 


and|/0 O 1 OJ/are in (row) es echelon form. 
lOn On OF 1 






Oil 
The matrices |}O O 
0 QO 


ST Lees Le 
on 
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Example 1: Reduce the following matrix to (row) echelon and reduced (row) echelon 





form, 
2ea3 ) —] 
1 -1 2 
Sic 03 
2 3 -1 9 1 — lee? 6-—3 
Solution: 1 -l 2 -3 R23) —) 9 | BYR OR, 
Baa 3: 2 o}) ashe) 






dR, +(-3)R, > R an sl, | BY-reains-r 
PBimii iene yaad ye 4-3 


2 -3 A182 Ss —3 
Es 15 By R, + (—2)R, —_ R, R 0 
0 
2 --3 - Ome eo 
—1 3 |By R}+(D)R,>R; £10 1 —-1 3 |By R4+12,.3R' 
| Om Oye leet 


| 
9 By R, +(-DR, > R; 
and R, +1.R, > R; 


I 
2 | are (row) echelon and reduced (row) 
—1 


echelon forms of the given matrix respectively. 





Let A be a non-singular matrix. If the application of elementary row 
operations on A:/ in succession reduces A to J, then the resulting matrix is /:A™. 


| A 
Similarly if the application of elementary column operations on-:--in 
| I 


succession reduces A to J, then the resulting matrix is = 
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7 / 
Thus Ail R 1:A7' and pC 


Ze) 
Example 2: Find the inverse of the matrix A=|3 4 2 
JAS25 = 2 
25 -1 
Solution: | 4| —|3 4 2)=2(-8-4)-—5(-6-2)-1(6—4) =-24+40-2=40-26=14 
1 2 -2 


As |A| #0, so A is non-singular. 





) DS <1 21 @ 
Appending /,on the left of the matrix A, we have |3 4 2 : 0 1 O 
122 Om Om 


Interchanging R; and R3 we get.. 

a2 2 OF OR] Ie Oe hot g 
3°4°2 : 0 1 OR 07-22 8820 
255-1) 4: 11 0)40)] pees eae 


Q | | 
] == 3 By R, + (—3)R, —> R; 


By -—R, — R,, we get 


a Sol ee tN) NM) 30) 56 cee Ome ues oe 
4: <0 -— > R10 1-4: 0 -— + By Ry +(-DR, 2K, 
A. nd '—2)R 
imo. 1. (Ome oe Re te ee os 
00 7«:« l.—- —-__— 
2 2 
By — R, > Ri, we have 
laf bel Olga! 
0 6 Oe ae M0 Oe acs Lee 
1-4: 0 -—> = |Rlo 1.0: tee a UBER COR) Sk, 
| 2 2 | 7 14 2 |andR, +4R, > R; 
tog Ph 2 LUD aie ; 
| Ge 2 a SS da 
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Oy conan 
DP ol 
Thus the inverse of A is aes ey 
7 14 2 
L] es 
7 14 2 
Appending /, below the matrices A, we have 
7, SS 
3 4 2 
ly 2° —2 
1 0 0 
ORS 0 
00 1 
Interchanging C,and C,, we get 
25 -1l -1 52 Pe 
34 aes Teas 
1 2.-2 —-2 2 1 Ph d® 1\ 
C | -eseee C | cereeveecereees By (-l)C, > C, 
1 00 00 1 001 
010 010 
0 10 
00 1 100 100 
By Cp +(-5)C, > Cy and C3 + (-2)C, > C3, we have 
l 0 
PeKOLe 40 —d A 7 
—-2 14 DP me | 
2-8 -3 7 ; 
SASHES C Sencdeeeeteeses By—C, -C, 
14 : 
OF O01 001 
0 10 ] 
Sip eG 0 — 0 
=| Lesa. 14 
=] SY) 
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By C, +(2)C, > C, and C, +(-7)C, > Cj we have 


1SSOre0 Se 
O* 212 40 Oteie0 
Ores ea A) ah 6 ; 
7 4 eve BY C Glee 3 2C, 
Pr C etl i 
4 
Or Oel -andC, +|— C, >C; 
i uy ai ; -= -> 2 Ge 2 
7 14 
(2, Sia ele eee 
7 140 dle oe 
90> TE 
7 7 
Thus the inverse of A is af 9, zal: 
7 14 2 
ds pj pelcy gael 
7 14 2 


Rank of a Matrix: Let A be a non-zero matrix. If r is the number of non-zero rows 
when it is reduced to the reduced echelon form, then r is called the (row) rank of the 


matrix A. 
1 -l..2 .-3 
Example3:Find the rank of the matrix 2: Of. 77 
3 | 122-1) 
1 -1 2:.-3 l -1 2 -3 ee 
Solution: 20 7 -7/R/0 2 3 -1 By RE C2 Ries 
3 1 12 -11] 10 4 6 —2]ad%+C3R 2; 
1-1 2 -3 1 -1 2°-3 
R 3 | 1 : 3 l . 
Ri0 | aa By Rp > RB; RiO0 1 = a By R; +(—4)R, > R; 
0 4 6 -2 0:50) 02 50 
iy Ouse 
a 7 
R\O 1 5 Ta | BYR tle > Ry 
000 0 
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As the number of non-zero rows is 2 when the given matrix is reduced to the 


reduced echelon form, therefore, the rank of the given matrix is 2. 


eet. > 5. Tee 2 eS <2 + ee - 73 oer tee . -—eoOoOoo- 
- \ > : . 
- 5 y 


- , 7 a Se de 
1, =25 5 Nisa 
i Wf A=|—2 3 -l)and B=|1 0 -!1 
Shee] v0 —-2 -l1 2 





then show that A + B is symmetric. 


ie? nO 
2: If A=| 3 2 -1)], show that 


-1 3 2 
i) A+ A’ is symmetric ii) A— A‘ is skew-symmetric. 
ah If A is any square matnx of order 3, show that 


i) A+ A’ is symmetric and ii) A—A’is skew-symmetric. 
4. If the matrices A and B are symmetric and AB = BA, show that AB is 
symmetric. 
5. Show that AA‘and A’A are symmetric for any matrix of order 2x3. 


+ ne 
6. If A= : ] , show that 
i) A+(A)' is hermitian ii) A—(A)! is skew-hermitian. 


7. If A is symmetric or skew-symmetric, show that A” is symmetric. 


8. If a) 0 A(A)’. 
i 


9. Find the inverses of the following matrices. Also find their inverses by using 
row and column operations. 


ae = 3 22. — 1 352 
1) | 0 -—2 0 1) j/0 -1 3 ili) iz 1 4.0 


-2 -2 2 1 WF ayes 
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10. _—‘ Find the rank of the following matrices 
1 -—4 -7 3 =) 33, .0 =I 


mabe Noa | I oe 3) 2 
)»| 206 5) MN a) a ae ii)|, r % a, 
305 ae 

ya 6 2G =D ay 0 


3.11 System of Linear Equations 
An equation of the form: 
ax + by =k . (i) 
where a #0,b40,k #0 
is called a non-homogeneous linear equation in two variables x and y. 
Two linear equations in the same two variables such as: 
a,x+b,y=k, 
a,x+b,y= a 


(1) 


form a system of non-homogeneous linear equations in the two variables x and y if 
constant terms k,,k, are not both zero. 


If in the equation (i), k=0, that is, ax+by=0, then it is called a 
homogeneous linear equation in x and y. , 
If in the system (I), k, =k, =0, then it is said to be a system of homogenous 
linear equations in x and y. 
An equation of the form: 
ax+by+cz=k . See (ii) 
is called a non-homogeneous linear equation in three variables x, y and zif a#0,b+#0, 
c #Qandk +0. Three linear equations in three variables such as: - 
axt+tbyt+ez =k, 
a,x+b,y+c,z =k, .»-{Il) 
a,xt+b,y+c,z =k, 
form a system of non-homogeneous linear equations in the three variables x, y and 
=, 1f constant terms k,,k, and k, are not all zero. 
If in the equations (ii) K =O thatis, ax+by+cz=0. 
then it is called a homogeneous linear equation in x, y and z. 
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If in the system (II), k, =k, =k, =0, then it is said to be a system of 
homogeneous linear equations in x; y and z. 

A system of linear equations is said to be consistent if the system has a unique 
solution or it has infinitely many solutions. 

A system of linear equations is said to be inconsistent if the system has no 
solution. 

The system (II), consists of three equations in three variables so it is called 
3x3 linear system but a system of the form: 

x-—yt+2z =6| 

2x+y+3z = | 
is named as 2X3 linear system. 
Now we solve the following three 3x3 linear systems to determine the criterion for a 
system tobe consistent or for a system to be inconsistent. 






2x+5y—z=5 x+y+2z=] 
3x+4y+2z=11 | me ell): 2x-—y+7z=11 (2) 
x+2y—2z=-3 3x+5y+4z=-3 


x-—yt2z=1 
and 2x-—6y+5z=7 sok GS) 
3x+5y+4z=-3 
The augmented matrix of the system (1) is 
2°5°-1'¢ <5 

Faye I Yee | 

12 +2: -3 
We apply the elementary row operations to the above matrix to reduce it to the 

= équivalent reduced (row) echelon form, thatis, 

2S] 1S peaziu 


SA eels) Ri3°4- 2 : | a RoR 


teas 223) 1225-1 3.5 


pd Ly a ee 


lee 2) -—2 —3 12 2 3 
Ri0 -2 8 : 20|By R, +(-3)R, 3 R, R10 -2 8 : 20\|By r,+(-2)R, OR 
5) |) aye MES VB} | 





I 


—T Hl 


Sa 


= 


> — = i oo 
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By -3R, — R,, we get 


1 2.29 3) ei OM oe alg é 
0 1-42 —10/ R014.) ollie sam meeeman 
O01 3 : 11] |0 0 7 : 21 JandR, +(-D,R, > R; 
[Pla e Fak 1 100: -1)  ByR+-6R, Rr, 
R}O 1 -4 : -10|/By —R, >R; R/O 10: 2 andk,+4R,R’, 
OF OAL wes 7 001 ; 


3 
Thus the solution is x =—1, y= 2andz=3. 
The augmented matrix for the system (2) is 
Bes ree a 
2 — lh er 
3.04 423 
Adding (—2)R, to Rp and (—3)R, to R3, we get 
le 2 Ll ee al 
1), SS ia pee GI RiQ —3) 73025594 
Seo 4 C5 0 2 —223—-6 





eh Laas 5. 0s] [ORS er4 
R Ol. =]: =3 By trp sR’ R Oi ee le —3| BYR, +(-DR, > &, 
3° 


0 2-2: -6 00 0 : O jandR, +(-2)R, >R; 
The system (2) is reduced to equivalent system | 
x+3z=4 
eh Sa 
0z=0 


The equation 0z = Ois satisfied by any value of z. 

From the first and second equations, we get 
x=-—32+40 ween (a) 
and \i= ZS we ees (b) . 

As z is arbitrary, so we can find infinitely many values of x and y from 
equation (a) and (b) or the system (2), is satisfied by x = 4—3¢, y=t—3 and z= t for 
any real value of t. Tr | Leae | 

Thus the system (2) has infinitely many solutions and it is consistent. 





ia TU) UREDIY did Irtgonometry_ 


1 -l 
The augmented matrix of the system (3) is|2 —6 


jer D 
- Adding (-2)R, to R, and (-3)R, to R,, we have 


t SP aay | = 2D ST 
De SGn 5 7 | RiQued4uele 5 
BS She 4 hres OMS = 22:6 


& ul ht 
~] 


| ; Oe ge 
Ie) 2. : | 4 : 
ee 1 1. 5] BYR +12, OR 
R 0 l ——_ = BY . R 0 ee — y aa Ee 
E 4 4 y qa 4 _— 4| and R, + (-8)R, Rj 
0 8 4] 


-2 } -6 }0 0 0 


Thus the system (3) is reduced to the equivalent system 


ree 
4° 4 
Lbesies} 
peace Oy 
0z=4 


The third equation 0z=4has no solution, so the system as a whole has no 
solution. Thus the system is inconsistent. 

We see that in the case of the system (1), the (row) rank of the me 
matrix and the coefficient matrix of the system is the same, that is, 3 which is equal to 
the number of the variables in the system (1). 

Thus a linear system is consistent and has a unique solution if the (row) rank 
of the coefficient matrix is the same as that of the augmented matrix of the system. 

In the case of the system:(2), the (row) rank of the coefficient matrix is the 
same as that of the augmented matrix’of the system but it is 2 which is less than the 
number of variables in the system (2). 

Thus a system is consistent and has infinitely many solutions if the (row) 
ranks of the coefficient matrix and the augmented matrix of the system are equal but 
the rank 1 is less than the number of variables i in the system. 

In the case of the system ( 3), we see that the (row) rank of the coefficient 
matnix is not equal to the (row) rank of the augmented matrix of the system. 

- Thus we conclude that a system is inconsistent if the (row) ranks of the 
coefficient matrix and the augmented matrix of the system are different. 








%1%, + a,x, TSist a= Ole o (i) 
421% +ayx, + £233) = 0 neers (ii) 
431%, +43,x, + $3343 Oe okey (ii) 


Is always Satisfied by x, = 0,x, =QOand *; = 0,s0 such a System is always Consistent. 


The solution (0, 0, 0) of the above homogeneous €quations (i), (li), and (iii) is called 
the trivia] Solution. Any other Solution of €quations (i), (li) and (ili) other than the 


AX =O, where 0 = 0 

| 0 

If |A| #0, then A is non-singular and A~! exists, that is, 
A“(AX)=4"'Q <0 


0 

l 

or (A™A)X =O = yY =O) Le., | x, [=| Q 
x; 0 


Multiplying the equations (1), (ii) and (ili) by A,,,A,, and A;, respectively and 
adding the resulting equations (Where A,,,A,, and A, are cofactors Of the 
corresponding elements of A), we have 
(4,,A,, 7 4y)A,, +a,,A,, x, +(4,,A,, +a, A), + 3A, )x, +(4,,A), +4,,A, + 43,A,,)x, =0, 
that is, /Alx, = Q. Similarly, we can get [Alx, = and [Alx, =0 

For a non-trivial Solution, at least one of “1% and x,is different from zero. 
&t x, #0, then from [Alx, =0, we have |4/=0. : | 

For example, the System 3 | 

+) C2 Xe 0) (D }. 
*| —%,+3x, =0 (I) 
35, 3. =) ee (I) 
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has a non-trivial solution because 
Lael el 0% 0 
ee | ee 
|A] =|1 —1 3)=j1 -2 2|- 0 
2 -2 
LS eee? 2. 
Solving the first two equations of the system, we have 
2x,+4x,=0 (adding (I) and (II)) 
— X= —2x,; 
and 2x,—2x,=0 (subtracting (II) from (I)) 
—> %%2,= XxX, 
Putting x, =—2x, and x, =x, in (III), we see that (—2x,)+3(x,)—x, =9, 
which shows that the equation (1), (IJ) and (III) are satisfied by 
xX, =—2t,x, =t and x,=¢ for any real value of t. 


Thus the system consisting of (1), (II) and (II) has infinitely many solutions. 
But the system 

Yitx, tx,  —O0 

X, —X,+3x, =0; has only the trivial solution, 


x) + 3x, = 2x, =) | 





because in this case | 
i eat l leet 0) 
|Al = -1 3)=]1 -2 2/)= 


wai 
see eo — a 


2 ]-6-4=20 
Solving the first two equations of the above system, we get x, =—2x, and 
X, =x,. Putting x, =—2x,and x, = x, in the expression. 
x, +3x, —2x,, we have —2x, +3(x,)—2x, =—x,, that is, 
the third equation is not satisfied by putting x, =—2x, and x, = x, but it is satisfied 
_ only if x; = 0. Thus the above system has only the trivial solution. 
3.11.2 Non-Homogeneous Linear Equations 


Now we will solve the systems of non-homogeneous linear equations with 
help of the following methods. 


1) _ Using matrices, that is, AX = B > X = AB. 
1) Using echelon and reduced echelon forms 
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iii) | Using Cramer’s rule. 
x2 +34 = 4) 
Example 1: Use matrices to solve the system 2x, —3x,+2x,=-6 
2X2 + =o 
Solution: The matrix form of the given system is 








1 =2 1)|\fex i) sia 
P23 2 os =| -—6 
2a 2h Lill| exe 3) 
or AX =B (i) 
1 -2 1 | cil —4 
where A=|2 -3 21], X =| x, | and B=] —6 
| 22 78 | | 2. 
| = 241 allel | 
As |A| = |2 -3 2>=10 1 QO. By R, +(-2)R, > R; 
22 ee | Zn 2a al 
=p! Hd ees ser aie: 
[Dre ol 
|A| # 0, so the inverse of A exists and (i) can be written as 
X=A"'B | (ii) 
Now we find adj A. 
; ee OY en SO An Si, <2 | 
ee wh-| x “4. he =, 48 2G hd 4] 
—]1 Q 1] 22 9 £923 9 ag pe 4399 Ms 4944 
i—7 94 s—1\ 
So adj A=/|2 -1 0O| 
10 -6 1 
-7 4 -] 7 —4 #1 
and At = 7 adjA = — 2 1 -OF/=|-2 1° 0 
e | 


| Bebe | lam 6 
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es pee ae) 
The augmented matrix of the system (3) is|}2 -~6 5 : 7 
Se 5 6 4.°y 3 
- Adding (-2)R, to.R, and (-3)R, to R,, we have 


ee = | ele 1 
2°=6° 5 2°77 R}O -4 1-: 5 
IS=-SAs 4 bt Ore8— 2-3-6 


Ti ae | 
: 1lQ-:-- 
2s a] 4 4 
lt 2 5 Lier. 5 1.R ae 
R 0 1 -—-—: --!|B eek! 4 Rigma——: —— By R, + 1.4, 
4 : 4 ! fie = 4: .. 4| and R, +(-8)R, > Ry 
0 8 —-2 : -6 ae Le 


00 0 


Thus the system (3) is reduced to the equivalent system 


eee 
Aa cA 
pa Ree 
peg Sy 
-0z=4 


The third equation 0z =4has no solution, so the system as a whole has no- 
solution. Thus the system is inconsistent. | 

We see that in the case of the system (1), the (row) rank of the augmented 
matrix and the coefficient matrix of the system is the same, that is, 3 which is equal'to 
the number of the variables in the system (i). 

Thus a linear system is consistent and has a unique solution if the (row) rank 
of the coefficient matrix is the same as that of the augmented matrix of the system. 

In the case of the system-(2), the (row) rank of the coefficient matrix is the 
same as that of the augmented matrix’of the system but it is 2 which is less than the 
number of variables in the system (2). 

Thus a system is consistent and has infinitely many solutions if the (row) 
ranks of the coefficient matrix and the augmented matrix of the system are equal but 
; the rank i is less than the number of variables i in the system. 
| In the case of the system ( 3), we see that the (row) rank epithe costicient 
matrix is not equal to the (row) rank of the: augmented matrix of the system. 

+ Thus we conclude : that a system is inconsistent if the (row) ranks of the 
fficient matrix and the augmented matrix of the system are different. 
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3.11.1 Homogeneous Linear Equations 
Each equation of the system of following linear equations: 


A,X, +Q,.X, +a,,x, =O _.......() 
A,,X, +A Xo Gh SO eee (ii) 
Qs) X, + Ax.Xq +.44,X3,) =O) on. (i11) 


is always satisfied by x, =0,x, =Qand x, =0,so such a system is always consistent. 


The solution (0, 0, 0) of the above homogeneous equations (1), (ii), and (iii) is called 
the trivial solution. Any other solution of equations (1), (11) and (ii1) other than the 
trivial solution is called a non-trivial solution. The above system can be written as 


0 
AX =O, where O=| 0 
0 
If |A| #0, then A is non-singular and A“ exists, that is, 
A'(AX)=A"O=0 
, x; 0 
or (A7A)X =O =>5X =OF Hie n= 0 
| xX, 0 
In this case the system of homogeneous equations possesses only the trivial 
solution. 


Now we consider the case when the system has a non-trivial solution. 

Multiplying the equations (i), (ii) and (iii) by A,,,A,, and A,, respectively and 
adding the resulting equations (where A,,,A,, and A,,are cofactors of the 
corresponding elements of A), we have | 





(4, , A), + 4, Ay, +45, A5,)X, + (4,2 A), + 2, Ap, + 232A, )X_ + (4,34), + 423A), + 453A5,)X3 =9, 


' that is, |A|x, =0. Similarly, we can get |Alx, =Oand |Alx, = 
For a non-trivial solution, at least one of x,,x, and x,is different from zero. 
Let x, #0, then from |A|x, =0, we have |A|=0. 


For example, the system _ 
Xx, +3, = 0 (I) 
x,-x,+3x, =O . QW 
x, +3x,-x, =0 melt) 
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xy | -4 7 =-4 1{)-4] |-284+24+5) 
Thus | x, |=A |-6/=|-2 1 0O]|-6/=| 8-6+0 |,ie., 

X, 5 -10 6 -I}]| 5 | | 40-36-5 

Xj l 

x, |=] 2 

X3 —] 


Hence x, =1,x, =2 and x, =-1. 
Example 2: Solve the system; 
X, +3x, + 2x, =3 
4x, +5x, —3x, =—3>, 
3x, — 2x, +17x, = 42 
by reducing its augmented matrix to the echelon form and the reduced echelon form. 
- Solution: The augmented matrix of the given system is 





[= 3se= 2 
i 3 oe 
ab 25 WY) 
We reduce the above matrix by applying elementary row operations, that is, 


| le Sx4 £2 3 
PY bee? s finn th Phe aad bal . ; 
Ase ee RON =F 11: —15| BS tCok >, 
3-2 17 : 42) Io 3] 3) : 393. | aR t ORR 


ei. g2u- end 
0 -7 -l1l: -15 | 


LE SN ane ans shee 3 
iO — lees By(-7; fe > R}O 1 -1 : —3 | ByR,+7R, > R; 
0 -7 -ll : -15 1 0 0 -18 : —36| 


om) 2 3 | | 
RIO, 1 —1 » —3 By —i5 — R 
{0 0 Ree) | 


The equivalent system in the (row) echelon form is 
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—_ = 


X, +3x, +2x, =3 
Xy = Ky =—3} 
x, =2 
Substituting x, = 2 in the second equation gives: x, -2=—-3=> x, =—l 
Putting x, =—land x, = 2in the first equation, we have 
x, +3(-1I) + 2(2) =3 => x, =3+3-4=2:- 
Thus the solution is x, =2,x, =—land x,=2 


1 3 2 pe | 
Now we reduce the matrix |0 1. —1 : -—3)]to reduced (row) echelon form, i.e., 
0.01 ts) 2] 
1-3 2s | ty) SPs 1 
01-1: -—3/R8/0 1 -1: -3 By R, +(-3)R, > R, 
O70) gel eae Oa Pe Bie Bg. . 
Hl OO) 8 # ; 
RIO 102 -1 By R, +(-5)R, > R, 
OQ) lee? and R, +1.R, > R, 
The equivalent system in the reduced (row) echelon form is 
x, =2 
x, =-l 
x, =2 


which is the solution of the given system. 
3.12 Cramer’s Rule | 
Consider the system of equations, 
Bi 9% Gia b, 
Ay) X, + AX + Ay3,X, = b, (1) 


Az) X, + AyoXy + A,X, =D, 





These are three linear equations in three variables x), x2,x3 with coefficients and 
_ constant terms in the real field R. We write the above system of equations in matrix 
form as: AX=B (2) 

| SEX | b 
where A=[a;]33, X =|.x, | -and° “B= 


— 


> 


Vy 


= 
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We know that 


the neha equation (2) can be written as: X = =A™"'B (if A exists) 
' Notes. rg 1(AX) )¥ BA 











We have already proved that A~ = n adj A and 
| Aj, A, As, 
adjAWe=[AjIe = =|'A. An An (2 Ai = A,) 
ies A,, A, 
| 1 iu A,, b, | Ai, Bb, + Az, b, + A;,b; 
Thus | x, “Tal A, Db, vl A,,6, + A,.b, + A,b, | 
X; ie A3; b, LA, 30, + A,3b, + A,,b; 
A; + A,,b, + A,,b, 
Haale A Ayb 
+ + 
| Xs = 12~1 mn afres 
sd | A,30, + A,3b, + Ab, | 
Al 
db a, 4); 
b, ay ay, 
Hence tae DA, +b, A,, +b,A,, _ 193 A _s| (i) 
AI AI 


a, b a, 
a>) 
_5 (Alp +b, Ay, seh ss. _ a, 0; ay, 


SS (11) 
ae Amelia 











Gy, 42 

G2; 4a 
x ned, iAi3 +b,A,, +b,A,, G32 
= 


FL Spd wedi) 
A Al 
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The method of solving the system with the help of results (1), (11) and (iil) is 
often referred to as Cramer’s Rule. 


3x, +x, —x, =—-4 
Example 3: Use Crammer’s rule to solve the system. x, +x, —2x, =—4> 


3 
Solution: Here |A|=|1 1 = 3(-1+ 4) -1.(-1-2)-1.2+}) 
-1 2 





9+3-3=9 


1} 4 —4(-l1+ 4)-1(4+ 2)-l(-8—- 1) 
| 9 
rams ee? 

9 9 


So 





=|] 
=A | 
— An? 
1 -1| 3(4+2)+4(-1-2)-10—4) 
= 9 a ae 9 
2 1812-35 
9 9 





I 


1| 30+8)-10-4)-4(2+) 
9 

PES) 18 

9 9 


ty = 


| 
— 
wl nN —_— — 


=2 


Hence x, =—1,x%, =1.x, =2 


1 
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1. Solve the following systems of linear equations by Cramer’s rule. 
2x+2y+z=3 2X, —X_ +X; =5] - 2x, —X2 +X, = 8} 
i) 3x-2y—-2z=1 Ul) 4x, +2x,+3x,=8) lil) x, +2x,+2x, =6 
Sx+ y—3z=2 3x, —4x, —x, =3 X, — 2X. —X3 =1 
De Use matrices to solve the following systems: | 
x-2y+z=-1 2X, +X, +3x, =3 x+y=2 
i) 3x+y—2z=4 li) =x, +2%,—2x,=0 pill) 2x-z=1 
y-z=l — 3x, — x, +2x, =—-4 2y—3z=-1 
3. Solve the following systems by reducing their augmenicd matrices to the 
echelon form and the reduced echelon forms. 
xX, —2x, —2x,;=—l xX+2y+z=2 x, + 4x, +2x, =2 
i) 2X, + 9X5 +X, =) 1) 2x+y+2z=—1> ii) 2x, +x, —2x, =9 
3x, — 4x, —3x, =1 } 2x+3y—z=9 3x, + 2x, —2x, =12 
4. _ Solve the following systems of homogeneous linear equations. 
i) 2xty+5z=0} ii) 2x, ne 3x5 =O iii) x, +x, +5x, =0 
Sx+4y+8z=0 3x,.+2x,— 4x, =Q) . 2x, -x,+4x,=0 
5. Find the value of A for which the following systems have non-trivial solutions. 
- Also solve the system for the value of A. - 
x+y+z=0 x, + 4x, + Ax, =0 
i) 2x+ y—Az=0 li) 2x, +x, —3x, =0 
- x+2y-2z=0 3x, + Ax, —4x, =0 
6. Find the value of A for which the following system does not possess a unique 


solution. Also solve the system for the value of /. 
X, +4x, +Ax, =2 
2x, +x, —2x, =11} 
3x, + 2x, —2x, =16] 
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4.1 Introduction 
A quadratic equation in x is an equation that can be written in the form 
ax’ + bx +c =0: where a, b and c are real numbers and ax0. 
Another name for a quadratic equation in x is 2nd Degree Polynomial in <x. 
The following equations are the quadratic equations: 
i) x-7x+10=0; a=1,b=-7, c=10 
ii) 6x°+x-15=0; a=6,b=1, c=-15 
iii) 4.°+5x+3=0; a=4,b=5, c=3 
iv) 3x°-x =0: a=3, b=-l, 7 c=0 
Vv) x =4: a=1,b=0, c=-—4 


4.1.1 Solution of Quadratic Equations 
There are three basic techniques for solving a quadratic equation: 
i) by factorization. ‘5 
ii) by completing squares, extracting square roots. 
iii) by applying the quadratic formula. . 
By Factorization: It involves factoring the polynomial i + bx+C. 
It makes use of the fact that if ab =0, thena=0 or b=0. 
For example, if («— 2) (x—4)=0, theneither x-2=0 or x—-4=0.. 
Example 1: Solve the equation x -7x+10= 0, by factorization. 
Solution: x —-7x+10 =0 
= (x — 2) x—5) =0 
CLUE t— 2 — Oe ex 2 
or x-5=0> x=) 
the given equation has two solutions: 2 and 5 
RRR solutionis set = ies Uh rts | 
2and 5 are raged = 1x4 10= 0 
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By Completing Squares, then Extracting Square Roots: Sometimes, the quadratic 
polynomials are not easily factorable. 


For example, consider x + 4x— 437 =0. 


It is difficult to make factors of x* + 4x — 437. In such a case the factorization 
and hence the solution of quadratic equation can be found by the method of 
completing the square and extracting square roots. 


Example 2: Solve the equation x + 4x — 437 = 0 by completing the squares. 
Solution: x’ + 4x-437=0 


=> +5 |x 437 


Add (3 J = (2)* to both sides 
x + 4x4 (2)? = 437+ (2) 

=> (x+2)'=441 

x+2= +4/441 = + 21 

x=i21]-2 

x=190rx =- 23 

Hence solution set = {—23, 19}. 


J 


J 


By Applying the Quadratic Formula: Again there are some quadratic polynomials 
which are not factorable at all using integral coefficients. In such a case we can 
always find the solution of a quadratic equation ax” + bx + c = 0 by applying a 
formula known as quadratic formula. This formula is applicable for every quadratic 
equation. 


Derivation of the Quadratic Formula 
Standard form of quadratic equation is 
ax’ + bx + c=0, a#0 
Step 1. Divide the equation by a 
xa 2 + - =i0 
Step 2. Take aie term to the R.HS. 
2 


tie _< 
A= a 


SS ee 
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Step 3. To complete the square on the L.H.S. add bp J to both sides. 
ial Beutel Se. de hos 6) 


5 Ca me eS ee = 
Ga 44a. mga 


( al b* — 4ac 
— cee | 
, 2a 

b 








4q? 
Oe Nb = 4ac 
Sy x9 g\= = 2a | 
b b= 4ac 
= 8S See ae 
2a 2a 


— +4/ b? — 4ac 


gS 2a 


Hence the solution of the quadratic equation ax’ + bx + c = 0 is given by 


> 


"i i ae, 4 






which is called Quadratic Formula. 
Example 3: Solve the equation 6x°+x—15=0 by using the quadratic formula. 
Solution: Comparing the given equation with ax’ +bx+c=0, weget, 
a=6, b=1,c=-15 
The solution is given by 
Ja 
Die lt y 1* — 4(6)(-15) 
7 2(6) 
_ -1+ 361 _-1+19 
Bo en Te 
ee a —1+19 ane ie —1-19 
; 12 fe 12 5 
x= mi or x= = Hence solution set = 5° 3 | 











lle | hlU - lC;C~;:Ct~C~;~;~;é~=S 


Example 4: Solve the 8x* — 14x-15=0 by using the quadratic formula. 
Solution: | Comparing the given equation with ax” +bx+c=0, weget, 
a=8, b=- 14, C= 15 
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11. 


13 * 


15... 


By the quadratic formula, we have 


- b+>/b? —4ac 


x= %a 


— (— 14) ++J(— 14)” — 4(8) - 15) 


2(8) 
14 +676 | 14426 


16 tio 


seats 14 + 26 5 
.. eitherx = 16 => x=— 





[426 3 


~ a... rans EE RT - 


, 33 
Hence Solution set = zu: ,— 3} 


Exercise 4.1 


_ Solve the following equations by factorization: 


3x7 +4x+1=0 © 2. x? +7x+12=0 
9° —- 12x-5=0 4. x>-x=2 
x(x+ 7) = (2x-—1)(x+4) 
pei ty 6 2st#-10 

l 2 Tad 
Tlie Na ge 

re b 


peed 
Geos Brealen Gael 


Solve the following equations by completing the square: 


x —2x—899 =0 | 10. x +4x-1085=0 
+ 6x—567 =0 | 42. © x7°-3x-648 =0 
x —x—1806 =0 . 14. 2x? +12x-110=0 


| Find roots of the following equations by using quadratic formula: - 


Sx-13x+6 =0 16. 4x°+7x-1=0 


f di 








17. 15x* +2ax—a*=0) som 18... 16x7 +8x+1=0 
19. (x -— a) (x—b) + (x-)b) (x*-c) + &-c) X-a=9 
20. (a+b)x°+(a+2b+c)x+b+c=0 


4.2 Solution of Equations Reducible to the. Quadratic 
Equation 


There are certain types of equations, which do not look to be of degree 2, but 
they can be reduced to the quadratic form. We shall discuss the solutions of such five 
types of the equations one by one. 


Type I: The equations of the form: ax"+bx"+c=0; a#0 
Put x" = y and get the given equation reduced to quadratic equation in y. 


I l 
Example 1: Solve the equation: x?— x*—6=0. 
| i et 
Solution This given equation can be written as (x*)* —x* -6=0 


Let x4 = y 
The given equation becomes 
y-y-6 =0 
=> (y-3)0+2)=0 
= “y=3, : or y=-2 
x*= 3 x4=-2 
=> x= (3) = x-=(-2)' 
= - x= 8] => x =16 


Hence solution set is {16, 81}. 


Type li: The equation of the form: (x + a) (x +b) (x +c) (x+d)=k 
where a+b=c+d — 


Example 2: Solve (x —7) (x—3) “s 1) (x+5)-1680 <=0 

Solution: (x—7)(@-—3)(«+1)@+5)—1680 =0 
=> [@-7) @+5)][@-3) @+D]-1680=0 (by grouping) 
= (x’—2x—35) (x*—2x-3)—1680=0 | | 
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Putting x* — 2x =, the above equation becomes 
(y — 35) (Y— 3) — 1680 =0 

=> y —38y+ 105—1680=0 

=> y*—38y-1575=0 


38 +4 1444 + 6300 SE: (7744 


= 7 = 5 (by quadratic formula) 
_ 38 £88 
piers 
= y=63 y=—25. 
=> 7-2x=63 = x —2x=-25 
=> x-2x-63 =0 => x°-2x+25=0 
= (x+7)%-9) =0 2+.+/4- 100 
—> x=-Jorx=9 | eS 2 
| _ 2+/- 96 
* 2 
_ Aa = 1+2\6i 





=> x= 1+ 2V6i or x=1-2V6i 

Hence Solution set ={—7,9,1+2 r/6 i, 1-2/6 i} | 
Type Iii: Exponential Equations: Equations, in which the variable occurs in 
exponent, are called exponential equations. The method of solving such equations is 
explained by the following examples. 
Example 3: Solve the equation: 2 — 3.2**? + 32 =0 
Solution: 27 —3.2"7+32 =0 


is e439) —() 


=o 39) =) 
=> y-12y+32  =0 (Putting 2” =y) 
=> (y-8)0-4) <=0 | 


| 
ee 
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=> y=8 or y=4 
= Fy | =A 
=> P= 2 2a 
=> x = = 2 
Hence solution set = {2, 3}. 
Example 4: Solve the equation: 4'** + 4'~ = 10 
Solution: Given that 
alts 4 4'= *. 10 
=> 44°+44°*=10 
? AEs z l 
Lett 4 =y =>4*=(4)'=y! = 5 
The given equation becomes 
4 
4y+--10 =0 
y 
=> 4y’-10y+4=0 
=> 2y" —5y+2 =0 
. S£25=42)2)" Sty9  S+ 
2G 2(2) ~ eae a4 
L 
—s or Y=5 
4" =2 cael 
=> 2 =2! v=) 
= 2x =] => I Is 
1 2 2x=-l . 
| => — Bh 
fen 2, Iroc] 
Hence Solution set = 2°-9I- 





Type IV: Reciprocal Equations: An equation, which remains unchanged when x is 


[43 es 
replaced by ;_, is called a reciprocal equation. In such an equation the coefficients of 


| _ A Textbook of Algebra and Trigonometry 


the terms equidistant from the beginning and end are equal in magnitude. The method 
of solving such equations is explained through the following example: 


Example 5: Solve the equation 

x —3x° + 4° —3x+1=0; 
Solution: Given that: 

x) — 3x7 + 4x7 - 3x4 1=0 


| l 
= P= 3r44-=4-7=0 (Dividing by x’) 
eel l 
= (+3)-3(x+4]+4=0 (1) 
ey Ste = (x44) say? 2 
(xt Sy Sxta=(x+5]- Sy — 


_ So, the equation (1) reduces to 
y'-2-3y+4 =0 


=> y—3y+2 =0 

= (y-2)(v-1) =0 

=> y =2 or y= 

ss x4 = 72 => x4o=l 

= x-2r+1 =0 = x-x+1=0 
=> (x-1) = 0 1+./1-4 
=> (x—1)(x-1) = 0 A aa 2 
eta Ih 





1++-3 
Hence Solution set = i, 5} 





Solve the following equations: ore” 


od. x 6x +8=0 Bp te x 1030 
3-5 = 9x8 = Oli 4. 8x°-19x’-27=0 
SL a Raf ae , 
5. +8=6% | 6. (+ 1)@+2) +3) +4) 234 
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if (x —1) (x +5) (x +8) (% +2)-880=0 8. (x—5) (x-7)(x+6)(x+ 4) —504=0 

9. (x ~ 1) (x—2) (x-8) (x + 5) +360=0 10. (x +1) (2x + 3)(2x +5) (x +3) = 945 
Hint: (x+1)(2x+5)(2x+3)(x +3) =945 

11. (2x-7)(x?-9)(2x+5)-91=0' 12. (x7 + 6x4 8) (x7 + 14x+48) = 105 
13. O¢ + 6x—27) G21 55) E385 14. 4.27*'-9.9*+1=0 


mh i 


15). 92°27 —95=0 16. 4°—3.2"7+128=0 
17. 30° = 12:37 S31=0 18. (x+ 4) -3{x+4)-4=0 
19. x4; ee a0 20. - 3 1)_9 

4 xX + XY — Te gs t | ~ x + xT = 
W1. . 2x4=3x0 x2 =3742—0m 22. 2x + 3x° — 4x7 —3x42=0 
3. 6x — 35x + 62° — 35x46=0 24. x -62+10-34+4=0 


' Type V: Radical Equations: Equations involving radical expressions of ‘the 
variable are called radical equations. To solve a radical equation; we first obtain an 
equation free from radicals. Every.solution of radical equation is also a solution of the 
radical—free equation but the new equation have solutions that are not solutions of the ° 
original radical equation. 


Such extra solutions (roots) are called extraneous roots. The method of the 
solution of different types of radical equations is illustrated by means of the 
followings examples: 


i) The Equations of the form: [(ax* + bx) + mvjax’ + bx +c =0 
Example 1: Solve the equation 
3x7 + 15x—2Vx+ 5x41 =2 
Solution :Let \x + 5x + l=y 
=> +5x+1 =y' 
=> 74+5x=y-1 


=> 3x74 ISx=3y'—3 





The given equation becomes 3y*-3-2y= ” 
=> 3y° -2y-5 =0 
=> (3y-5)Q0+1)=0 
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_3 ney 
=> MR) or SSE 
Beast <3 = halal sae 
a x+5x+1l=l1 
- 25 
=> x+5x+!1 = Ty , 
: = x+5x=0 
=> hs SPA BNS EN == 2h) = x(x + 5) =0 
=> 9x +45x-16 =0 ; ry Olor. x= 5 
= (3x+16)(3x-1)=0° 
iil Sel 
X= ROX -=-3 





On checking, it is found that 0 and — 5 do not satisfy the given equation. 
Therefore 0 and—5 being extraneous roots cannot be included in solution set. 


me Wi 
Hence solution set = i , 7 et 


ii) | The Equations of the form: ./x +a+./x+b = ./x+c 
Example 2: Solve the equation: [x48 + ix +3 = [12x + 13 
Solution: {x + 8 +>/x+ 3 = V12x+ 13 
Squaring both sides, we get 
x4+84x4342 x48 Vx+3 = 12x4 13 
=> 2Nx+8 Vx+3 =10x4+2 
: oa a/(x + 8) (x + 3) = 5x+1 
Squaring again, we have 
x + 1lx+24 = 25x +10x+1 
= 24x7°-x-23 =0 
= (24x+ 23) (x-1)=0 


ll 


_. baa 
w= SA O N= 


On checking we find that 5 is an extraneous root. 


Hence solution set = {1}. 





- EE Se ae Powe - 
a 
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iii) | The Equations of the form: >/ax* + bx +c + a|px? + 9x +r= lx? +mx +n 


where ax” + bx + c, px’ + qx + rand lx? + mx +n have a common factor. 


Example 3: Solve the equation: NE + 4x—-21 4.x -—x-6=1/6x% —5x-39 
Solution: Consider that: 


x +4x-21= (x+7)(x-3) 
a x-6 = (x+2)(x-3) 7 
6x7 -—5x-39= (6x+ 13)(x-3) 


The given equation can be written as 

= \e=3[\av7+Vee3-\Ge i] =0 
Either \/x — 3 = 0 or\/x+7+-x+ 2—--6x+ 13 =0 
\/x-3=0 > x-3=05x53 

Now solve the equation \/x + 7 +\/x+2-/6x+ 13=0 

=> Vx+7+\x+2 =V6x+ 13 

=> x+74x4+242V (x4 7)(x+ 2) = 6x4 13 (Squaring both sides) 


=> 2W(«+7)(x+2)=4x4+4 

= nx? + 9x+ 14 =2x+2 

=> 2x°4+9x4+14 = 4:°4+8x44 (Squaring both sides again) 
= 3x°-x-10 = 0 

=> (3x+5)(x—-2)= 0 


5 
=> x=-3,2 





Thus possible roots are 3, 2, -2 


; RI Sy SF 7 
On verification, it is found that -3 1S an extraneous root. 


Hence solution set = {2, 3} 
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iv) The Equations of the form: fax? +bx +c + \[px? + qx +r =mx+n 
where, (mx + n) is a factor of (ax’ + bx + c) = (px? + gx +r) 

Example 4: Solve the equation: \/3x° — 7x — 30 —- [2° = 7x5 =x—5 

Solution: Let ./3x°-7x-30 = a and 


Now oa — b* = (3x* — 7x — 30) — (2x° — 7x —5) 
a — b* =x? - 25 





(i) 
The given equation can be written as: | 
a—b=x-5 Gi) 


(os Ma—) 2 sa aha [From (i) and (ii)] 


=> at+b=x+5 


Ia = 2x [From (ii) and (iii)] 
= a=X 
3x°-7x-30= x 
=> 3x°—7x-30 = x 
=> 2x°-7x-30 = 0 
= (2x+5)a—-6)= 0 


: 5 
-On checking, we find that — 2. 5 Is an extraneous root. 


Hence solution set = { 6 } 


¢ T= Pa ae 
ae ® =; er a 





Solve the following equations: ; 

1G Bx) + 2x -/3x7 + 2-1 = 3 2. 5 Ta x—3\ 2x 3x +2 

3. ea Eilon 4, \V3x+4 = 2+ 2x — as 
ees: x+2= =\/6x Gras os 26: (Emo ser 
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7. fb 4 2x—3 42 + Tx —8 = [502 + 3x4) 
8. [2° —5x-3 + 3 2x4 1 =2e + 25x4 12 
9. \/3x2-5x4+24.62-11x+5= 5x —9x+4 
10. (+ 4)(x 4 1) =x? + 2-15 + 3x4 31 ee 
M1. (3x? — 2x4 94/3 —2x-4=13 | 

12. (5x7 + 7x+ 2-47 + 7x4+18=x-4 

4.3 Three Cube Roots of Unity 


Let x be a cube root of unity 


; 1 
. x =Vl =() 





cl 
=> x--l= | 
=> (x-1)+x+1)=0 as ni 


Either x-1 =0=> x=1 


Or x+xt+1=0 .- 


: ee ies BEE. _-1+y-3 
=e “2 


= 


—l+731 ene 
wals3a (os ,/-1 =i) 7 
Thus the three cube roots of unity are: 


=Ueq/3ii 9 Stealah 5 
1 LNBs gta | 





NN : 
re - 
ne 
eS 
OF dt Be cee ee aaa . 
0 SN Ties ea fied eee eee ones ae 
< 

" By complex root we mean, a root containing non-zero imaginary part. 

a ” =< 
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4.3.1 Properties of Cube Roots of Unity 
i) Each complex cube root of unity is square of the other 


| = /3i)° 17+ G3) + 2-DG3 

proof: (a) (4M) = | pes eae : 

1-—3-2y31 _=2-2y3i 
z 4 


o Coby - Lo] 





1-3+ 2/3 i —2+ 2\/3 i 
5 4 = 4 
—l+v3i 
4) 
aie 4/3 I 
, 2 
_ Hence. each ETHOS cube root OE SSP is sisquare of the other. 





= sof [ai is ad as omega) 


i= 
a8) 2 ES Se ee eee a 


ii) ‘The Sim of all ‘the three cube roots s of unity is zero 1Le.,1+@+ sap ae 
Proof: We know that cube roots os unity are 


=1+y3i 1-1/3 i 
l, 9. and ) . 
‘Sta of all the three cubs roots 14 *. Sit eal ee 


2-14+vy3i-1-vy3i ae 
= 9 aS | 
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If o « eee att 


Hence sum of cube roots ofunity =1+@+@=0 
ili) The product of all the three cube roots of unity is unity .e., w=1 


Proof: Let =1+3i and singe =Oy 


2 we Me 


Pee fa 
(-1-(y 3 i) 








4 
_ 1=63)7 13 
r 4 "ea 


= w = 1 
Product of the complex cube roots of unity = @ =1. 
iv) For any ne Z, @’ is equivalent to one of the cube roots of unity. 
With the help of the fact that @’ = 1, we can easily reduce the higher exponent 


of @ to its lower equivalent exponent. 
4 


eg. @ = @.@ = 1.0 =@ 
W@=- @.0@ =1.0@ =a 
ae = (ay = (lv =1 
oo = (aw)? = (1) = 
a= (wy = (Y =1 
o' = @.¢@ = (w@).@ =(1%.@=0 
O'= @ .@ = (@)'.@ =a 
O° = @°.0 ='(@)’.@ =a 
o= (w+ = (i)4=1 


Example 1: Prove that:(x° + y’) = (x + y)(x + @y)(x + @’y) 
Solution : R.H.S = (++ y)(r+ @v)\(v+ Wy) 


=(xty) x Hato )yxto'y’] | 
=(X+y)(v —ayt VP SHv ey tro @iscsha titles 1} 
= L.H.S.. 


Example 2: Prove that: (1+) C13)’ =_16 
Solution: L.H.S = “(44V3) eCiENS ae | 
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: 1+ /-3 P ] 3)| 
= Et 2 | ; [af a) }| 


= (2@)* +(2w*)* “1+4=3 
et = 
= 16m*+16a* 2 
= 16(@*+@'°) 
-1-V-3_, 
2 
= l6[o@.@+ @. a) 
= 16(@+ a) “@=0 = 1 
= 16(-1) @+ @=-l 
= -16=RHS 
4.4 Four Fourth Roots of Unity 
Let x be the fourth root of Bay 
oye Oe 
x‘= 1 
x*-1=0 


(2-102 +1) =0 
~?-1=0 => xr=1 >x=+1 
and x+1=0 =x =-1l>x=ti. 


Hence four fourth roots of unity are: 


WY uUuUd- 


+1,—l,+i,-1. 
4.4.1 Properties of four Fourth Roots of Unity 
We have found that the four fourth roots of unity are: 
+1, -l,+i,-1 
i) Sum of all the four fourth roots of unity is zero 
+14+(-l)+i+Gi)=0 
ii) The real fourth roots of unity.are additive inverses of each other - | 
~ +1 and —] are the real fourth roots of unity | 
| | and +1 + (-1)=0=(-1)+1 
iii) Both the complex / imaginary fourth roots of unity are conjugate of each other | 


———— 





| “numbers. It can be considered as a Polynomial function of x. The highest power of x 
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i and —i are complex / imaginary fourth roots of unity, which are obviously 
conjugates of each other. 
iv) Product of all the fourth roots of unity is —1 
Ix( l)xix (-i)=-I 


= 7 SCS AB oo 
1. Find the three cube roots of: 8,-8,27,-27,64. 
Evaluate: 
i) (l+@-@’)’ ii) o8+@°+1~ iii) (1+ o-@)\(1-@+@) 
| 9 7 : 
oy (CS) SEN ey eeay: 
3. Show that: 
i) x -y =(x-y)@- ay)- ay) 
ii) wr+y4e0—3xyz=(e+ y+ Z(Xt+ Oy + Wz)(x+ Wy + @z) 
iii) (1+ @)(1+@)(1 + o')(1 + @) ..., 2n factors = 1 
Hint: 1+ @=1+ 0 .@=1+ @=-@, 1+ @=14+@.@=1+@=-@ 
4. If @ is a root of x + x + 1 = 0, show that its other root is @ and prove that 
aw =1. 
5. Prove that complex cube roots of —1 are Aue and a a - and hence 
aa 9 
prove that yet + 4 =} 3) =—2. 
6. If @is a cube root of unity, form an equation whose roots are 2@ and 2a7. 
7. Find four fourth roots of 16, 81; 625. © | 
8. Solve the following equations: 
i)  2x*=32'=)0 ii)  3y—243y = 0 
ii) x4+x74+x4+1=0 iv)  5x°-Sx = 0 


4.5 Polynomial Function 
A polynomial in x is an expression of the form 
| a,x" +a,,x"' +...4+4,x+a,, a, #0 i) 
‘where #1 is a non-negative integer and the coefficients a,,,a,_;, ...,a, and ao are real 


in polynomial in x are called the degree of the polynomial. So the expression (i), is a 
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polynomial of degree n. The polynomials x? -2x+3, St 


+2x*-—5x+4 are of 
degree 2 and 3 respectively. 


Consider a polynomial; 3x *—10x" +13x-6: 


li we divide it by a linea factor 1 2 as shown below, we get a quotient 
x? —4x+5 anda remainder 4. 


‘, 


3x° —4x4+5 €— quotient 
divisor 2 x-2 ) 3x3 —10x? +13x-6 <— dividend 
3x° —6x’ 
re. + ae 
—4x* +13x 
—4x? 48x 
+ —_ 
5x —-6 
5x -10 
a 4 
4 €— remainder 
_ Hence we can write: 3x° -—10x* +13x— Pace) Ge ~Aee5}e4 








—s eae as oa, a3 fe i eae | 


= fs et tae mes os ee iV 


* "yy Ca Se a +5 a mre 
_ite., " dividend = (divisor) ( 
4.6 mbeareine 


Remainder Theorem: If a polynomial f{x) of degree n 21, n is non-negative 


integer is divided by x—a till no x-term exists in the remainder, then f(a) is the 
remainder. 





am, Sr ee eee == -——_ 
a! a + a n wh io 
= rz ‘ eee) Se 






Proof: Suppose we divide a polynomial f(x) by x-a. Then there exists a unique 
quotient g(x) and a unique remainder R such that f(x) = (xa) g(x) + R (i) 


Substituting x = a in equation (i), we get 
£(@)=(a-a)q(a)+R | 
= f(a)=R 


Hence remainder = f(a) 





Example 1. 1: Find oer SOTRTIGEs when ES hag fz +4x?—2x+5 is divided by 
Yih) Ruse: 





= 


——————xeo«xX,-—————(_ieesettetetetettttt— Ne eet. > a bat int Lee ae Te a ee Ek i Oe ee eh a ae 
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Solution. Let fix) = x° +4x? -2x+5 andx-—a=x-l >a=1 
Remainder = f(1) (By remainder theorem) 
= (1)? +4(1)? —2(1) +5 
=1+4-2+5 
=§ 


Example 2: Find the numerical value of k if the polynomial x° + kx? —7x+6has a 
remainder of —4, when divided by x + 2. 


Solution: Let f(x) = x+kxe* -—7x+6 andx-—a=x+2, wehave, a=-2 


Remainder = _ f(—2) | (By remainder theorem) 
- (-2)'+k(-2)'-7@) +6 
=—8+4k+14+6 
Gien that eaaittite =i} 
4k+1]2 - 4 
=> 4k =-16 
=> k=-+4 | 


Factor Theorem: The polynomial x — a is a factor of the polynomial f(x) if and 
only if f(a)=0 i.e., (x-a) is a factor of f(x) if and dionly if x = a is a root of the 
polynomial equation f{x) = 0. 


Proof: Suppose g(x) is the quotient and R is the remainder when a polynomial f(x) is 
divided by x —a, then by Remainder Theorem 


f(x)=(x—a@) g(x) +R 
Since fta) = 0 => R=0 
if (&)=(%— a) g(x) 


(x —a) is a factor of f(x). 


Conversely, if (xa) is a factor of f(x), then 
Re=sf(a@)s=20 


which proves the theorem. 
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Example 3: Show that (x —2) is a factor of x* —13x* + 36. 
Solution: Let f(x) = x* -13x° +36 and x-a=x-2>a=2 


Now f (2) = (2)* —13(2)” +36 
=16-—52+36 
=0=remainder 

=> (x—2)is a factor of x* —13x? +36 


4.7 Synthetic Division 


There is a nice shortcut method for long division of a polynomial f(x) by a 
polynomial of the form x —a. This process of division is called Synthetic Division. 


To divide the polynomial px’ + gx* +cx+d by x-a 







Gore si +—— firstiline 

{ ]}] L] + Second line 
TNT 
~ (oes 


+—— third line 


Coefficients of Remainder 
quotient 
Out Line of the Method: . 
i) Write down the coefficients of the dividend f(x) from left to .right in 


decreasing order of powers of x. Insert 0 for any missing terms. 
li) To the left of the first line, write a of the divisor (x — a). 
iii) Use the following patterns to write the second and third lines: 


Vertical pattern (L) : Add terms 


Diagonal pattern (7A ) 3 Multiply by a. | 
Example 4: Use synthetic division to find the quotient and the remainder when the 
polynomial x* —10x? —2x+4 is divided by x+3. 
Solution: Let f(x)=x* -10x? -2x+4 


=x*+0x* -10x?-2744 
and x-a=x+3= =x—-(-3) . => x=-3 
Daacend x) —10x? -2x+4 


| 
| 
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- +— first line 
+— Second line 






231 9. ed ies 
fae Va +—— third line 


ae Remainder 


Example 5: If (x — 2) and (x +2 ) are factors of x*—13x?+36. Using synthetic — 
division, find the other two factors. 


Solution: Let f(x)=x* —13x? +36 
=x* +0x° —13x* —0x+36 
._Herex-a=x-2 =>x=2 andx-—a=x+2=x-(-2) >x=-2 





*, Quotient = x°—3x*-—x+1 


Remainder =1 


By synthetic Division: 


Remainder 





'. Quotient = x* +0x—9 
= x*-9 
=(x+3)(x- 3) 
.. Other two factors are (x + 3) and(x — 3); 


Example 6: If x + 1 and x — 2 are factors of 1 aE * + gx+2. By use of synthetic 
division find the values of p and g. 
Solution: Here x-—a =x+1=>a=-1 andy eo a= 2 


Let f(x) =x° + px? tart? 


By Synthetic Division: 











=—e 


- 


h 
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Since x + 1 and x — 2 are the factors of f(x) 


p-q+1=0 | (1) 

and p+q+3=0 (ii) 
Adding (i) & (ii) we get2p+4=0 =>p=-2 
from (i) -2-g+1=0 =>q=-] 


Example 7: By the use of synthetic division, solve the equation x* —5x* + 4=0 if 
—| and 2 are its roots. 





Solution: fa) = x* -0x? —5x7+0x+4 


Depressed Equation: 


x7+x-2 =0 | 
= (x+2)(x-1=0 => x=-—2 or x=1 


Hence Solution set = ror —l, 1, bes 





Use the remainder theorem to find the remainder when the first polynomial is divided 
by the second polynomial: 


10 4 3x47,x41 Pb: Pai) ae 


3. 3xt 4 44x-—5, x+1 4. x? —2x? +3x43 oe 


Use the factor theorem to determine if the first polynomial is a factor of the 
second polynomial. 


5, x1, 7 4+4x-5 Ct 2 7x4 
7. @+2,20+0°-40+7 8.  x—a,x'—a" wherenisa positive integer 
9. x%+4a,x'+a", where nis an odd integer. 


Ms 


——n. ee oes Se > —S — 


: TE ak ee eee ee Se eee ee ee 
= - —- ——. 
i Se 
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10. When x'+ 2+ 243 is divided by x — 2, the remainder is 1. Find the 
value of k. | | 


11. When the polynomial x° + 2x7 + kx + 4 is divided by x — 2, the remainder is 
14. Find the value of k. 


Use Synthetic division to show that x is the solution of the polynomial and use the 
result to factorize the polynomial completely. 


12, x°-7x+6=0,  x=2 13. x°-28%-48=0, x=-4 
14, Ox Tx A OI eanS 2 er — 3 


IS. _ Use synthetic division to find the values of p and-g if x + 1 and x —2 are the 
factors of the polynomial x* + px + qx + 6. 


16. ‘Find: the values of a and b if —2 and 2 are the roots of the polynomial 
x -— 4x" + ax + b. 

4.8 Relations Between the Roots and the Coefficients of 
a Quadratic Equation 
Let a, B be the roots of ax + bx +c =0, a #0 such that 


| Tad ~b-1/b" —4ac 
a= - b +1/b* — 4ac and b= 


2a a 2a 


—b+\b-4ac -b-1b’ = 4ac 
: a+ B = oa + Ia 





ma pp [tad (-0 ta 





2a 
(— by b? — 4ac 
bi-b'+4ac _4ac_© 
= Aa = 4 a a 


Sum of the roots=S$ =-— a ~~ Coefficient of x 


| | term. - 
| c , _Constant! 
Product of the roots= P = a = Coefficient of * 
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The above results are helpful in expressing symmetric functions of the roots in 


terms of the coefficients of the quadratic equations. 


Example 1: If a, B are the roots of ax + bx + c=0, a ¥ 0 ,find the values of 


i) @+ B? i) as iii) (a- By 


Solution: Since @, f are the roots of ax’ + bx+c=0 


a+ B ==? and af =< 


i) +B? =(a+ Bp) -2a08 





oe 2 
ii) B + * 
_ —b’ + 3abe 
= a’c 
ili) (a—B) =(a+ B) —4aB 


b\2 C b? c b*-4ac 
(2)-49) 88-83 


Example 2: Find the condition that one root of ax7 + bx +c =0, a#0 
is square of the other. 
Solution: As one root of ax? + bx +c =0'is square of the other, 


let the roots be & and a7 


Sum of roots =Q+ ¢=.” 


LP 


a a 


y 

R,, 

ll 
In 


Product of roots = @. @ = 





(i) 


(ii) 


* 
—— ee eo 
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Cubing both sides of (i), we get 


be 


b 
a+ a°+ 3007(a+ O)=- 3 


3 
= &+(@)+30(a+ @=-% 

ce (6 \2 Ss eciaeb b° ee 
Set ) + aa ( 2) =-73 (From (i), (i1)) 
= ac ar ac’ —3abe = — b 


4.9 Formation of an Equation Whose Roots are Given 
(x — a&)(x — B) = 0 has the roots a and B 
=> x -—(a+ B)x+ aB=0 has the roots a and PB. 
For S = Sum ofthe roots and P = Product of the roots. 
Thus x -—Sx+P=0 
Example 3: If a, B are the roots of axe + bx + be 0, form the equation whose roots 
are double. the roots of this equation. 


Solution: *.. @ and f are the roots of ax* + bx + c =0 


b cl 
a+PB =—7 and op == 


The new roots are 2@ and 28. 


Sumofnewroots =2a+ 2B 


=2(a+p) =—— 


Product of new roots = 2a@.28 =4aB= ae 


Required equation is given by 


y’ — (Sum of roots) y + Product of roots =0 


2b 4c hee 
=o ta tages OF => ay +2by+4c=0 
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eS : Exercise 4.6. 
If oy, Bar are =the roots of 32 -2x44= 0, find the values of 
Ox 
i). = +73 it) Bs 2 iii) a*+ B*. 
iv) a°+B° v) oar a vi) a -B°. 


If @, B are the roots of x — px — p —c = 0, prove that 

(1+a)(1+ B)=1-c 
Find the condition that one root of x* + px + g = 0 is 
1) double the other li) square of the other 
ili) additive inverse of the other iv) multiplicative inverse of the other. 
If the roots of the equation x — px + g = 0 differ by unity, prove that 
p =4q+ I 


=um < 
+ ~~ p => may have roots equal in magnitude 





but opposite in signs. 
If the roots of px + gx + g = 0 are wand B then prove that 


If a, 6 are the roots of the equation ax* + bx + c =0, form the equations whose 


_ roots are 
eee Be. ii) ; a iii) BEB 
iv); a, -B° v) = oH vi) at B+ 


vii) (@-B)?,(a@+B)* viii) = 23 5-3 


p 
If @ and B are the roots of x — 3x + 5 = 0, form the equation whose roots are 


1-@ 1-B 


If o, Bare the roots of Sx* -x—2 =0, form the equation whose roots are = and 





a sea ae 





se eee 


2 
or SS SS 


* 
———————————————————_ — ———s so 
SS NS a = 
. * 
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4.10 Nature of the roots of a quadratic equation 
We know that the roots of the quadratic equation ax” + bx + c = 0 are given by 


| —~bt+\e—4 
the quadratic formula as: x = Oa ee 


We see that there are two possible values for x, as discriminated by the part of 


the formula + +./b ~Aac. 


The nature of the roots of an equation depends on the value of the expression 
b* — 4ac, which is called its Discriminant. 


Case 1: If b’ —4ac =0 then the roots will be — - and — = 
SO, the roots are real and repeated equal. 
Case 2: If b* — 4ac <0 then \/b? — 4ac will be imaginary 
So, the roots are complex / imaginary and distinct / unequal 
Case 3: If b?- 4ac > 0 then>/b? — 4ac will be real. 
So, the roots are real and distinct / unequal. 


However, if b° — 4ac is a perfect square then \/b* — 4ac will be rational, and 
so the roots are rational, otherwise irrational. 





Example 1: Discuss the nature of the roots of the following equations: 


ip oot 2x 30 li) 2x°+5x-1 =0 
iii) 2¢-—7x+3=0 iv) 9x°-12x+4=0 
Solution: : | 


i) Comparing x + 2x +3 =0 with ax +bx + c=0, we have 
a=1,b=2,c=3° | 
Discriminant (Disc) = b*—4ac 
(2)? 4(1)(3) =4-12 =-8 


II 


= Disc <0 
The roots are complex / imaginary and distinct / unequal. 
ii) Comparing 2x + 5x—1=0 with ax + bx + c=0,we have a=2, b= 5; c=-] 
Disc = b*—4ac 
= (5)?-4(2)-1) 
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5. 


Exercise 4.6 


| Ifa, a, Ba are eithe roots of 3x - 2x+4=0, find the values of 


, + + aie 
i). VE +B? ii) B* iii) a +8 
iv) a@°+ B° v) pai i vi) a - PB. 


If a, B are the roots of x° — px — p—c = 0, prove that 

(1+a)(1+ B)=1-c 
Find the condition that one root of x° + px + q = Ois 
1) double the other li) square of the other 
iii) additive inverse of the other iv) multiplicative inverse of the other. 
If the roots of the equation. x — px + g = 0 differ by unity, prove that 
p =4q+ L. 


ee 
Find the eewiden that + pis = 5 may have roots equal in magnitude 


but opposite in signs. 
If the roots of px + gx + q=0 are wand B then prove that 


NENG 1/2 = 0. 


If o, B are the roots of the equation ax* + bx + c = 0, form the equations whose 


_ roots are 
; . . bo oe Ae ee 
YN). (ORS fee i) &°B il) G2 B? 
al : l l 
iV) GB By BS v1) Oty Bre 


as l 
vil) (a—f)?,(a+)? vill) -3 .-G3 


Ifa, Bare the roots of 5x" -x-2=0, form the equation whose roots are and. 
If a and f are the roots of x —- 3x + 5 =0, form the equation whose roots are 
l-a 1-8 

7 and as 8 = 








a 
a — = as .,_ a a 


———————————————————— OOOO ESS eo 
2 a 
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4.10 Nature of the roots of a quadratic equation 


We know that the roots of the quadratic equation ax’ + bx + c = 0 are given by 





the quadratic formula as: x = a 


We see that there are two possible values for x, as discriminated by the part of 
the formula ++/b*—4ac. 


The nature of the roots of an equation depends on the value of the expression 
b* — 4ac, which is called its Discriminant. 


Case 1: If b* — 4ac = 0 then the roots will be eee and p0: 
2a 2a 


So, the roots are real and repeated equal. 
Case 2: If b° — 4ac <0 then \/b? — 4ac will be imaginary 
So, the roots are complex / imaginary and distinct / unequal 
Case 3: If b°— 4ac > 0 then \[b? — 4ac will be real. 
So, the roots are real and distinct / unequal. 
However, if b° — 4ac is a perfect square then \/b? = 4ac will be rational, and 
so the roots are rational, otherwise irrational. 
Example 1: Discuss the nature of the roots of the following equations: 


i) x +2x+3=0 li) 2°+5x-1 =0 
iii) 2°-—7x+3=0 iv) 9° -12x+4=0 
Solution: 3 


i) Comparing x° + 2x + 3 =0 with ax +bx + c =0, we have 
a=1,b=2,c=3° 
Discriminant (Disc) = b*—4ac 
= (2)?-4(1)3) =4-12=-8 
= Disc <0 ; 
The roots are complex / imaginary and distinct / unequal. 
ii) agape 5x — 1=0 with ax + bx + c=0,we have a=2, b= =5, c=-] 
Disc = b’—4ac 
= (5)?- 4(2)C1) 
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= 25+8=33 

=  Disc>0, but not a perfect square. 

The roots are irrational and unequal. 

iii) Comparing 2x — 7x +3 =0 with ax + bx +c=0, we have 

a=2,b=-7,c=3 
Disc =b* — 4ac 

= (-7)° — 4(2)(3) 

=49-24 =25=5 
= Disc >0, and a perfect square. 

| The roots are real and unequal. 
iv) Comparing 9x* -12x + 4=0 with ax + bx + c=0, we have, 

a=9,b=-12,c=4 
Disc =b? — 4ac 

= (—12)? — 4(9)(4) 

= 144-144=0 
= Disc=0 

The roots are real and equal. ~ 

Example 2: For what values of m will the following equation have equal root? 
(m + 1)x* + 2(m + 3)x+2m+3 = 0,m # -1 
Solution: Comparing the given equation with ax* +bx+c=0 

a=m+1, b=2(m+3), c=2m+3 
Disc =b* —4ac 

=[2(m + 3)]’— 4(m + 1)(2m + 3) 

=4(m? + 6m + 9) — 4(2m? + 5m + 3) 


=— 4m? + 4m +24 
The roots of the given equation will be equal, if Disc. = 0 i.e., 
if —4m* + 4m + 24=0 


=> m—m—6=0 


=> (m—3)(m+2)=0>m =3 orm=-2 
- Hernice if m = 3 or m = —2, the roots of the given equation will be equal. 
Example 3:Show that the roots of the following equation are real 
(x — a)(x— 0) + (x—b)(x—c) + (x-c)(x-a) =0 





rn 


. 
a ee a = 





— ee eee anh ee ea wa te ee 
. 
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Also show that the roots will be equal only if a=b=c. 
Solution: (x—a)(x—b)+(x—b)(x-c)+(x-c)(x-a) = 0 
=> x -ax—bx+ab+x—bx—cx+bc+x-—cx—ax+ac = 0 
=> 3x-2(a+b+c)x+ab+bc+ca = 0 
Disc =b*—4ac 
= (2(a+ b+ c)]’— 4(3)(ab + bc + ca) 
= 4(a° + b? + c? + 2ab + 2be + 2ca — 3ab — 3bc — 3ca) 
= 4(a° + b? + c’ —ab— be —ca) 
= 2(2a* + 2b? + 2c* — 2ab — 2bc — 2ca) 
= 2[a’ + b?-2ab+ b? +c? —2be +c? + a’ —2ca] 
= 2[(a— b)* + (b-—c)* + (c—a)*] 
= 2(Sum of three squares) 
Thus the discriminant cannot be negative. 
Hence the roots are real. 
The roots will be equal, if the discriminant = 0 


caus 18 possible Only ea JE Mave C= NEO= a=OLe., if a= D=(c; 





1, Discuss then nature e of the roots of the se folloWwing’& earstons 


i) 4¢+6x+1l= O li) x—5x+6=0 
iii) 2x°-S5x+l= 0 iv) 25x -30x+9=0 


2. Show that the roots of the following equations will be real: 
i) 2—2m4+7,}r43=0; ms 0 
ii) (b—c)x2 + (c—a)x+(a—b)=0:a,b,cE Q 
3. Show that the roots of the following equations will be rational: 
i) (p+q)x-—px—q=0; ii) px —(p-g)x-q=0; 
4. For what values of m will the roots of the following equations be equal? 
i) (m+1)x7+2(m+3)x+m+8 =0 
li) 2x» -—2(1+3m)x+7(3+2m) =0 
iii) (1+m)x?-—2(1+3m)x+(1+8m) =0 
5. Show that the roots of x° + (mx + c)’ = a’ will be equal, if c* = Ae + m’) 
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6. Show that the roots of (mx + c)’ = 4ax will be equal, if c = = -m#0 
A 2 
7. Prove that ee =| will have equal roots, if =a’? + b°; a #0, b #0 
8. Show that the roots of the equation (a* — bc)x° + 2(b* — ca)x + c — ab = 0 will 


be equal, if either a° + b° + c’ = 3abc or b=0. 
4.11 System of Two Equations Involving Two Variables 


We have, so far, been solving quadratic equations in one variable. Now we 
shall be solving the equations in two variables, when atleast one of them is quadratic. 
To determine the value of two variables, we need a pair of equations. Such a pair of 
equations is called a system of simultaneous equations. 


No general rule for the solution of such equations can be laid down except that 
some how or the other, one of the variables is eliminated and the resulting equation in 
one variable is solved. 

Case I: One Linear Equations and one Quadratic Equation 


If one of the equations is linear, we can find the value of one variable in terms 
of the other variable from linear equation. Substituting this value of one variable in 
the quadratic equation, we can solve it. The procedure is illustrated through the 
following examples: 

Example 1: Solve the system of equations: 
x+y =7 and ¥-x+y =13 
Solution: x+y=7 =>x=7-y (i) 

Substituting the value of x in the equation x* — xy + y’ = 13, we have 
(7-y)’-y7-y)+y° =13 
49 — 14y+ y* -—Ty+y'+y' =13 
3y’ —21y + 36=0 
y -Ty+12=0 
Y- 3) @—-4)=0 
y=3 ory=4 
Putting y=3, in(i),weget x=7-3=4 
Putting y=4,in(i),weget x=7-4=3 
Hence solution set = {(4, 3), (3, 4)}. 


buys 
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Note: Two quadratic equations in which. xy term is. missing and the coefficients of’ 
x’ and y” are equal, give a linear equation: by. subtraction: — He FET que as 


Example 2: Solve the following hace 
x+y'+4x =1 and x +(y-1) =o 


Solution: The given system of equations is 


x4 y? + 4x=1 (1) 

x+y -2y+1=10 | (i1) 
Subtraction gives, 

4x+2y+8=0 
=>2r+y+4 =0 
Elysee . (iii 


Putting the value of y in equation (i), 
x + (-2x- 4)? 4 4x=1 5 274+ 40° + 6x4 164 4x=1 

=> 5x°+20x+15=0 = x +4x+3=0 

=> (et 3) oe =O => x=—3o0rx=-l 

Putting x=—3 in (ili), we get; y= —2(-3) —-4=6-4=2 

Putting x=—1 in (iii), we get; y=—2(-1) -4=2-4=—2 

Hence solution set = {(-3, 2), (-1, -2)}. | 

Exercise 4. S25 


Solve the following systems of equations: ) bipaipe 
1 2x-ye4s 2?—4xy-y'=6 25 xh yim epee 





) 2.63 
3. 3x4+2y=7; -3x° =25+2y’ 4. x+y=5; 7+) =2, x#0,y40 
Gag Bias ad ee ea cee 
§ x+y=artb; oy a) 6. 3x + 4y = 25; yee =2 


: x 
Ts (x= -3)? +y" =: 2x=y+6 

8... (x+3)?+(y-1)*=5; ry +2x=9 

9, x +(y+l)? =18; @+2)* +y =2) 
10%) ates +y +6x=1; x + y+ 2ae+y) =3 


* 
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Case II: Both the Equations are Quadratic in two Variables 
The equations in this case are classified as: 
i) Both the equations contain only x* and y* terms. 
ii) . One of the equations is homogeneous in x and y. 
iii) Both the equations are non-homogeneous. 


The methods of solving these types of equations are explained through the 
following examples: 





2 


+y = 25 
Example 1: Solve the equations: 
2x +3y’ = 6 
Solution: Let x =u and y’ =v 

By this substitution the given equations become 


u+v=25 (i) 

2u + 3v =66 (ii) 
Multiplying both sides of the equation (i) by 2, we have 

2u + 2v=50 (iii) 
Subtraction of (111) from (ii) gives, 

v=16 


Putting the value of v in (i), we have 
u+16=25 >u=9 - 


¥~=9 >x=+3 and y=16 > y=+4 
Hence solution set = {(+3,+4)}. 
Example 2: Solve the equations: x2 — 3xy+2y?=0; 22 -3x+y? =24 
Solution: The given equations are: 


x —3xy+2y’ = 0 (i) 
2? —-3x+y* = 24 | (il) 
Equation x —3xy+2y =Ois homogeneous in x and y 
= (x—y) @-2y)=0. (Factorizing) 
=> x-y=0 | or x—2y=0 
=>x= y weil), |x =i2y (tv) 


Putting the value of x in (ii), we get | Putting the value of x in (ii), we get 
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dy’ —3y+y? =24 2(2y)* — 3(2y) +’ =24 
=> y’ -y-8=0 = 8y’-6y+ y' =24 
L+V1+32 © = 3y’-2y-8=0 
=>"y =" oh 
= (3y+ 4)(y—2)=0 
1 +33 4 
Se Ae T oD aS 0C- 
4 
when y = : e 22 : | when y=-3; 
[7 P 4 8 
from (iii)x ~ ha from (iv) x = {-3) =) 
1 —1/33 when Va=woe 
Maen) Se from (iv) x = 2(22)=4 
ef 1 —/33 
from (ili)x =~ 7 


Hence following is the solution ne 


Example 3: Solve th : ae ae 
Example 3: Solve the equations: 42 “aye it 
2 2 ‘ 
ee x =i pee (i) 
Solution Given that ighh ay Si (ii) 


We can get a homogeneous equation in x and y, if we get nid of the constants. 
For the purpose, we multiply both sides of equation (i) by 18 and both sides aE 
equation (11) by 5 and get 


a 18y* 


20x — 15xy 
Subtraction gives, 
2x° — 15xy + 18y’=0 
=> (x-6y) (2x-—3y)=0 
=> x-—6y=0 or 2x-—3y=0 


n 


90 


90 


Combining each of these equations with any one of the given equations-we 


can solve them by the method used in the example 1. 
. or 








| on 
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x—6y=0 


= x= 6y 


2 Sa 2 
x” 7 = 2 from (1) =: ete y -—5 from (i) 
(6y)"-y =5 | 





IL 
br | 
_ 

| 
to 

— 

| 

| 
a) 


ad 


aes jo 





a ~ Exercise 4. 9. 
Solve | the _— systems of ore Se 7 
1. 432% = 6+3yY 5 3x4 =Sy= 7 
2. Ske = y | -  242~ = 19 
Be 2e=8 = 5y 5 | SRS 


4. x —5xy+6y = 0 xy 45 

5. 127° -25xy+12v-=0 ; 4247y = 148 
-# Pr 

6. 12x -llxy+2¥=0: :; 2747 = 60 
ot t. 


| xr-y = 16 oe xy 015 
8. x +xy =9 xy = 2) 
OF HPS Zan, HO Wie They pineal 
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4.12 Problems on Quadratic Equations 


We shall now proceed to solve the problems which, when expressed 
symbolically, lead to quadratic equations in one or two variables. 


In order to solve such problems, we must: 
1) Suppose the unknown quantities to be x or y etc. 


2) Translate the problem into symbols and form the equations satisfying the 
given conditions. | | 


Translation into symbolic expression is the main feature of solving problems 
leading to equations. So, it is always helpful to proceed from concrete to abstract e.g. 
we may Say that: 


i) 5 is greater than 3 by 2 (=5 —3) il) x 1S greater than 3 by x—3 - 
iii) 5 is greater than y by 5—y 1V) x is greater than y by x—y. 


The method of solving the problems will be illustrated through the following 
examples: 
Example 1: Divide 12 into two parts such that the sum of their squares is greater than 
twice their product by 4. | 


Solution: Suppose one part =X 
The other part = 12-x 
Sum of the squares of the parts =x + (12—x) 
Twice the product of the parts = 2(x)(12 — x) 
By the condition of the question, 
¥ + (12—x)?-2x(12-x) =4 
=> XxX + 144 24x+27°-24x427 =4 
=> 47-48+140 =0 3 124435 =0 
=> (x-5)x-7) =0 > x= 5 or x=7 


If one part is 5, then the other part = 12-5 =7, a 
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and if one part is 7, then the other part = 12-7 =5 
Here both values of x are admissible. 
Hence required parts are 5 and 7. 


Example 2: A man distributed Rs.1000 equally among destitutes of his street. Had 
there been 5 more destitutes each one would have received Rs. 10 less. Find the 
number of destitutes. 


Solution: Suppose number of destitutes = x 


Total sum = 1000 Rs. 
Each desitute gets = mm Rs. 


For 5 more destitutes, the number of destitutes would have beenx+5 





Each destitute would have got = ae Rs. 


x+5 


This sum would have been Rs. 10 less than the share of each destitute in the 
previous case. 


=] a sit 


1000 1000 
x+5 ye 
1000x = 1000(x + 5) — 10(x + 5)(x) 
x + 5x—500=0 


(x + 25)(x-—20) =0 


ey we 


=—25 or x= 20 
The number of destitutes cannot be negative. So, —25 is not admissible. 
Hence the number of destitutes is 20. 


| Example 3: The length of a room is 3 meters greater than its breadth. If the area of 
the room is 180 square meters, find length and the breadth of the room. 


; 


—_—ae —=- 
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Solution: Let the breadth of room = x meters 
and the length of room = x + 3 meters 
. Area of the room =x (x + 3) square meters 
By the condition of the question 
x (x + 3) = 180 (i) 
=" x’ +3x—-180=0 (ii) 
=> (x + 15)(x-12)=0 
x=-lSorx=12 
As breadth cannot be negative so x = —15 is not admissible 
\ . when x =12, we get length x+3=12+3=15 mes 
| breadth of the room = 12 and length of the room = 15 


Example 4: A number consists of two digits whose product is 8. If the digits are 


interchanged, the resulting number will exceed the original one by 18. Find the 
number. 


Solution : Suppose tens digit = x 
and units digit = y 
The number = 10x + y 
By interchanging the digits, the new number = 10y + x_ 
Product of the digits = xy 
By the condition of question; ) 
y= 8 ceed i @ 
and 10y+x - 10x+y+18 (ii) 
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Solving (i) and (11),we get 
x=-4 orx=2. 

when x=-—4,y=-2 and when x=2, y=4 

Rejecting negative values of the digits, 
Tens digit = 2 

and Units digit = 4 


Hence the required number-=24 


Ere or beak ae a EE Se ee eee 
¥ 


rs ay 2 or x 


Wee ek: Exercise 4. 10 
1. The product of 0 one less than a certain positive number and two less than three 
times the number is 14. Find the number. 
2. The sum of a positive number and its square is 380. Find the number. 
3. Divide 40 into two parts such that the sum of their squares is greater than 2 
times their product by 100. 
4, The sum of a positive number and its reciprocal is = . Find the number. 
5. A number exceeds its square root by 56. Find the number. 
6. ~ Find two consecutive numbers, whose product is 132. 
(Hint: Suppose the numbers are x and x + 1). 
v7. The difference between the cubes of two consecutive even numbers is 296. 


Find them. 
(Hint: Let two consecutive even numbers be x and x + 2) 

8. A farmer bought some sheep for Rs. 9000. If he had paid Rs. 100 less for 
each, he would have got 3 sheep more for the same money! How many sheep 
did he buy, when the rate in each case is uniform? | 

9. A man sold his stock of eggs for Rs. 240. If he had 2 dozen more, he would 
have got the same money by selling the whole tor Rs. 0.50 per dozen cheaper. 
_ How many dozen eggs did he sell? 


7 





10. 


11. 


12. 


13. 


14, 


15. 


16. 


17. 


18, 
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A cyclist travelled 48 km at a uniform speed. Had he travelled 2 km/hour 
slower, he would have taken 2 hours more to perform the journey, How long 
did he take to cover 48 km? | 
The area of a rectangular field is 297 square meters. Had it been 3 meters 
longer and one meter shorter, the area would have been 3 square meters more. 
Find its length and breadth. 
The length of a rectangular piece of paper ereeeds its breadth by 5 cm. If a 
strip 0.5 cm wide be cut all around the piece of paper, the area of the 
remaining part would be 500 square cms. Find its original dimensions. 
A number consists of two digits whose product is 18. If the digits are 
interchanged, the new number becomes 27 less than the original number. Find 
the number. 
A number consists of two digits whose product is 14. If the digits are 
interchanged, the resulting number will exceed the original number by 45.° 
Find the number. 
The area of a right triangle is 210 square meters. If its hypoteneure is 37 
meters long. Find the length of the base and the altitude. 
The area of a rectangle is 1680 square meters. If its diagonal is 58 meters 
long, find the length and the breadth of the rectangle. 
To do a piece of work, A takes 10 days more than B. Together they finish the 
work in 12 days. How long would B take to finish it alone? 
Hint: If some one takes x days to finish a work. The one day’s work will 
be 

x : 
To complete a job, A and B take 4 days working together. A alone takes twice 
as long as B alone to finish the same job. How long would each one alone take 
to do the job? 





~~ || 


Tige- BD 


= = ee ee ee 


19, An open box’is to be made from a square piece of tin by cutting a piece 2 dm 
square from each corner and then folding the sides of the remaining piece. If 
the capacity of the box is to be 128 c.dm, find the length of the side of the 
piece. 


A man invests Rs. 100,000 in two companies. His total profit is Rs. 3080. If 
he receives Rs. 1980 from one company and at the FAG 1% more from the — 
other, find the amount of each investment. 
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5.1 Introduction 


; at | 
We have learnt in the previous classes how to add two or more rational 
fractions into a single rational fraction. For example, 





: l 2 eA che 
Vee xt 2 = (x — 1)(x + 2) 
Ge Ges 


——_—— bh SO ? 
xtl.(xtl)> x—2.° +1) @-2) 
In this chapter we shall learn how to reverse the order in (i) and (ii) that is to 
express a single rational function as a sum of two or more single rational functions 
which are called Partial Fractions. 


Expressing a rational function as a sum of partial fractions is called Partial 
Fraction Resolution. It is an extremely valuable tool in the study of calculus. 


An open sentence formed by using the sign of equality ‘=’ is called an 
~ equation. The equations can be divided into the following two kinds: 


Conditional equation: It is an equation in which two algebraic expressions are equal 
for particular value/s of the variable e.g., 


luo 


a) 2x =3 is a conditional equation and it is true only if x = 


Seat ee ee eee 


‘ 5 5g i 
ree ’ + Se “| 
bats “< ‘ a 
le: dan at ant ieee 
lez qua i ‘s 
= I re 
Pa <a B ‘Be I) : 
ty a "ae an ees 
= i ‘ies r) 
—_— Fi - hs = = 


b) a +X — 6= 01 isi condiional EUAN and it is fue for x=2,- a8 iouly. 





Identity: Iti is an coauetitan viitigh holds pie for all values of hes variable e.g., 


a) (a+ 6)x=ax + bxis an identity and its two sides are equal for all values - 
of x. 
b) (x +3) (x+ 4) =x + 7x+ 12 is also an identity which is true for all values 
of x. S 
2 For convenience, the symbol “=” shall. be used both for equation and identity. 
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5.2 Rational Fraction 





We know that “ where PqQEZ and q # 0 is called a rational number. 
q 


P(x : : 
Similarly, the quotient of two polynomials a where Q(x) + 0, with no common 
factors, is called a Rational Fraction. A rational fraction is of two types: 


oH al ha Rational Fraction 


A rational fraction. Be is called a Proper Rational Fraction if the degree 


of the polynomial P(x) in the numerator is less than the degree of the polynomial O(x) 


3 3 ampl ee a are proper rational 
in the denominator. For example, 77> 244 28¢33_] prope na 





fractions or proper fractions. 


5.2.2 Improper Rational Fraction 


A rational fraction aa is called an Improper Rational Fraction if the 
degree of the polynomial P(x) in the numerator is equal to or greater than the degree 
of the polynomial Q(x) in the denominator. 

x (x-2)e4+1) 2-3 xx exe] 
2x —3’ (x-l(x+ 4)’ ee x +5 


SF Sg a ai Ss ES 





For example, 


op @ Pita Pe et. ory 


are improper rational fractions or improper fractions. 


Any improper rational fraction can be reduced by division to a mixed form, 
_ consisting of the sum of a polynomial and a proper rational fraction. 





che les : . ‘ eee 
For example, x_2 iS an improper rational fraction. By long division we 


ae 
RR. oer 
x-—2 x-—? 





Iu 
been reduced to the sum of a polynomial 3x + 6 | eS ees 





, : ae 
i.e., an improper rational fraction has 


13 
and a proper rational fraction 7-2" 





When a.rational fraction is separated into partial fractions, the ek is an 
identity; i.e., it is true for all values of the variable. | 


zz. seco oe iwebra anilrigonomerry 


The evaluation of the coefficients of the partial fractions is based on the 
following theorem: 


“If two polynomials are equal for all values of the variable, then the 
polynomials have same degree and the coefficients of like powers of the variable in 
both the polynomials must be equal”. 

For example, | 

If px + qx —ax+ b=2x°-—3x°-—4x4+5, Wx 

then p=2,g=—3,a=4 and b=5. 





5.3 Resolution of a Rational Fraction Oey into Partial 


Fractions 


| P 
Following are the main points of resolving a rational fraction 75 into partial 
fractions: 
i) The degree of P(x) must be less than that of Q(x). If not, divide and work 
with the remainder theorem. 
ii) Clear the given equation of fractions. 
iii) Equate the coefficients of like terms (powers of x). 
iv) Solve the resulting equations for the coefficients. 
We now discuss the following cases of partial fractions resolution. 
| P 
’ Case I: Resolution of aa into partial fractionswhen Q(x) has only non- 
repeated linear factors: 
‘The polynomial Q(x) may be written as: 
O(x)= (x-—a)) (X—ap)....(x—a,), where a) #4.#....#G, 





Pa) AN Ay eigenen jan identity: 
x) KI} X— a2 += Un 


7 Where, the coefficients A, Az, ..., An are numbers to be found. 
The method is explained by the following examples: 
2: : ; ; 
Example 1: Resolve, ee into Partial Fractions. 


eee: ett TA 8 
Solution: Suppose G3)a44) =x+3 + x+4 
Multiplying both sides by (x + 3) (x + 4), we get 
7x+25 = A(x+4)+ B+ 3) 


=> %7x+25 =, Ax+4A+Bx+3B 
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=> 7x+25 = (A+B)x+4A+3B 
This is an identity in x. 7 
So, equating the coefficients of like powers of x we have 
7= A+B and 25 = 4A+3B 


Solving these equations, we get and 


ee. 
x+3 Pea 





Hence the partial fractions are: 








Alternative Method: 
sh iix-F 254 EEA B 
UPPOS® (y3)\(x44) ~ Sl ced. 
= 7x+25 = A(x+4)+ B(x + 3) 


As two sides of the identity are equal for all values of x, 
let us putx =—3, and x=—4 init. , [ 


Putting x=—3, we get —21+25 = AC3+4) 


a 2 : = 
— ne - "= 
i. 7 7 | 


=> A=4 3 


a 
_ ‘ 


— - 7 ff 


Putting x=—4,weget -—28+25 = B(—4+3) | . 





= aa Bian ; 
f 
Hence the partial fractions are: ya aaeeas : 
2 
x — 10x + 13 
Example 2: Resolve ——7_.—3_~.___ ~, into Partial Fractions. 


(x- 1) G2 -5x+6) 


Solution: The factor x* — 5x + 6 in the denominator can be factorized and its factors 
are x — 3 and x —2. 
x -10x+ 13 x —10x+ 13 
rE! ERT ee 
(x—1)Q°-—5x+6) (x-1)(«—-2) &—-3) 
oi lO eee | MABE 
Suppose (= 1) (%—2)(@—3)  x—-1*x-2°x-3 








= -10x+13 = A(x—2)(x—-3) + Be — I(x—3) + C(x 1)(x-2) 
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which is an identity in x. 
Putting x = 1 in the identity, we get 
(12-1011) +13 = A(—2)(1-3)+ BU — IC -3)+ CU - 1d —2) 
= 1-—10+ 13 A(-1) (-2) + B(0) (— 2) + C(O) (-1) 
AAG, \Al= 


Putting x = 2 in the identity, we get 
(2)? 10(2)+ 13 = A(O0)(2-3)+B2-1)2-3)+C2-1) 0) 


=, 4-20+13 = B(1)Cl) 
=> —3= —-B .. |B=3) 
Putting. x = 3 in the identity, we get 
(3)? — 10(3)+13 = AG —2)(0)+BG-1) 0)+CB-1)G-2) 
— 9-—30+13 = C(2)() ; 
=> Eg= 2G +.0|\C=—-4 


; 2 3 + 
Hence partial fractions are: pam ct ey ¢ mri 






Note: In the solution of examples 1 and 2. We observe that the value of | 
the constants’ have been found by substituting those values of x in the 
identities which can be got by putting each linear factor of the denominators | 
equal to zero. . | 
In the Example 2 a ore 
a) the denominator of A is x— 1, and the value of A has been found by 
putting x-1=0 ie; x= ie 
b) the denominator of Bis x —2, and the value of B has been found by 
a ee a 1L€., X = 2; and 
Cc the denominator of C is x—3. andt . 
y. — ¥, and the valu i id | 
AOE Geir 5, alue of C has been found by 


2x + 7 
Example 3: Resolye ———_*— >. . 
Solution: . 


se Qt4tx?-x-3 
x(2x+3)(x—1) {$ an improper j 
. fraction so, transforms it into mixed from. Q 
Denominator = x(2x + 3)(x — 1) 

Sy 2x 4x? 3x 

















11, 
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Dividing 2x +x —-x- 3 by +x = 3x, we have 
Quotient = 1 and Remainder = 2x-—3 








9 ede aso, = 2x —3 
x(2x + 3)\(x—1) ~~ * x(2x + 3)(x—-1) 

d 2x —3 SAVE 

UPPOSS. (2x43) G2 1)p momen 


=> 2x-3 = A(2x+3)a~-1)+ BO) ~-1)+ CQ 2¢+ 3) 
which is an identity in x. 
Putting x = 0 in the identity, we get | A= 1 


Putting 2x+3=0 >x= ss in the identity, we get =: -§ 
: \ : ‘ 1 
Putting x— 1=0— x= 1 in the identity, we get 
8 l 


7 , l 
H . a es eee ee en Tr 
ence partial fractions are: 1 + x 5(2x+3) 5(x—1) 





Cary ney ere  OExe cise S.A eS 
Rescine the following into Partial Fractions: — ‘ 
] x+1 
en 2. SN 
x-1 (x +1) (@-1) 
2x+1 ‘ 3x° — 4x—5 
(x — 1)(x + 2)(x + 3) * > “(&%=2)6¢ + 7+ 10) 
one oa (Ee 
(x — 1)(2x — 1)(3x- 1) * — (x-a)(x— b)\(x—-c) 
6x + 5x27 2A SxS 
27 —-x-1 me 2x? + x7 — 3x 
(x — 1)(x- 3)(x—5) fr agp is x 
(x — 2)(x — 4)(x— 6) ~~. (1 —ax)(1 — bx)(1 — cx) 
Xa 
(x? + b*)(x* + c*)(x? + d’) 


{Hint: Put v= y to make factors of the denominator linear] 
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Case II: when Q(x) has repeated linear factors: 


: ebiaii [E: P(x) 
If the polynomial has a factor (x — a)’, n 22 and n is a +ve integer, then O(x) 


may be written as the following identity: 





P(x) iy A A> An 
O(x) = (=a) * @— a)" =a)" 
where the coefficients A), A>, ...., A, are numbers to be found. 


The method is explained by the following examples: 


ner hee Il 
Example 1: Resolve, "a+2) into partial fractions. 











atin oe X+x-1 A B C 

DRO. SURPOS S32) ow ad f(a 2Y EE DS 
x +x-1 = A(x+2)°+Blx4+2)4+C (i) 
=> x¥+x-1 = A(x + 4x+4)+ B(x +2)+C (11) 


Putting x + 2=0 in (i), we get 
(-2)°+(-2)-1 = A(O)+B(0)+C 
=>. | Seg 
Equating the coefficients of x’ and x in (ii), we cet | Au=— al 
and = 4A+B | 


> 12=4+B = ([B=-3] 


3 1 
(x+2)°* (x+2) 





: | | 
Hence the partial fractions are: > — 


Example 2: Resolve, into Partial Fractions. 


Bed Kons Ae S —v 
(x + 1)? 7-1) 

Solution: Here denominator = (x + 1)? 7 — 1) 
=(x+1)*(x+1)(x-1) = &%+1)9 &-1) 

. Ee eee 

“(x+ 1) 02-1)” (+1)? (x-1) 


Su se Ses Seer. oe a Be Cain SDE 
ppose” @=1e+ly x—-1'x+1t (+1) * +1) 


=> 1=A(x+ 1)? + Bit+l)* («-1) + Cae-D@+1)+ DE-1) (i) 
=> 1=AQ? + 3x7 43x41) 4+ BO? + C—x— 1)4C(?= 1) + D(x- 1) 


—as . 





10. 





2 ae SS 
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=> 1 =(A+B)x+(3A4B+O)x2+(34.—B + D)xt(A-B-C=D). +. - Gi) 


Putting x-1=0 => x=1 in(i), we get, 


Putting x+1=0 => x=-1l in(Q), we get, 





1=D(1-1}) => 


O=A+B => B=-A- 
nd 0=3A+B+C os: - 
an =3A+B+C > 0=9-¢8 
Hence the partial fractions are: 
1 i uN 1 | 
on —, Ba 2 Ses rpg ll ES 
x—-1 5x41 +1 * 41 8x-1) 841) 441% 264 1)3- 


~ Exercise 52 


| Resolve the following into Partial Fractions: 


9x7 — 3x+4 $x? —2x+3 | 3 4x 

(x— 1) >) G42); * @+l@-b 
9 gt eet teeasl aie petecss — ee eoee 

(x+2P@-1)  * @=3% @+1) *--@=2)@=1y 

4 |". > iy, 9 fe ee 

(x— 1)? («+ 1) > =19 & +1) ~ (x-2)(x+ 1) 
4x3 2x+1 | 2x4 


@o-pna+t @+e-De+2 7 &=3)@+2) 
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Case III: when Q(x) contains non-repeated irreducible quadratic factor 


Definition: A quadratic factor is irreducible if it cannot be written as the 
two linear factors with real coefficients. For example, x* + x + 1 
irreducible quadratic factors. 


product of 


and x +3 are 


If the polynomial Q(x) contains non-repeated irreducible quadratic factor then 
P(x) 


O(x) may be written as the identity having partial fractions of the form: 


Ax+B 
ee bee ec. Where A and B are the numbers to be found. 


The method is explained by the following examples: 


3x-11 | 
Example 1: Resolve (35 yg y 3) into Partial Fractions. 





Sean Se _3x-ll___ Ax+B OC 

olution: PROS CS DES3) Te tx 
=> 3x—-11= (Ax+B)(x+3)+ C(x’ +1) (i) 
=> 3x-1l= (A+ C)x*+(3A+B)x+ (3B+0) (ii) 


Putting x+3 = O => x=—3 in (i), we get 


C9+1) = |C=-2 


Equating the coefficients of x’ and x in (ii), we get 
0=A+C >A=-C >= [A=] 
and 3=3A4+B=> B=3-3A = B=3-6 = 


SU 





pba) 7 


Hence the partial fraction are:37 7 — 53 - 





ve 
Example 2: Resolve Art into Partial Fractions. 
Solution: Here, denominator = x +2x+9= (x° + 2x + 3) (x* — 2x + 3) . 


maxx. A Bx 
42249 ~ (x7 + 2x + 3) (7 — 2x + 3) 
Suppose 
A+8x Ax+B Cx+D 


G24 2x4 3)02—2x+3)  x°42x43 x?-2n43 
=>  4x2+ 8x = (Ax t B) (2 — 2x +3) + (Cx+D) (2+ 2x43) 
> 4248 =(A4+C)e+(C-2A+B+2C+D) x 
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+ (3A — 2B + 3C 42D) x + 3B + 3D @ 
which is an identity in x. | | 
Equating the coefficients of x,x’,x,x in I, wehave 


0 = A+C (i) 
45 =—2A+ B+ 2C+D (ii) 
8 = 3A-2B+3C+2D (iii) 
0 = 3B+3D (iv) 


Solving (i), (ii), (iii) and (iv), we get 





A=1], [B=2], 


' X+2 —x-2 
Hence the partial fractions are: 579543 + 2 9x43 





Exercise. 5. Be 


Resolve the fallowine into Partial econ: 








_9x=7 1 A 3x+7 

lL. +1 @+3) 2% 4+ Dard - G24 4x4 3) 
4 x +15 5 x 6 ais | 
"24 2xe45)(x-1) ~~ 7 + 4+ 2) ST 
7 x+2x+2 gr ieee I 9 x 
1 @43)@+)D@=1) pte GS Dice 2) eer) bone 
10, at 

Yet 


Case IV: when Q(x) has repeated irreducible quadratic factors 
If the polynomial Q(x) contains a repeated irreducible quadratic factors 


P 
(ax + bx +c)", n = 2 and n is a +ve integer, then ae may be written as the 


following identity: | 
PQ). 2 AKT Bop Ax t Bae eA 
Ox) ax*+bxt+c (ax’>+bxt+c/ (a,x + bx +c)" 


where Ai, Bi, A2, Bo, ...., An, Bn are numbers to be found. The method is explained 
through the following example: 





Me A Textbook of Aleebra and Trigonometry 


4x? iy 
Example 1: Resolve Cons)? G@e 1) into partial fractions. 
4x Ax+B Cx+D E 


Solution: Let @ey Gel) 1 c+ + (24 1) 











= 42 = (Ax+B)(x°+1)(x— 1) + (Cx+D)(x- 1) + EX’ +1) (i) 
= 42 = (A+E)x‘+(-A+B)x +(A- B+C+2E)x | 
+CA+B-C+D)x+(-B-D+5) (1) 
Putting x-1=0 => x=1 in(), we get 
4=E(1+1) => [E=1] 
Equating the coefficients of x", x, x, x, in (ii), we get 
O=A+E >A=-E >= 
0 = -A+B => B=A = 
4= A—-B+C+2E 
=> C= 4-A+B-2FE=4+1-1-2 > 
0 = —-A+B-C+D | 
SMe BeGeit142-2 = (pD=2] 


é =x=1 2x+2 1 
Hence partial fractions are: rai: Ga itx 





[c=2' 








= ‘ = eo S eas Eee — bad Era er 
PS sete t,he 4... See EES om [par 
- 7 bg ® - one eres + 5c iat Soe ss “= i he, . 7 a os 


| a iw 


"Nm Son eis SOE RCPCISE D6) eo) Vee 
Resolve into Partial Fractions: | 
WY 28 Soe Dx 2 pea tals ai xs bats S 
; (?+x+ 1) * +1 C@-1) 
: 2x—5 ; 8x7 | 
(x + 2)° (= 2) i NCA Ses) 
a Ax 4 324624 5x — —————— 2x! = 3x1 = 4x : 
(x-1) @?+x+ 1) "7+ 2)? @+1) 








Syer 


oli * Ae ‘' 
= tah Soe ‘ 

. a 

® P * 








Sequences and Series 


b 

i 
sos 
xa ; 
ie a 


b- dse 


6.1 Introduction 
Sequences also called Progressions, are used to represent ordered lists of 

numbers. As the members of a sequence are in a definite order, so a correspondence 
can be established by matching them one by one with the numbers 1, 2, 3, 4, ..... For 
example, if the sequence is 1, 4, 7, 10, ...., nth member, then such a correspondence 
can be set up as shown in the diagram below: - ; 

Position the member of the sequence 

| ——__—_———_> 1 

2 —————_>4 

3 ———— ] 


4 ——————_>10 


n —————_—_—_—__> nth member 

Thus a sequence is a function whose domain is a subset of the set of natural 
numbers. A sequence is a special type of a function from a subset of N to 7K or C. 
Sometimes, the domain of a sequence is taken to be a subset of the set 
{0, 1, 2, 3,...}, 1.e., the set of non-negative integers. If all members of a sequence are 
real numbers, then it is called a real sequence. 

Sequences are usually named with letters a,b,c etc., and n is used instead of x 
as a variable. If a natural number n belongs to the domain of a sequence a, the 
corresponding element in its range is denoted byd,. For convenience, a special 


notation a, is adopted fora(n) and the symbol{a, }or a,,a,,d,.....,,,...1S used to 
represent the sequence a. The elements in the range of the sequencefa, }are called its 
terms; that is, a,is the first term, a,the second term and a,the nth term or the 
general term. | ! : | 

; For example, the terms of the sequence {n+(—l)"}can be written by 
assigning to n, the values 1, 2,3, .... If we denote the sequence by {b,, }, then 


b, =n+(-1)" and we have 


ao a 
) e-0E8Be § om Tanase hUvk ee 6» h See )606WelhUlUPE SS? were ke me ree Se es Se hee we aeewhTbee €i co 6 RES oem pee « SS bee Mis "2 Sh ce ee ieee hk 


08h) eee oe SISSIES eS ess hU6hlhlUWhe ke! 


| 
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b, =1+(-1)' =1-1=0 
b, =2+(-1)? =2+1=3 
b, =3+(-l)° =3-1=2 
b, =4+(-1)* =44+1=Setc. 


If the domain of a sequence is a finite sel then the sequence is called a finite 
re otherwise, an infinite pequences é 






‘inf finite sequence has r no last term. - 


: ree ees — ag TE ee 
Some examples of sequences are; 
1) 1,4,9,....,121 i) 1,3,5,7,9,...,21 ili) 1,2,4,... 


iv) 1,3,7,15,31,....  v) 1,6,20,56... 3) 
33° Spee 

The sequences (i) and (ii) are finite whereas the sequences (iii) to (vi) are 
infinite. 
6.2 Types of Sequences . 

If we are able to find a pattern from the given initial terms of a sequence, then 
we can deduce a rule or formula for the terms of the sequence. 

We can find any term of the given sequence giving corresponding value to 
in the nth / general term a, of a sequence. 


Example 1: Write first two, 21st and 26th terms of the sequence whose general 
term is (—1)"*!. 
Solution: Given that a, =(—1)""'. For getting required terms, we put 
n=1,2, 21 and26 . 
a, =(-1) =1 
a. — (—1)*"" =-] 
dy, = (-1)2! =] 
ay, =(-1)*" = 
Example 2: Find the sequence . a, —a,., =n+landa, =14 
: Solution: ‘Putting n = 2,3,4 in 


a, —a,_, =n+1, we have 











a, —a, =3 


From (ili), a, =a, —5 
=14-5=9 (a, =14) 
From (ii), @,=a,-4 
=9-4=5 (a, =9) 
And from (i), a, =a, -3 
=5-3=2 
Thus the ogilecite is 2,5,9,14,20,.. 


Kephians = gen nn we ore Si A aie 
ens Pa : 5 33 te ot 


133 . we, ir. ot 
Note: 4,4, = iz =6= > as = s=a,4+6= 











=? - <> I% __-- ~--s : ~ = - — 
~ . ¥ : : _ - 

- Pete = Fe ee “«  - : 

* | . 3 ° - 








Ls Write the first ‘four terms of the following sequences, if 
i) a, =2n-3 li) a, =(-1)"n? iii) a, =(—1)"(2n-3) 
n ] 

lv) a, =3n-5 Vv a. =— 
yas " 2n+1 | wae) a 

Vii) @, —a,_, =n+2,a, =2 Vili) a, =na,,,a, =1 

] 

ix) a =(n+l)a_,,a, =1 X a,=—____— 

aa et eat a+(n-—1)d 
2. Find the indicated terms of the following sequences; 
PAN BUA ae li) 1,3,12,60,... a, iii) Lo 


siy)1s1,-3,5:-75 9stapiev) a3. Oeatnaae 
3. Find the next two terms of the following sequences; 
1) Mee OL 2LO, cae il) SHY SM bere 


iii) —1,2,12,40.... iv) 1,-3,5,-7,9,-11... 
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(i) 
(i1) 
iii) 
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6.3 Arithmetic Progression (A.P) 


A sequence {a_ }is an Arithmetic Sequence or Arithmetic rogression (A.P), if - 
a,—a,,is the same number for all me Nandn>l. The difference 


a, —a,_,(n>1l)i.e., the difference of two consecutive terms of an A.P., is called the 
common difference and is usually denoted by d. 


Rule for the nth term of an A.P.: 
We know that a,-a,,=d (n>l), 
which implies a4, =a,,+d (n>1)....... (i) 
Putting n = 2,3,4,...in (i) we get 
a, =a, +d=a,+(2-l)d 
a, =a,+d=(a,+d)+d 
=a,+2d =a,+(3-l)d 
a, =a, +d =(a,+2d)+d 
=a, +3d =a,+(4-ld 
Thus we conclude that" 
“4, , = 4, +(n— Ld 
where a, is the first om of the sequence. 
We have observed that 
a, =a, + Od =a,+(1-1)d ~ 
a, =a, +d =a, +(2-l)d 
a, =a,+d=a,+(3-l)d 
a, =a, +d =a,+(4-l)d 


Thus a,,a, +d,a, +2d,...,a,+(n—l)d + ... is a general arithmetic sequence, 
with a a as ne first term a common difference etree 






5 —-_, a ae mar 
- ‘ : r ¥ ty err _ way S, eo a SSS . ws a. 7 os ee i tae ae soa o: a 
4 + . —. ahioe iy oe bo Mh 30 0 . viDh 
, ‘A et S ea ~ p= ~ J t0§ * siege 
, - . : ; Sis weil = 7] 
7 —_# ‘ 7 = 4 o bd 


SACP ee : 


Example 1: Find the general term and the eleventh term of the A.P. whose first term 


and the common difference are 2 and —3 respectively. Also write its first four terms. 
Solution: Here, a, = 2, d=-3 


We know that a, =a, +(n— es 


al) 
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SO a, =2+(n-1)(-3)=2-3n+3 
or , = I—on (i) 
Thus the general term of the A.P. is 5—3n. 
Putting n =11in (i), we have 
a, =5-3(01) 
= §-33 =-28 
We can find a,,a,,a, by putting n =2,3,4 in (i), that 1s, 
a, =5—3(2) =-l 
a, =5-33)=-+4 
a, =5-3(4)=-7 
Hence the first four terms of the sequence are: 2,—1,—4,—7. 
Example 2: If the Sth term of an A.P. is 13 and 17th term is 49, find a, and a,,. 
Solution: Given a, = 13 and a,, = 49. 


Putting n=5 in a, =a, +(n—1)d, we have 


a, =a, +(5-1)d, 
a, =a,+4d 
or 13=a,+4d eae (1) 


Also a,, =a, +(17-l)d 
or 49 =a, +16d 
or ‘49 = (a, +4d)+12d 
or 49 =13+12d (by (1)) 
= 12d=36 > d=3 bh 
From (i), a, =13-4d= 13-4(3)=1 
Thus a,,=1+(3- 1)3 = 37 and 
a, =1+(n—1)3=3n—-2 
Example 3: Find the number of terms in the A.P. if; a, = 3,d=T7anda, =59. 
Solution: Using a, =a,+(n —l)d, we have 
59 =3+(n—1)x7 (<a, =59,a, =3andd =7) 


or 56=(n—-1)X7 > n-1=8 = n=9 
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Thus the terms in the A.P. are 9. 
Example 4: If a,_, =3n—11, find the nth term of the sequence. 


Solution: Putting n =3,4,5 in a,_5,=3n-—11, we have 
a, =3x3-11=-2 





a, =3x4-ll=1 
a, =3x5-11=4 
Thus a, =a, +(n—l)d =-2+(n-1)x3 (.* a, =—2 and d = 3) 
= 3n —5 . 
Exercise 6. ae siting ee 
1. Write the first four te terms of the following matinee sequences, if 


1) a, =Sand other three consecutive terms are 23,26,29 


ii) a, =17anda, =37 iii) 3a, =7a, anda, =33 


2. Ifian.=2n —5, find the nth term of the sequence. 
3. If the Sth term of an A_P. is 16 and the 20th term is 46, what is its 12th term? 
4. Find the 13th term of the sequence x,1,2 —x,3—2x,... 
5. Find the 18th term of the A.P. if its 6th term is 19 and the 9th term is 31. 
6. Whichtermofthe A.P.  5,2;—1,... is -85? 
7. Which term of the A.P. —2,4,10,...is 148? 
8. How many terms are there in the A.P. in which a, =11,a, = 68,d =3? 
9, If the nth term of the A.P. is 3n—1, find the A.P. 


10. Determine whether (i)—19, (ii) 2 are the terms of the A.P. 17, 13, 9, ... or not. 
11. _—iIf'l, m, n are the pth, gth and rth terms of an A.P., show that © 
1) l(q-—r)+m(r—p)+n(p—q)=0 ii) p(m—n)+q(n—-1)+r(l—m) =0 


12. _ Find the nth term of the sequence, 


= l 
—. 13. If ae de are in A.P., show that pe ae 
B} | a b Cc a+c 
| ak ] 





S| . ase 
14. If —,—and— are in A.P, show that the common difference is : 
| a b. Gik fiat 2ac 
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6.4 Arithmetic Mean (A.M) 


A number A is said to be the A.M. between the two numbers a and b if a. A, b 


are in A.P. If dis the common difference of this A. P., then A-a=d and b-A = d. 
Thus A-a=b-A 


or DAs Bae 











- a i ss arse Te ee ee Laie, hee 
\ - Middle term n of thee co nsec 
extreme terms, ee a poe eS me 


: aaa 
a : PonpieelsA a ne att 
ad aN ee “acyl ges 


ae Wes nee 


“iret = Gt Gynt : 








a 
or is 


Example 1: Find three A.Ms a a 2 and 3V2. 
Solution: Let A,,A,,A,be three A.Ms between /2 and 3/2 .Then 
/2,A,,4,,4,3V2arein AP. | 
Here a, = 2, Gs = 3/2 
Using a, =a, +(n-—Il)d, we get 
a, =a,+(S—lDd 
or 3/2 =/2+4d 
= 3/2 —-/2 =4d 


oly 
/2 
l 
Now A,=a +d=J/2+——= 
1 i Ja 


-Therefore, —= = 2 pe +z are three A.Ms between 2 and wh. 
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6.4.1 n Arithmetic Means Between two given numbers 
The n numbers A,,A,,A,,.-..,A, are called n arithmetic means between a and 
bif a,A\,A,,Aj,.....4,,bare in A.P. 
Example 2: Find n A.Ms between a and b. 
Solution: Let A,,A,,A,,....,A,be n arithmetic means between a and b. 
Then a,A,,A,,A,,....,A,, 6 are in A.P. in which a, =a anda,,, 
b=a+((n+2)—1)d (where d is the common difference of the A.P.) 
=a+(n+l)d 
b—a 
n+) 


=b,so 


= d= 





Thus A, sey leap ORGY, 








n+] n+] 
A, =at2dmara 6 |e 
n+] n+\ 
A. ohe3a™ ar it += (n—2)a+3b 
+] n+l 
A, =at+nd= -aant=2 : sO 
n+1} n+! 






EO rs 5 
1 ten Sae a eee 2 5 ? ‘ paras Sel > oe J 
a ft, 7 re a ° ot! leew iv Bey n b 
; . a , n : ph hem, i 
ic 1 ee fia “pe bid =) ee ies Cal Sn . ee | 
enact ied ig ge fr Bei + pe SN any ee oy chs 


1. Find A.M. between 3 
i) 3/S5and5/5 =~. iii) = =x-3 andx+5 
iii) l—x+x? and 1+x+x° 

2. _—«If 5,8 are two A.Ms between a and B, find a and b. 


3. Find 6 A.Ms. between 2 and5. 4. Find four A.Ms. between V2 and a ; 
5. insert 7 A.Ms. between 4 and 8, 6. Find three A.Ms between 3 and 11. 


a may be the A.M. between a and b. 


+b 
8. Show that the sum of n A.Ms. between a and b is equal to n times their A.M. 


; de Find 7 so that 





Chapter 6: Sequences and Series 





eS ES SS eet 


6.5 Series 
The sum of an indicated number of terms in a sequence is called a series. For 
example, the sum of the first seven terms of the sequence {n’ } is the series, 
1+4+9+16+25+36+ 49. | 
The above series is also named as the 7th partial sum of the sequence {n aN 


If the number of terms in a series is finite, then the series is called a finite 


series, while a series consisting of an unlimited number of terms is termed as an 
infinite series. 
Sum of first 2 terms of an arithmetic series: 
For any sequence {a, }, we have, 
S = 4)+a, 44,1... 
If {a, }is an A.P., then S, can be written with usual notations as: 
5, =a,+(a, +d) +(q@, +2d)+....+ (a, —2d) + (a, —d) +a, (i) 
If we write the terms of the series in the reverse order, the sum of n terms 
remains the same, that is, 
S, =a, +(a, —d)+(a, —2d)+...+(a, +2d)+(a, +d)+a, (ii) 
Adding (i) and (ii), we get 
2S, =(a, +a,)+(a, +a,)+(a, +a,)+...4+ (a, +a,)+(@, +a,)+(a, +a,) 
=(a, +a,)+(a, +a,)+(a, +a,)+.... ton terms 
=n(a, +a,,) 
Sako oe eae 


Es | - 
Ss | se = 
Thus 5 5 =e +a, ) | (iii) 


oe eo eee 





ala +a,+(n—l)d] - 


or 





(iv) 
Example 1: Find the 19th term and the partial sum of 19 terms of the arithmetic 


7 13 
race Pt—+5+— +... 
series: 2+, 5 


Solution: Here @, =2 and d=a,-—a, => 





— in 
A= Be t : wa pet pas} 
SN eal 
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Using a, =a, +(n—l)d, we have, 


ai =2+(1I9-1)= 
3 ) 
= avi > | 2427 = 29 


Using 5S, =" (a,+4,); we have, 


19 19 589 
S,, =—(2+29)=— G1) =—— 


Example 2: Find the arithmetic series if its fifth term is 19 and S, =a, +1. 
Solution: Given that a, =19, that is, 
a, + 4d =19 (i) 
Using the other given condition, we have, 


S, = (2a, +(4—-Dd] =a,+1 


or 4a, + 6d =a, +8d +1 ‘ 
3a,—-1=2d | (ii) 
Substitution 2d =3a, —1in (), gives 
a, + 2Ga, —1) =19 
or Ta, =21> a, =3 
From (i), we have, 
4d =19-a, =19-3=16 
=> -d=4 
Thus the series is 3+7+11+15+19+-... 
Example 3: How many terms of the series -9-6—3+0+...amount to 66? 
Solution: Here a, =—9 and d =3 as —6—(-—9) =3and—3-(—6) =3. 
Let S, =66 S 


Using S,= = ai +(n—1)d 1, we have, 
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66 = 5 2-9) +(n—1).3] 


or 132 =n[3n —21] => 44=n(n-7) 


7+V¥49+176 _7+/225 
2 2 

= ER a n=114 
2 | 


or n’—7n—44=0 >n= 


But n cannot be negative in this case, so m = 11, that is, the sum of eleven 
terms amount to 66. 


: 
RaW ttre. —o- - i 








Exercise 6. ae ae 
1, Find the sum of all the integral multiples of 3 percent 4 and 97. | 
2. Sum the series i 
i 
i) —3+(-1+1+3+5+....4a ll) 3 pes +....+a i 
16 /2 J2 13 | 
ili) 1.114+1:414+1-71+...-+a,,. iv) Sg=g haat ya 
v) (x-—a)+(x+a)+(x+3a)+..' ton terms. | i 
V1) athe ihe hee to n terms | 
i mesic : 
“ iy | | i 
Vil) + ——— + ... to n terms. # 
. I+ Tas l=-x 1-vx 3 i 
3. How many terms of the series rae | 
i) —7+(-—5)+(-3) +... : amount to 65? - - 
li) —7+(-—4)+(-l) +... amount to 114? 
4. Sum the series 


i) 34+5-7+9+11- 134+15+17— 19+... * to 3n terms. 
li) 1+4-74104+13-16+19+22-25+... _to 3n terms. 


5, Find the sum of 20 terms of the series whose rth term is Sr++ 

6. If Sy=n(2n-1), then find the series. 

7. The ratio of the sums of n terms of two series in A.P. is 3n+2:n+1. Find the 
; ratio of their 8th terms. 


If S,,S,,S,are the sums of 2n,3n,5n terms of an A.P., show that ~ 
S; =5(S,—S,). | 
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9. 
10. 


11. 
12. 


13. 


14. 
15. 
16. 
17. . 


18. 
6.6 


Obtain the sum of all integers in the first 1000 integers which are neither 
divisible by 5 nor by 2. 

S,and S,are the sums of the first eight and nine terms of an A.P., find S,if 
50S, =63S, anda, =2 (Hint: S, =S, +a,) 

The sum of 9 terms of an A.P. is 171 and its eighth term is 31. Find the series. 
The sum of S,and S, is 203 and S, —S, = 49, S, and S, being the sums of the 
first 7 and 9 terms of an A.P. respectively. Determine the series. 

S,and S, are the sums of the first 7 and 9 terms of an A.P. respectively. If 


Soe H8 and a, = 20, find the series. 

Seer 

The sum of three numbers in an A.P. is 24 and their product is 440. Find the 
numbers. 

Find four numbers in A.P. whose sum is 32 and the sum of whose squares is 
276. 

Find the five numbers in A.P. whose sum is 25 and the sum of whose squares 
is 135. 

The sum of the 6th and 8th terms of an A.P. is 40 and the product of 4th and 
7th terms is 220. Find the A.P. 


If a*, b’ and c’ are in AP., show that 


Word Problems on A.P. 


l l ] 
b+c cta atb 





are in A.P. 








Example 1: Tickets for a certain show were printed bearing numbers from | to 100. 
Odd number tickets were sold by receiving paisas equal to thrice of the number on the 
ticket while even number tickets were issued by receiving paisas equal to twice of the 
number on the ticket. How much amount was received by the issuing agency? 
Solution: Let S, and S, be the amounts received for odd number and even number 


tickets respectively, Then” 


§, =3[1+3+5+....+99] and S, =2[2+4+6+...+100] 


Thus §, + S, = ax +99) +2x20 +100) ,[*- There are 50 terms in each series] 


vt 


= Reeich = 12600 


Hence the total amount received by the issuing agency = 12600 paisas = Rs.126 





Chapter 6: Sequences and Series 


Example 2: A man repays his loan of Rs. 1120 by paying Rs. 15 in the first 
installment and then increases the payment by Rs. 10 every month. How long will it © 


take to clear his loan? 
Solution: It is given that the first installment (in Rs.) is 15 and the monthly increase 


in payment (in Rs.) is 10. 
Here a, =15 and d=10 
Let the time required (in months) to clear his loan be n. Then 
S ,=1120, that is, 





1120 = 5 (2x15 +(n= )10)=— 30+ (n—1)10] 





= 5 %10[3 + (nD) = Sn(n +2) 


or 224 = n(n+2) => n* +2n—224=0 
_-2+V4+896 _ -2+/900 
sy ee 
—2+30 
en ip 
=14-16 
But n can not be negative, so n = 14, that is, the time required to clear his loan 





is 14 months. | 
Example 3: A manufacturer of radio sets producéd 625 units in the 4th year and 700 
units in the 7th year. Assuming that production uniformly increases by a fixed 
number every year, find | 
i) The production in the first year ii) The total production in 8 years 
| iii) The production in the 11th year. | 
Solution: Let a,be the number of units produced in the first year and d be the 
uniform increase in production every year,Then: the sequence of products in the 
successive years 1S | 
a,,a, +d,a, + 2d... 


oe me ee ee 
Seiad a eile aa aie ae hs 


[SS ry Patt Se 
io ct ha in bo = 


By the given conditions, we have 
a, =625 -and a, =700, thatis, | 
a, +3d =625 | (I) 





a 
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i) 


li) 


lil) 








and , + 6d = 700 (I) 
Subtracting (I) from (II), we get 

3d =75 => d =25 
From (I), a, +3(25) = 625 = a, = 625-75 =550 


Thus the production in the first year is 550 units. 
S$, = =[2x 550+(8—1)25] 
= 4[1100+175] =4[1275]}=5100 


Thus the production in 8 years is 5100 units. 
a, =a,+(U1—-ld 


= 550+ 10x25 = 550+ 250 = 800 
. Thus athe ae in ne ith ae is 800 units. 


A man seats in a ee Rs. 10 in nthe first peer Rs. 15 in ‘the econ 


month; Rs. 20 in the third month and so on. Find how much he will have 
deposited in the bank by the 9th month. 

378 trees are planted in rows in the shape of an reoseeles triangle, the numbers 
In successive rows decreasing by one from the base to the top. How many 


trees are there in the row which forms the base of the triangle? 


‘A man borrows Rs. 1100 and agree to repay with a total interest of Rs. 230 in 


14 installments, each installment being less than the preceding by Rs. 10. 
What should be his first installment? | ; 

A clock strikes once when its hour hand is at one, twice when it is at two and 
so on. How many times does the clock strike in twelve hours? 

A student saves Rs.12 at the end of the first week and goes on increasing his 
saving Rs.4 weekly. After how many weeks will he be able to save Rs.2100? 
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6. An object falling from rest, falls 9 meters during the first second, 27 meters 

during the next second, 45 meters during the third second and so on. 
1) How far will it fall during the fifth second? 
il) How far will it fall up to the fifth second? 

7. An investor earned Rs.6000 for year 1980 and Rs.12000 for year 1990 on the 
same investment. If his earning have increased by the same amount each year, 
how much income he has received from the investment over the past eleven 
years? 

8. The sum of interior angles of polygons having sides 3,4,5,...etc. form an A.P. 
Find the sum of the interior angles for a 16 sided polygon. 

9. ~The prize money Rs. 60,000 will be distributed among the eight teams 
according to their positions determined in the match-series. The award 

‘increases by the same amount for each higher position. If the last place team is 
given Rs.4000, how much will be awarded to the first place team? 

10. An equilateral triangular base is filled by placing eight balls in the first row, 7 
balls in the second row and so on with one ball in the last row. After this base 
layer, second layer is formed by placing 7 balls in its first row, 6 balls in its 
second row and so on with one ball in its last row. Continuing this process, a 
pyramid of balls is formed with one ball on top. How many balls are there in 
the pyramid? 

6.7 Geometric Progression (G.P) 


a . 
“1S 





A sequence {a, }is a geometric sequence or geometric progression if 
' n-l 


a, 





the same non-zero number for all ne N and n>1.The quotient 


n-l 


denoted by r and is called common ratio of the G.P .It is clear that r is the ratio of 


“_is defined only if 





any term of the G.P., to its predecessor. The common ratio r = 
. n-l 


_ 4,_, #0, 1.e., no term of the geometric sequence is zero. 


is usually 
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ad erer?s 


i WU 


Rule for nth term of a G.P.: Each term after the first term is an r multiple of its 
preceding term. Thus we have, 
a,=a,r =a,r*" 


a,=a,r =(a,r)r =a,r? =a,r*" 


a,=a,r =(a,r7)r =a,r* =a,r*" 


which is the general term of a G.P. 
Example 1: Find the 5th term of the G.P., 3,6,12,... 





Solution: Here a, =3,a, =6,a, =12, therefore, r= “2 - =2 
Using a, =a,r"" for n=5, we have, 
A= Or 2 i= 312) 48 
ny 8 — 64 
Example 2: Find a, if a, = — and a, =—— of aGP. 
27 729 
Solution: To find a, we have to find a, andr. 


Using a, =a,r"” (1) 
F , 
Gay =a.r 8 SO ar =— ii 
4 1 l l q7 ( ) 
And. a, =a,r'\=a,r°, so a,r° zis (iii) 
729 


a, S/he © 007. 3 a, ar 


= 3 6 
Thus Bit OAt 129" : or r=(-5| es =" 
2 
= r=——— (taking only real value of r) 
Ya 
Put Tog OG), to obtain a, , that is, 


72 fee 
| 357) Py ae 


Now putting a, = 


—l and r= -= in (i), we get, 





a CCT Oe SEMEN COESONGSEFIES 


i 9 n-| ese od 9 n-l A E 9 n-l 
a, =( vf = = (—1)(-1) = = (—1) a for n>1 


Example 3: If the numbers 1, 4 and 3 are added to there consecutive terms of G.P., 
the resulting numbers are in A.P. Find the numbers if their sum is 13. 


Solution: Let _a,ar,ar’ be three consecutive numbers of the G.P. Then 
at+artar’ =13 >a(l+r+r’)=13 (1) 
and atl,ar+4,ar* +3are in A.P., according to the given condition. 


2 
Thus ar +4 a Lat) + lar’ +3) 


or 


Li i i Nn mmlole 


= 2ar+8=ar?+a+4 
= a(r* —2r+1)=4 


a Soe ee 


=> a(r*+r+1)—-3ar=4 (-. r?—2r+1=(r?.+r+1)—3r) 
= 13-3ar=4 (. a(l+r+r?)=13) 
or 3ar=13-4 => ar =3 (ii) 


ere 


we —m 


Using a= z , (1) becomes 
r 


ee oe ese tee -- ose 


ees yi 
= 


or 3r? -10r+3=0 


Ee  _ 10+V100-36 _10+8 
(6 Om 
r=3 or es 
3 
If r=3thena=1 (using ar=3) 


andif r= ~ then a = 9 (using ar =3) 


_Thus the numbers are 1,3,9 or 9,3,1 








Find the Sth term of the G.P:: 36,12. 


a. Find the 11th term of the sequence, 1+i 2. 
; +1 


‘* re -—< 
ne mae 
~ 
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3. 


5, 


10. 
11. 


12. 


13. 


14. 


6.8 





Find the nth term of the geometric sequence if; anes anda, = 


Find the 12th term of 1+i, 2i,—2+ 2i,... 


- Find the 11th term of the sequence, 1+i, 2, 2(1—i) 


If an automobile depreciates in values 5% every year, at the end of 4. years 
what is the value of the automobile purchased for Rs. 12,000? 


2 2 - . x+ 

Which term of the sequence: x° —y°, x+ ea na Eb ce 
TH (x— y) 

If a,b,c,d are in G.P, prove that 


i) a—b,b-—c,c—dareinGP. . ii) a’ —b’,b* —c’,c’* —d’ are in GP. 


_ iii) a? +b*,b* +c*,c* +d’ are in GP. 


Show that the reciprocals of the terms of the geometric sequence 
a,,a,r°,a,r’,.:. form another geometric sequence. 
4 

a, & 9 9 
Find three, consecutive numbers in G.P whose sum is 26 and their product is 216. 
If the sum of the four consecutive terms of a G.P is 80 and A.M of the second 


and the fourth of them is 30. Find the terms. 


1 1 


If —,— and —are in G.P. show that the common ratio is + | 
a b Cc Cc 


If the numbers 1,4 and 3 are subtracted from three consecutive terms of an 
A.P., the resulting numbers are in G.P. Find the numbers if their sum is 21. 
Ifthree consecutive numbers in A.P. are increased by 1,4,15 respectively, the 


resulting numbers are in G.P. Find the original numbers if their sum is 6. 


Geometric Mean 


A number G is ° said to be a geometric mean (G.M.) between two numbers a 


and b if a, G, b are in G.P. Therefore 
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6.8.1 n Geometric Means Between two givennumbers == 
The n numbers G,,G,,G;,....,G,, are called n geometric means between a and 


b if a,G,,G,,G,,-....G,,b are in G.P. 


(n+2)-l 


Thus we have, b= ar where r is the common ratio, 


l 
or ar” =b 


L/n+l 





Example 1: Find the geometric mean between 4 and 16. 
Solution: Here a = 4, b = 16, therefore 


|  G=tJab =+V4x16 more Sar 
+ =+/64 =+8 3 sores 


Thus the geometric mean may be +8 or -8. Inserting each. of two. ea 
between 4 and 16, we have two geometric sequences 4816 and 4, =Se 16. In the 16: 2 firs t 





case r = 2 and in the second case r=-2. Ae ; 
) i ib. Sera 


' 
a 


ae ee 


a 
SSS 
= : —————— 

- : -= - _ 





. . * 
ae eo ee 


—~ 


————Ee 


= 
ee ep 


aga fe Ts* 7 
= ee en ee ee 
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Example 2: Insert three G.Ms. between 2 and = 
Solution: Let G,,G,,G, be three G.Ms between 2 and ~ . Therefore 2, G,,G,,G; 5 


are in G.P. Here a, =2, a, =—andn =5 


Using a, =a,r"' we have, 
5-l . 4 : 
a; =ar 1€., a,=ayr (i) 


Now substituting the values of a, and a, in (1) we have 
l 4 ry Il <s 
—=2r or rf =— il 


Taking square root of (11), we get, 


r> =+— 


So, we have, eel or Bo kle hy 
2 2 


1 eal iy (yar 
When r =——, then G, = 2——=/2,G, =2| — | =1,G, =2] — | =— 
V2 ; 2 | | V2 


3 I | tN. 2g , 
Wh meen Ge ee |= —/21,G,=2— AA a 
- = — an Peta ee el at en ee ‘Fr ro; Sn et we ™, He deal ee es os ANP ee ay 
Ae alah a Fre te 1 
‘ : = iT: 7 ot eS: et re he = ; ae _ r a's, 





Example 3: If a,b,c and dare in G.P. show that a+b,b+c, c+d areinGP. 


a9 or (a+b) (c+d)=(b+c)’ 
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Solution: Since a,b,c are in G.P therefore, 


ac = b? ert tG)h 
Also b,c,d are in G.P., so we have 
bd=c* | (ii) . 
Multiplying both sides of (ii) b b, we get 

b*d =bc* = acd =be’ 7G: ac—p-) 

=—>dd =bc (ili) 

Now ad+bc=bc+bec [:7ad)—'pel! 
1e., adt+bc=2bec : (iv) 


Adding (i), (ii), and (iv), we have 
ac+bd+ad+bc=b* +c? +2be 
or (atb)c+(a+b)d =(b+c)? 





= OF Ot OO 


a i a ra gd 


a oor a? Ree 


i] 
So en ee - 
q i oi % de a el at pe pay . 7 ee = 2g 

ha ‘Se ee “ Ts p= 

ech, Mee * he 
im an “tr als 
7 Le -~< = = 

eae 7 - 
as oe fafa in"s TL i, 4 

- a5 i ee 

; Je Oe er ee .aoee Se i vara = = = 





1. Find G.M. between 


i) —2 and 8 il) —2i and 8i 
2. Insert two G.Ms. between 

i) l and 8 li) 2 and 16 
3. Insert three G.Ms. between 

i) l and 16 il) 2 and 32 
4, Insert four real geometric means between 3 and 96. 
2: If both x and y are positive distinct real numbers, show that the seomenCe: 
) mean between x any y is less than their arithmetic mean. 

a” +b" 


6. For what value.of 7,: is the positive geoniettic: rnean petaieen a and b2 


n—! 
7. The A.M. of two Serie Eee numbers exceeds their (positive) G.M. by 2 
ers. 
8. Sey Si. beticean ee ae 5 and their (positive) G.M. is 4. Find the 
numbers. | - mets | 
6.9 Sum of n terms of a Geometric Series 
For any sequence {a,}, we have | 
5S, =4,+a,+a,+....+4,; 
-Tf the sequence {a, }is a geometric EghGns then | A Te 
S,=@, tartar? +...tar™ | (i) 
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Multiplying both sides of (1) by 1—r, we get 

(l-r)S, =(1—-r){a, +a,r+ar? +....4a,r""} 
=(l—r){a,(lt+r+r°+....+r"")} 
=a,{(l-r)ltrtr? +....+r°7} 
=a{(ltr+rt...tr")-(rtr? +...tr")} 


=a,(l-r") 


62 § A) (r#1) 
—r 
For convenience we use: 
S. mig sre) if |r|<l 
l—r | 
ree ED 8 lied [51 
r—l : 


Example 1: Find the sum of n terms of the geometric series if a, = 35) . 


Solution: We can write <a ast 


£) 
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ee gelmaac 
5 }\ 3 PS 5 
Example 2: The growth of a certain plant is 5% of its height monthly. When will the 


plant be of 4.41 cm if its initial height is 4 cm? 
Solution: Let the initial height be 7 cm. Then at the end of one month, the eas will 


be ofhiiepht deel aoe lode ee | 
100 20 20 
PAL Gal Se 
The potent the plant at the end of second month = —/+—-[x—_ 
20- 20 100 


" ©» *» Sed) @af. oan ee 


las 1+— 21) |] 
20 20 | 20 


So, the ne a of height at the end of successive month is: 


=| = ra ea hee 
= \ 20 | 


DT) iy aon | ol 
Here Gs (a) «(2 7 (59 l (. a, “hr= | 
) | 21 Pk 
Thus ‘a1-(35) x4 (-.; initial height = 4 cm) 
rat ere 
or (21) aS ao oe | which gives n=2 
(20, 4 400 (20 


6.10 The Infinite Geometric Series 
Consider the series 
a tartar’ +...tar +:., 


Mee) (r #1) 
l—-r 


But we do not know how to add infinitely many terms of the series, _ 
If S, —-a limit as n — cothen the series is said to be convergent. 
If S, increases indefinitely as n becomes very large then we say that 


then Ss, — a, of ar+ tar = 


_S: does not exist and the series is said to be divergent: 


-* 
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Case I: If |r|<1, 
then r” can be made as small as we like by taking n sufficiently large, that is, 
r°—-0 as noo 


Obviously S, > = when n — © 
mat f 


In other words we can say that the series converges to the sum a that is, 
Case II: If a4. 15 
then "does not tend to be zero whenn — 
| 1.€., S, does not tend to be a limit and the series does not converge in this 
case so the series is divergent. 
For example, if we take a, =1, r =2,. 
then the series, will be 
1+2+4+8+... 
Sand'we have S,—1.S, =3,9, —7,9, =15.....,5, = 2" —1, i.e., S,,5,,535++.-1Sn 
is a sequence of ever increasing numbers. 
In other word we can say that S_ increases indefinitely as n — oo. Thus the 
series does not converge. | 
Case III: If 7+=1, then the series becomes 
a, +a,+a,+4, +... 
and S$, =na,.In this case S, does not tend to a limit when n — oo and 
the series does not converge. 
CaseIV: If r= -1, then the series becomes 
@,—a, +a,-a,+4, —a, +... 


14 P 
a Lt  S. =a, if nis positive odd integer: 


rr e- "se =—w2 "> 


_~S, =0if nis positive eveninteger... 
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Thus _ 5S, does not tend to bea definite number when n — °°, In such a case we 


say that the series is oscillatory. 
Example 3: Find the sum of the infinite G.P. 2, APE Ibe 


Solution: Here a, = 2 


oa Gi NZ and 
a, 2 J/2 | 
2 ] 
——— “"—<] 
an ( a3) 
V2 


2/2 PAD OPIS tat Ck 9.1) 
Se 5 Se AOD 
¥2-1 (V2-1)(V2+1) 2-17 i 


Example 4: Convert the recurring decimal 2.23 into an equivalent common fraction 


(vulgur fraction). 
Solution: 2.23 = 2.232323 ... 
= 2+{.23+.0023 + .000023+...} 











23 0023 = 1 
=2+ yo SE 
pide 23 #100 
100 
ayn 100x.23 = 7423 
~ 99 99 
- 198+23 221 
99 99 


Example 5: The sum of an infinite geometric series is half the sum of the squares of 
its terms. If the sum of its first two terms is = find the series. 


Solution: Let the series be 


a,t+a,r+a,r’ +... AU ont ik 
Then the series whose terms are the squares of the terms of the above series is 
Qa +ayr? tart ... | = RG 


Let S, and S, be the sum of the series (i) and (ii) respectively: Then 
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Case I: If | r| a4 be 
then r”can be made as small as we like by taking n sufficiently large, that is, 
r"° 30 as n-o 


Obviously S, > = when n> 





it 
; | a, 
In other words we can say that the series converges to the sum that is, 
=H g 





-— 


Caselli: If |r|>1l, _ 
then 7" does not tend to be zero whenn — 00 
- 1.€., S, does not tend to be a limit and the series does not converge in this 
ease so the series is divergent. 
For example, if we take a, =1, r =2,,. 


then the series, will be 
14+2+4+8+... 


| ETSI) By SILOS SN S97 hy co I a7 4S US OC aN 
is a sequence of ever increasing numbers. 
In other word we can say that S_ increases indefinitely as n — ~. Thus the 
series does not converge. | 
Case III: If 7=1, then the series becomes 
a, +a,+a,+4, +... 
and S, =na,. In this case S, does not tend to a limit when n — and 


: the series does not converge. 
Case IV: If ,r=-1, then the series becomes 
We a, —(-l)’ a; if 


ad, 5,595 


1¢., °° S =a, if nis positive odd integer. 


S, =Oif nis positive even integer. 





-<— = 
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Thus S, does not tend to bea definite number when n — oe. In such a case we : 
say that the series is oscillatory. 
Example 3: Find the sum of the infinite G.P. 2, ADs oe 


Solution: Here a, = 2 | | 





1 a,§ N22 lee 
ae J/2 
, 2 1 | 
S= “-—— <1 
Tele | V2 
J2 


| 
2/2 2V2(V24+1) 4422 
ea 
V2-1 (V2-1)(V2+1) 2-1° : 
| 
| 


Example 4: Convert the recurring decimal 2.23 into an equivalent common fraction 
(vulgur fraction). 
Solution: 2.23 = 2.232323). 

= 2+ {.23+.0023 + .000023 +...} 











| 23 00231 | 
=2+ . — | 
pel 23 ~+-100 : 
100 
_, 100x.23 _, , 23 
99 99 
_ 198+23_ 221 
99 99 


Example 5: The sum of an infinite geometric series is half the sum of the squares of 


oe ante eer eee wet. = s+ moe west 


its terms. If the sum of its first two terms is = find the series. 


Solution: Let the series be 


a,t+artayr’ +.. “@ 
Then the series bos pete are the squares of ue terms of the above series is 
a +a7r?+a/r*+ . | » Gi) 


Let S, and S, be the sum of the series (i) and (ii) Ris ee 





~ Solution: a= 
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§=— (iii) 
l-r 
a2 
and S31 =a (iv) 
By the first given condition, we have. 
Ste ase ee eats 
2 l—-r 2|1-r° 
=a, =2(1+r) (v) 
From the other given condition, we get 
9 | 9 : 
LO SOD US 2 (vi) 
Substituting a, = 2(1+7) in (vi), gives 
2(1+7) (ne (l+r)? sees 
2 4 
=1+r= Re 
2 
IU ee: 
=>r=—,— 
Ph ps 
For r=——.,|r|=—=>1, so we cannot take ls Ula 
2 2 2 
: 1 1 | 
BRS oie By AG [. a, =2(1+7)] 
Hence the series is yee ea 
2 A 8 
Example 6: If q=1—x+x°—x' +... Ix| < | 
b=14xt+x7 4X4... x] <1 
show that 2ab=a+b | . 
(2. r=-2x) 





1—(—x) 


a ae (i) 
. 1+x fy SO 
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and b= zn (. r=x) 
1-x 
a l-x ~ (ii) 
Siete tet ii 
b 
Adding (i) and (ii), we obtain 
L= ue + cen , which implies that 
a 
2ab = a+b | | | 
by ih re Sista BST toate bo Stats ux =p eet 
Le Find the sum of first [5 terms of the geometric sequence Lay | 
2. Sum to 7 terms, the series 
i) 2+.22+.222+... i) 3+33+333+... | 
3. Sum to m terms the series - i | 
i) 1+(a+b)+(a’? +ab+b*)+(a’? +a*b+ab? +b*) +... : 
ii) r+(l+k)r?>+U+k+k?)r? +... 
4. Sum the series 2+(1—i)+ Gi ....to 8 terms. 
i 
a Find the sums of the following infinite geometric series: | 
[ 
lel it st lull OS Oi BH. 72 
1) —+—+—+...0) —+—+—+... —+—+1+—+ 
5 25 W 1aS anon catege SY allot a ad 
iv) 2+1+0.5+... v) 4+2V24+24+ 241+... vi) 0.1+0.05+0.025+... 
6. Find vulgar fractions etuyglent to the following recurring decimals. ~ 
i)) 134 Va tei copied iii) 0.259 
iv) 1.53 v) 0.159 — vi) 1.147 Rae es 
1p Find the sum to infinity of the series; pera +(1+k Hee +. | 
rand k being proper fractions. — : 
8. If ee hee ranse +... and if 0<.x<2, then prove that ee ay ut | 
2 4 8 l+y t 
Res ao ae : 
9, If ye +—x? so. - and if0<r<> then show. thes ee iF 
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10. _—A ball is dropped from a height of 27 meters and it rebounds two-third of the 
distance it falls. If it continues to fall in the same way what distance will It 
travel before coming to rest? 

11. What distance will a ball travel before coming to rest if it is dropped from a 





height of 75 meters and after each fall it rebounds = of the distance it fell? 
12, If y=1.42x+4x74+8x' +... 


i EShownthate = 
2y 


il) Find the interval in which the series is convergent. 
13. If y a 
74 
1) Show that x= ie 
il) Find the interval in which the series is convergent. 


14. The sum of an infinite geometric series is 9 and the sum of the squares of its 


terms is = Find the series. 


6.11 Word Problems on G.P. 
Example 1: A man deposits in a bank Rs. 20 in the first year; Rs. 40 in the second 
year; Rs. 80 in the third year and so on. Find the amount he will have deposited in the 
bank by the seventh year. | 
Solution: The deposits in the successive years are 
20,40,80,... which is a geometric sequence with 
= 20 and r=2 
| The sum of the seven terms of the above sequence is the total amount 
zi deposited in the bank upto the seventh year, so we have to find S,, that is, 


= : th ix pes Wie 
: = the required deposit in Rs.= ed = ~~ 
4 | |, = 2028-1) =20x127 
| PE Aes = 2540 


thus feamount deposited i in the bank upto the seventh year is Rs. 2540. 
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Example 2: A person invests Rs. 2000/- at 4% interest compounded annually. What 
total amount will he get after 5 years? | 
Solution: Let the principal amount.be P:Then - 


the interest for the first year = Px = Px(.04) 


The total amount at the end of the first year = P + PX(.04) = P(.+.04) 
The interest for the second year =[P(1 + 0.4) x (.04)] and 
the total amount at the end of second year =[P(1+.04)]+[PU+ 0.4)] x (.04) 
= P(1+.04)(1+.04) = P(1+.04)? 
Similarly the total amount at the end of third year = P(i+.04)°. | 
Thus the sequence for total amounts at the end of successive years is 
P(1+.04), P(1+.04)?, P(1+.04)’,... 


The amount at the end of the fifth year is the fifth term of the above geometric 
sequence, that is 


; =[P(1+.04)].d+ oa)" = (ca; =a,r° and a, = P(1+.04)) 
= P(1+.04)° 
As P=2000, so the required total amount in Rs. = 2000 (1 +.04)° 


= 2000 x (1.216653)=2433.31 


Example 3: The population of a big town is 972405 at present and four years ago 
it was 800,000. Find its rate of increase if it increased geometrically. 


Solution: Let the rate of increase be r% annually -Then’ the Sequence : of populations is 


2 
800,000, 800, l Ati) 800,000 x| 1+ —— | ,.... 
oon 1+ | a 


and its fifth term = 972405 
In this case we have, 


n-l ; 
r ae ean 
o a * ratio is| 1+ — | 
a, =a(1+555 ( Ta ois( a : 
: -l 
Thus 972405 = £09901 + aay (a, = 972405 and a, = 800,000) 


ee (i+) =e 
\ 100 800,000 








ii EE, Ea 


— = a ee ee 
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r \_ 194481 PANiu(21y ri 
1.€. 1+—— | = =>]1+—} =| — a 
( = 160000 ( on 5) > 100 20 

te ZA l 


100 20 20 
=>) 
Hence the rate of increase is 5%. 





A man Genoa in a bank Rs. 8 in athe ae year, Rs. 24 in the second year 
Rs.72 in the third year and so on. Find the amount he will have deposited in 
the bank by the fifth year. 

A man borrows Rs. 32760 without interest and agrees to repay the loan in 
installments, each installment being twice the preceding one. Find the amount 
of the last installment, if the amount of the first installment is Rs.8. 

The population of a certain-village is 62500. What will be its population after 
3 years if it increases geometrically at the rate of 4% annually? 


‘The enrollment of a famous school doubled after every eight years from 1970 


to 1994. If the enrollment was 6000 in 1994, what was its enrollment in 1970? 
A singular cholera bacteria produces two complete bacteria in = hours. If we 


start with a colony of A bacteria, how many bacteria will we have in n hours? 

Joining the mid points of the sides of an equilateral triangle, an equilateral 
triangle having half the perimeter of the original triangle is obtained. We form 
a sequence of nested equilateral triangles in the manner described above with 


. the original triangle having perimeter =. What will be the total perimeter of 


all the triangles formed in this way? 


6.12 Harmonic Progression (H.P) 


A sequence of numbers is called a Harmonic Sequence or Harmonic 


Progression if the reciprocals of its terms are in arithmetic progression. The sequence 


UM its 
are 





ao is a harmonic sequence since their reciprocals 1,3,5,7 are in AP. 
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Remember that the reciprocal of zero is not defined, so zero can not be the 
term of a harmonic sequence. 


The general form of a harmonic sequence is taken as: 
| ] es I 


=. - fe} whose nth term is ———————— 
a, a,t+d a; +2dre- a, +(n—ld 








Example 1: Find the nth and 8th terms of H.P ; eee 
Solution: The reciprocals of the terms of the sequence, 
aoe are 2,5,8,... 
2 D8 


The numbers 2.5.8... are A.P.. so 
a, = 2andd =5-2=3 


Putting these values in a, =a, +(n—1)d, we have 


. 
SS hana ae 





a, =2+(n-1).3 
=3n-1 
; I 1. 
Thus the nth term of the given sequence = — = 
a, 3n-—1 





And substituting n = 8in 7? we get the 8th term of the given H.P. which 


l l 
is = — 
3xo—1 23 
Alternatively, a, of the A.P.=a, +(8—-—ld 
=2+7.3=23 





Thus the 8th term of the given H.P. = 33 


Example 2: If the 4th term and 7th term of an H.P. are a and 2 ee: find 


13 25 
the sequence. 


Solution: Since the 4th term of the H.P. == and its 7th term= = , therefore the 4th 


and 7th terms of the corresponding A.P. are = and 7 respectively. 


% 
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Now taking a,, the first term and d, the common difference of the 
corresponding A.P, we have, 


13 
a, +3d =— 
5 (i) 
and a, +6d == (ii) 
Subtracting (1) from (ii), gives 
3d = = 69d =2 
From (i), we get 
ag a8 
2 2 2 
J 5 
Thus a, of the AP. eis at +2=— 
And a, of the AP. =a, +2d =—+ +:2(2) 
wl 4 as 
2 2 
Hentethe required iP.is 2 2 Sage 
(55 918 


6.12.1 Harmonic Mean: A number H is said to be the harmonic mean (H.M) 
between two numbers a and b if a, H, b are in H.P. 


Let a, y be the two numbers and H be their H.M. Then are in A.P. 
a 


, 


| 


ule 
"H 


therefore, 





For example, H.M. between 3 and 7 is 
2x3x7 _ 2x21 21 
3+7 10 a5 
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6.12.2 n Harmonic Means between two numbers 
H,,H,,Hs3,....,H,, are called n harmonic means (H.Ms) between a and b if 
a,H,,H,,H;,.....H,,bare in H.P. If we want to insert n H.Ms. between a and b, we | 


first find n A.Ms. A,, A),...., A, between zs and -, then take their reciprocals to get n 
a 


H.Ms. between a and JB, that is, Sys wil be the required n H.Ms. between 


l 2 n 
a and b. 


Example 3: Find three harmonic means between —and = 


Solution: Let A,,A,,A, be Wiss A.Ms. between 5 and 17,that is, 
5, A,,A,,A;,17 are in A.P. 


Using a, =a) + (n—1)d, we get, 


ee 


4d =12 
— d=3 
Thus A, =5+3=8,A, =5420) £11 and 4s=5+30)= 18 i : 


Hence Lait are the required harmonic means. 
8 11 14 


Example 4: Find n H.Ms between a and b 
Solution: Let A,, A,,A;,----,A, be n A.Ms between - and ~. 
a 


Then = Aya Ags as are in A.P. 
a 


Using a, =a); + (n— 1) d, we get, 


Be DSI 
b a . 


Foal a-—b 
jimmie ye tees 
same Muss Srp = iia ) 
1 ] a-—b b(n+l)+(a-—b) nb+a | . : 
Thus. A(etdie She = 
MBG. | aan abn) i eab nay adkn " 
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/ ial ela | a~b Jp Baepete cd) nope 
a 





a ab(n + 1) ab(n +1) ab(n +1) 
Ree een | TG 8)  (n2)b eS 
a a ab(n +1) 


ab(n +1) ab(n +1) 


urchin ailed 9 a—b _ d(n+))+n(a—-b) _ b+na 
a a ab(n + 1) ab(n +1) ab(n + 1) 
Hence n H.Ms between a and b are: 


ab(n+1) ab(n+1) ab(n +1) ab(n +1) 
nb+a (n—1)b+2a’(n—2)b+3a’” ~b+na 


6.13 Relations between Arithmetic, Geometric and 
Harmonic Means ~~ 


We know that for any two numbers a and b 


ene ah rand <<a ee 
2 a+b 








We first find Ax H__ that is, 
a+b_ 2ab 
x 
2 atb 

=G’ | 
Thus A,G,H arein GP. roPeximplé if 
a=-—landb=5S, then 


a? -2, G =+V-1x5 =+V5i .. 
B2C)5 9-10 -5 


AXH = 








=ab 


A 





AXH = 2x =—5 and G” =(+4,/5i)? =5i? ==5 


It follows that AxH=G? and A,G, H are in G.P. 
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| 

Now we show that A > H for any two distinct positive real numbers. | 
at Ore 2ab 
ae +b 


A>H if 








_ or (a+b)? >4ab 
or (a+b)? —4ab >0= (a—b)? >0 


which is true because a —bis a real number and the square of a real number is 
always positive. | 


Also A> Gif a,bare any two distinct positive real numbers. 


Os lar 


A>Gif 2 





or a) 
=>  (VJa+Vb)? >0. 


which is true because Va + Jb are non zero real numbers and the squares of 
real numbers are always positive. 


i) A>G>H if a, b are any two distinct positive real numbers and 
G = Jab. 
li) A<G<H ifa, b are any two distinct negative real numbers and 
G=- , 


) 
| 
| 
Now we prove that . 
| 
: 


' To prove (i), we first show that A > G, i.e., 


A> Git > AE 
=>  (Ja—b)? >0 


which is true (write the missing steps as given above) 
“Thus .A>G: (1) 
Again G> H - 
if Jobs —@ . 
a+b . 

or at+b>2Vab | Fee's: 
=> * a+b-2VaVvb>0 , 
=> (Va-vVb)?>0 ; 

whjch is true since Va — Vb is a real number. 














Hence A<G<FA- 


‘aoa 
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Thus G>H (2) 
From (1) and (2), we have 

A>G>H 
To prove (ii), we show that 

A<Gif 


a+b 
<—Jab 
2 
Let a=—mandb=-—nwhere m and 7 are positive real numbers. Then 


<a nam [(—m)(-n) 











or ">vmn 
=> (Jim —Vny? >0 (See part (i)) 
which is true, that is. 
A<G 
Similarly,we can prove that 
G<H 


—| --] 


4 1 1 1 : 
1) SUE cna ll) Foy l,... 
Find the 12th terms of the following harmonic sequences 

Aeietlw sy LE 

sy IB 3°9°6 
Insert five harmonic means between the following given numbers, 
; =2 2 ¥, l 1 
i) — and — ii) — and — 

5 13 4 24 2 

Insert Sea at means between the following given numbers. 
53 7 q ae 
i) - aril 53 il) ; and ii | iii) 4 and 20 


If the 7th and 10th terms of an H.P. are = and = respectively, find its 14th terza. 





10. 


11. 


12. 
13. 


14, 


15. 


16. 


17. 


18. 
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The first term of an H.P. is ~~ and the fifth term is =. Find its 9th term 
If 5 is the harmonic mean between 2 and J, find Bb. 


If the numbers x and 
kK 2k+1 ~~ 4k-1 








are in harmonic sequence, find k. 


n+] n+l 


Find n so that Se may be H.M. between a and b. 
a" +p" 
If a°,b* andc*are in A.P. show that a+b,c+a and b+care in HP. 


The sum of the first and fifth terms of the harmonic sequence Is - , if the first 


mel 
term IS aS find the sequence. 


If A,G and H are the arithmetic, geometric and harmonic means between a 
and b respectively, show that G* = AH . 

Find A,G,H and show that G’ = AH. if 

i) a=-2,b=-6 ii) a=2i,b=4i ili) a=9,b=4 
Find A,G,H and verify that A>G>H (G>0O),if 


! gsgeh =k il) gates 
eS) 5 
Find A,G,H and verify that A<G<H (G<0O),if 
i) a ==2,b=-8 ‘add Warne 
| | 5 5 


If the H.M and A.M. between two numbers are 4 and = respectively, find 
the numbers. 
If the (positive) G.M. and H.M. between two numbers are 4 and =, find the 


numbers. 


| ee 
If the numbers >? 21 and = are subtracted from the three consecutive terms of a 


_ GP, the resulting numbers are in H.P. Find the numbers if their product is = ; 


~ * 
a 


= 
TE 
—— ee ee eS 
el =< 


= 
ee 


oa 


r 
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6.14 Sigma Notation (or Summation Notation) 
The Greek letter > (sigma) is used to denote sums of different types . For 





n 
example the notation > a; is used to express the sum 
i=m 
Am + Aims) +Ama2 +--+, and the sum expression 
1+3+5+ ....to n terms. 


is written as >> (2k —1), 
k=] 
where 2k —1 is the kth term of the sum and k is called the index of summation. ‘1’ 
and n are called the lower limit and the upper limit of summation respectively. The 
sum of the first n natural numbers, the sum of squares of the first n natural numbers 
| and the sum of the cubes of the first n natural numbers are expressed in sigma 
y notation as: 


1+24+3+...4n= Dk 


k=l 


172° +374... +77 =k 
k=] 
n 


+2243? +...40? =k? 
k=l 


We evaluate > [k” —(k—1)”] for any positive integer m and shall use this 


result to find out fortis for three expressions stated above. 
y ((k™ ~(k =F} = (" =) (2" x Eye (3" 9" Nee re 
k=l 


+[(n—1)" —(n—2)"]+[n" —(v—-)™J =n" 


ie, > (e"-(k-D"]=n" 
k=l 


If  m=1, 
then} [(k!-(k-1)']=n! 


k=] 


pale: 3 l=n 


feet 
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6.15 To Find the Formulae for the Sums 
i) Yk ail) YK iii) ve 


k=] 
i) We know that k? —(k—1)* =2k-1 (A) 
Taking summation on both sides of (A) from k =1 to n, we have 
Y (hk? -(&-)7]= > (2k-1 
k=] k=l 
ie, m’=2) k—n | ¢: > l=n) 


~ 
> 
Ls 


or 2) k=n’ +n 


k=l 


Thus y a n(n +1) 





k= 2 
il) Consider the identity 
k* —(k-1)* =3k° —3k +1 (B) 


Taking summation of (B) on both sides from k =1 ton, we get 


a 


as -(k-)]=¥, (3k* —3k +1) 
k=] 


k=l 
ie, nm =3) k°-3> k+n 
k=l k=l 
or 3 =n —n+3>k 
k=l k=l 
=n(n+ In =1) 43x 


= nnn] n+ 3 |= Meters 


Thus y pat n(n+1)(2n +1) 


k=l 6 
| iii) We know that (k— 1)* =k* —4k* + 6k? —4k +1and this identity can be 
written as: (C) 


k* —(k-1)* =4k* —6k? +4k-1 
Taking summation on both sides of (C), from k =1 ton, we get, 
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| 

»» [k*-(k-*1= 3 (4k? — 6k? 44k -1) 
‘ k=l 
ie, on =4¥k? 6) k +4) k=n 

k=] k=] k=] 

or ay ke =n* +nt+6> 2-4 k | 
k=l k=l k= 
=n(n+1)(n* +1) + 6x RAAT 4 MD 
=n(n+1)[n* —n+1+2n+1-2] 

} =n(n+1)(n* +n) = n(n+1).n(n+1) 
| Thos Sk! = [n(n +1)]? [aed 
i k=l 4 2 
| Example 1: Find the sum of the series 13 +33 +53 +...to n terms’ 
i Solution: 7, = (2k —1)° (.- 14+(k-1)2=2k-1) 
\f = 8k* -12k? +6k-1 
iP _ Let S, denote the sum of n terms of the given series, then 
S,=), T, 
if “Ss 
i} or = S, = > (8k? -12k? + 6k-1) 

k=l . 

=3 ke? 12h? +6) 4- - yl" : 

J k=l k=l ' 


| | 5 i ata 2) = n(n+ Nan + y 7 f nin 2 e 


i) = 2n*(n+1)* —2n(n+1)(2n+1)+3n(n+1)—n 
i = 2n? (n? +2n+1)—2n(2n? +3n+1)+n(3n+3)—n 
= 2n[(n* + 2n? +n) —(2n? +3n+1)]+n(n+3—-) 
_ = 2n[n* —2n-1]+nGn+2) 
=n[2n* —4n—2+3n+2] 
= n[2n* —n] =n.[n(2n? -1)] 
=n*[2n? —1] 


: Nite Sites al 
Example 2: Find the sum of n terms of series whose nth terms is n hast tan ntl 








Solution: Given that 


15. 


16. 


T= ieee el 
2 2 


Thus 7, =k? +k +k 


and S,=) Ce 


k=l 


OPE 


J 
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—k+]1 
5 ) 


=Sk Br +> + Dm 
k=l 


ye fun +1)(2n+ Dy ly n(n +1) i 


_n *(n+1)? 


6 "9 2 


=F In(n’ +2n+1)+(2n? +3n+1)+(n+1)+4] 


ee 3 2 2 
3 =] (n + 2n +nt+2n°+3n+1+n+1 +4) 


= *~(n3 +4n- +5n+6) 








Exercise 6.1L. = 


——— —_—-——aes Ses ES ee ae 


Sum the following series upto n terms. 


1x1+2x4+3x7+... 2: 1x3+3x6+5x9+... 
1x4+2x7+3xl10+... 4, 3X5+5X9+7xX13+... 

17-34 Set 6. Dore Saye oh Fale © 

2x17 +4x27 +6x37 +... 8. 3x27 +5x37+7x47 4+ 
2X4x7+3x6x104+4x8xXx13+... 

1x4x6+4x7x10+7x10x14+... 
1+(1+2)+(1+2+3)+... 12, = 17 +:(17 +27) +(1?7 +2? +37)+... 
2+(2+5)+(2+5+8) +... 14. Sum the series. 

i) 1? —27 +3? —47 +..:4+(2n—1)? —(2n)? 

ii) 1? -3°+5?-77 +...4(4n—3)? -(4n-1)’ 

uf [enlace toe lactose o- 

ill) 7 vy) ab Seana yinm tet. ES 


Find the sum to 7 terms of the series mbes nth terms are given. 


i) 


3n* +n+1 


li) 


n*+4n+1 


Given nth terms of the series, find the sum to 2m terms. 


i) 


3n* +2n+1 


ii) 


-n?+2nt+3 


‘ 
: 
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and Probability 





7.1 Introduction 


The factorial notation was introduced by Christian Kramp (1760 — 1826) in 
1808.This notation will be frequently used in this chapter as well as in finding the 
Binomial Coefficients in later chapter. Let us have an introduction of factoria! 
notation. 


Let n be a positive integer. Then the product n(m — 1)(n — 2) ... 3. 2. 1 
is denoted by n! or |n_and read as n factorial. 


That is, ni = n(n—-A)(n - 2). 2.1 


For example, 
[tall 
IESE sud, => 2'=2.1! 
3! = 3.2.1 = 0 LES 
446= 432.1 = 34 => 4l'= 4-3! 
Sos :4.3.21, = 120° =>5!=5.4! 


and fo = 6.5.4.3.2.1 = 720 =\0l= 6.5! 


ea Eee ee eens we define factorial as: SRR TE A ne Sn, 
: Be a "; = te A We eit ee ee ae ab, Ae 7 ros ai 2 i “3 “i : ae 
? sae ee cop he m=n(r-l)! "where Ole Langnd Pier crag oy 

$s Ee ek es ha aes RPDS SLOSS 4 


Example 1: Evaluate ‘3 


. 8! 8.7.6.5.4.3.2.1 _ 

SOHO Gi SMe Sata han -° 
Example 2: Write 8.7.6.5 in the factorial form 
2 $:7:6:9:4.5.2.1 978! 

Solution: 87.6.5 = ~—435, = 4! 


! 
Example 3: Evaluate = 





Solution: gap= CDE _ g4 pnt ,adinne 21h Yo an 


6! 3! — , 13.2.1), 
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9! 9.8.7.6.5.4.3.2.1 


Suppose we like to find the number of different ways 


OF “6131 — 6514. S123ON mec 
. Exercise 7.1 25 ec 
1, Evaluate each of the following: 
i) 4! ii) 6! iii) = iv) * 
v) BT Vi) nT Vii) eT Vili) are 
ix) es x) TR CENEN x1) xii) 4!.0!.1! 
2. Write each of the following in the factorial form: 
i) 6.5.4. ii) 12.11.10 iii) 20.19.18.17 
: 10.9 8.7.6 ~ 92.51.50.49 
MRE V3 WE 4300 
vil) n(n-—1)(n-—2) viii) (n+2)(n+1)(n) ix) oe Geen) | 
| 
x) n(n—1)(n—-2)....(n—r+1) | 
7.2 Permutation 
A 


to name the triangle with vertices A, B and C, 


The various possible ways 
constructing a tree diagram as follows: 


are obtained by 
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Bie 
A <j 
Cs 
CA 
Start B <i 
A—— C 


A= 
Cae 
a 


To determine the possible ways, we count the paths of the tree, beginning | 

from the start to the end of each branch. So, we get 6 different names of triangle. 
ABC, ACB, BCA, BAC, CAB, CBA. 

Thus there are six possible ways-to write the name of the triangle with vertices 
A, Band C. , 
Explanation: In the figure, we can write any one of the three vertices A, B, C at first 
place. After writing at first place any one of the three vertices, two vertices are left. 
So, there are two choices to write at second place. After writing the vertices at two 
places, there is just one vertex left. So, we can write only one vertex at third place. 


Another Way of Explanation: Think of the three places as shown HIS 
Since we can write any one of the three vertices at first place, so it is written 
in 3 different ways as shown. [3]L JL] 
Now two vertices are left. So, corresponding to each way of writing at first 
place, there are two ways of writing at second place as shown. [3]f2]L | 
Now just one vertex is left. So, we can write at third place only one vertex in 
' one way as shown. 3 
‘The total number of possible ways (arrangements) is the product 3.2.1 = 6. 
This example illustrates the fundamental principle of counting. 
Fundamental Principle of Counting: 





| Suppose A and B are two events. The first event A can occur in p different 
‘ways. After A has occurred, B can occur in q different ways. The number of | 
ways that the two events can occur is the product p.q. 


Be 
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This principle can be extended to three or more events. For instance, the 
number of ways that three events A, B and C can occur is the product p.q.r. 

One important application of the Fundamental Principle of Counting is to 
determine the number of ways that n objects can be arranged in order. An ordering 
(arrangement) of n objects is called a permutation of the objects. 

A permutation of n different objects is an ordering (arrangement) of the 
objects such that one object is first, one is second, one is third and so on. 

According to Fundamental Principle of Counting: 

i) | Three books can be arranged in a row taken 

all ata time = 3.2.1 =3! ways 
ii) Number of ways of writing the letters of the WORD taken 
all ata time = 4.3.2.1 = 4! 


Each arrangement is called a permutation. Now we have the following 
definition. 
A permutation of n different objects taken r (< n) at a time is an 


arrangement of the r objects. Generally it is denoted by “P, or P(n, r). 
! 


Prove that: "P,=n(n—1)(n—2)....(0-r+1) = Gop 
Proof: As there are n different objects to fill up r places. So, the first place can be 
filled in n ways. Since repetitions are not allowed, the second place can be filled in 
(n—1) ways, the third place is filled in (n—2) ways and so on. The rth place has n — (7 — 1) 
= n — r+ 1 choices to be filled in. Therefore, by the fundamental principle of 


counting, r places can be filled by n different objects in n(n — 1)(n — 2) .... (n—7r+ 1) 





ways 
"P. = n(n—1)(n—-2)....(n—r+1) 
2 n(n—1)(n—2)....(n—r+l)(n-—n(n—r-—1).... 3.2.1 
iG (n—r)(n-r- 1) .... 3.2.1 
€ n! 
“td sagen) 


which completes the proof. gor 


i ae ee 
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orollary: If r=n, then 
Se es ee algal 

: = —=-—- =! 
(n—n)! Meet 








oe =, . 
Li - = e 
aw ae a oe, re fi 
Se : , ES rp te 4 , 
a. rit t 


3 jay oS ; 
=> n different objects can be arranged taken all at a time in n! ways. 
Example 1 How many different 4-digit numbers can be formed out of the 

digits 1, 2, 3, 4, 5, 6, when no digit is repeated? 
Solution: The total number of digits = 6 
The digits forming each number = 4. 
So, the required number of 4-digit numbers is given by: 


Gimeno 6151413. 





°P, 


Example 2: How many signals can be made with 4-different flags when any number 
of them are to be used at a time? 
Solution: The number of flags = 4 

Number of signals using 1 flag = “P; = 4 | 

Number of signals using 2 flags= “P2 = 4.3 12 

Number of signals using 3 flags= *P3; = 4.3.2 24 

Number of signals using 4 flags= “P, = 4.3.2.1 = 24 

~ Total Number of signals = 44+12+24+24 = 64. 

Example 3: In how many ways can a set of 4 different mathematics books and 5 
different physics books be placed on a shelf with a space for 9 books, if all books on 
the same subject are kept together? 


ll 


Solution: 4 different Mathematics books can be arranged among themselves in 4! 
ways. 5 different Physics books can be arranged among themselves in 5! ways.To 
every one way of arranging 4 mathematics books there are 5! ways of arranging 5 
physics books. The books in the two subjects can be arranged subject-wise in 2! 
ways. : 


So the number of ways of arranging the books as given by. 
Alx5!x2! = 4x3x2x1x5x4x3x2x1x2x1 
= 5760 | 





10. 


11. 


12. 


: Byaluate the e followings 
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i) | Py ii) '°P,. iii) Ps iv) '°P, v) *Ps 
Find the value of n when: © | 

i) "Po=30, ii) ''P,=11.10.9 iii) "Py:"'P3=9:1 

Prove from the first principle that: 

i) tsa} Smet Pepe) PoP = Peer GU Ps 

How many signals can be given by 5 flags of different colours, using 3 flags at 
a time? 

How many signals can be given by 6 flags of different colours when any 
number of flags can be used at a time? 

How many words can be formed from the letters of the following words using 
all letters when no letter is to be repeated: 

i) PLANE ii) OBJECT iii) FASTING? 

How many 3-digit numbers can be formed by using each one of the digits 25; 
5, 7,9 only once? 

Find the numbers greater than 23000 that can be formed from the digits 
1, 2, 3, 5, 6, without repeating any digit. 

HINT: The first two digits on L.H.S. will be 23 etc. 


Find the number of 5-digit numbers that can be famed from. the meus 
1, 2,4, 6, 8 (when no digit is repeated), but 


- 1) the digits 2 and 8 are next to each other; 


ii) the digits 2 and 8 are not next to each other. 


How many 6-digit numbers can be formed, without repeating any digit from | 
the digits 0, 1, 2, 3, 4, 5? In how many of them will 
0 be at the tens place? 


How many 5-digit multiples of 5 can be formers from the digits 2, 3, 5, 7,9, 
when no digit is repeated. 


In how many ways can 8 books including 2 on English be arranged on a shelf 
in such a way that the English books are never together -, 


af Textbook of Algebra and Trigonometry 


13. ‘Find the number of arrangements of 3 books on English and 5 books on Urdu 
for placing them on a shelf such that the books on the same subject are 
together. 

14.  Inhow many ways can 5 boys and 4 girls be seated on a bench so that the girls 
and the boys occupy alternate seats? | 


7.2.1 Permutation of Things Not All Different 
Suppose we have to find the permutation of the letters of the word BITTER, 
using all the letters in it. We'see that all the letters of the word BITTER are not 
different and it has 2 Ts in it. Obviously, the interchanging of Ts in any permutation, 
say BITTER, will not form a new permutation. However, if the two Ts are replaced 
by T, and T2, we get the following two permutation of BITTER 
BIT,T2ER and BIT2T|ER 


Similarly, the replacement of the two Ts by T; and T> in any other 
permutation will give rise to 2 permutation. 


Now, BIT, T2ER consists of 6 different letters which can be permuted among 
themselves in 6! different ways. Hence the number of permutation of the letters of the 
word BITTER taken all at a time = e = sede et = 360. 

This example guides us to discover the method of finding the permutation of n 
things all of which are not different. Suppose that out of n things, n, are alike of one 
kind and nz are alike of second kind and the rest of them are all different. Let x be the 
required number of permutation. Replacing 7; alike things by m different things and 
np alike things by n2 different things, we shall get all the n things distinct from each 
other which can be permuted among themselves in n! ways. As n, different things can 
be permuted among themselves in (n;)! ways and n2 different things can be arranged 
among themselves in (m2)! ways, so because of the replacement suggested above, 
x permutation would increase to x X (7)! x (m2)! number of ways. 


xX (nj)! X (m2)! = (xn)! 


= a5 | mt pe) Lee = u. 
Hence x = (nj)! X (nz)! — \m, no 
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Example 1: .In how many ways can be letters of the word MISSISSIPPI be arranged 
when all the letters are.to be used? 
Solution: Number of letters in MISSISSIPPI = 11 
In MISSISSIPPI, 

I is repeated 4 times 

S is repeated 4 times 

P is repeated 2 times 

M comes only once. 


Required number of permutation = 3 i 3 H 
(11)! 
= @)! x (4)! x (2)! x)! =346050 ways 
7.2.2 Circular Permutation | | 
So far we have been studying permutation of things which can be represented | 
by the points on a straight line. We shall now study the permutation of things which 
can be represented by the points on a circle. The permutation of things which can be 
represented by the points on a circle are called Circular Permutation. . 


The method of finding circular permutation is illustrated by the following 
examples. 7 
Example 2: In how many ways can 5 persons be seated at a round table. 

Solution: LetA,B,C,D.E be the 5 persons 


One of the ways of seating them around a 
table is shown in the adjoining figure. If each 
person moves one or two or more places to the left 


or the right, they will, no doubt, be occupying 





different seats, but their positions relative to each 


~ other will remain the same. 
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So, when A occupies a certain seat, the remaining 4 persons will be permuting 
their seats among themselves in 4! ways. 

Hence the number of arrangements = 4! = 24 
Example 3: In how many ways can a necklace of 8 beads of different colours be 
made? 
Solution: The number of beads = 8 

The number of arrangements of 8 beads in the necklace will be like the seating 
of 8 persons round a table. 

= The number of such necklaces (fixing one of the beads) = 7! 

Now suppose the beads are a, b, c, d, e, f, g, h and the necklace is as shown in 
Fig. (i) below: 





Figure (i). | Figure (ii) 
By flipping the necklace we get the necklace as shown in figure (ii). We 
observe that the two arrangements of the beads are actually the same. - 


l 
Hence the pees 0 number of necklaces = 5 X (7)! = 2520 





site Exercise 7.3 _ ee 
1. ait Bi Gia, =e epee of the letters of the followin; g yards taken all 
together, can be made: | 
i) PAKPATTAN ii) PAKISTAN 
ii) MATHEMATICS iv) ASSASSINATION? 

Z. How many permutation of the letters of the word PANAMA can be made, if P 
| is to be the first letter in each arrangement? | 
3. How many arrangements of the letters of the word ATTACKED can be made, 
if each arrangement begins with C and ends with K? 


4, How many numbers greater than 1000,000 can be formed from the digits 0, 2: 
2, 2, 3, 4, 4? | 
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5. How many 6-digit numbers can be formed from the digits 2, 2, 3, 3, 4, 4? 
How many of them will lie between 400,000 and 430,000? 

6. 11 members of a club form 4 committees of 3, 4, 2, 2 members so that no 
member is a member of more than one committee. Find the number of 
committees. 

7, The D.C.Os of 11 districts meet to discuss the law and order situation in their 


districts. In how many ways can they be seated at a round table, when two 
particular D.C.Os insist on sitting together? 

8. The Governor of the Punjab calls a meeting of 12 officers. In how many ways 
can they be seated at a round table? 


9. Fatima invites 14 people to a dinner. There are 9 males and 5 females who are 
seated at two different tables so that guests of one sex sit al one round table _ 
and the guests of the other sex at the second table. Find the number of ways in 
which all gests are seated. 


10. Find the number of ways in which 5 men and 5 women can be sated at a round 
table in such a way that no two persons of the same sex sit together. 


11. In how many ways can 4 keys be arranged on a circular key ring? 
12. | How many necklaces can be made from 6 beads of different colours? 


7.3 Combinations 
While counting the number of possible permutation of a set of objects. the 
order is important. But there are situations where order is immaterial. For example 


i) | ABC, ACB, BAC, BCA, CAB, CBA are the six names of the triangle 
whose vertices are A, B und C. We notice that inspite of the different 
arrangements of the vertices of the triangle, they represent one and the 
same triangle. 


ii) The 11 players of a cricket team can be arranged | in 11! ways, but they 
are players of the same single team. 


So, we are interested in the membership of the committee (group) and 
not in the way the members are listed (arranged). 


Therefore, a combination of n different objects taken r at a time 
is a set of r objects. 


The number of combinations of n different objects taken r at a time is denoted 
iy "C, or C(n, r) or fe and is given by 
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Proof: There are "C, combinations of n different objects taken r at a time. Each 
combination consists of r different objects which can be permuted among themselves 
in r! ways. So, each combination will give rise to r! permutation. Thus there will be 


"C,xr! permutation of n different ooccis taken r at a time. 


~~ 
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7.3.1 Complementary Combination 
Prove that: "C, = "C,_, 
Proof: If from n different objects, we select r objects then (n — r) objects are left. 


Corresponding to every combination of r objects, there is a combination of 
(n — r) objects and vice versa. 


Thus the number of combinations of n fobjects taken at a time is equal to the 
number of combinations of n objects taken (n — r) ata time. 


n ee 
Se n(n 4.7) 
n! n! 

(n—r)'r! rl(n—n)! 
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eg "Co = "Cr = "G2 MEO. 6.1) =66 
Example 1: If "Cg="Ci2, find n. 
Solution: We know that "C,="C,-_, 
a "Ce="Cr-8 (i) 
But it is given that "Cg ="Cj2 (ii) 
From (i) and (ii), we conclude that 
"Cos = "Ci : 
=> n—8 = 12 
n = 20 | 


Example 2: Find the number of the diagonals of a 6-sided figure. | 
Solution: A 6-sided figure has 6 vertices. Joining any two vertices we get a line 
segment - 


| - 
Number of line segments = °C, = AUT => 


But these line segments include 6 sides of the figure 
Number of diagonals = 15-6 = 9 


Example 3: Prove that: ”'C,+"'C,, ="C, 
Solution: LHS. = "'C,+"'Cn 
\n — 1 ln — 1 
Fell lie ss |r-—1|n-r 








In—-1 In—1 
rir—1\n—r-1" ea C99) ose. 
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10, 


= R.H3s. 


nN 


n-| n—| 
Hence C,+ Cri= CG, 


Exercise 7.4 
Evaluate the following: 
ny xen ii) "C17 iii) "Cs 
Find the value of 7, when 
if) meme Gsp—ie Ca) 11)! “Cio = —— il) 2 E)2\= Ce 
Find the values of n and r, when 
j)eeGpe—sSoee and: B9- P= 210 
eens (Go: "GC. = 326711 
How many (a) diagonals and (b) triangles can be formed by joining the 
vertices of the polygon having: 
i) Ssides ii) 8sides iii) 12 sides? 
The members of a club are 12 boys and 8 girls. In how many ways can a 
committee of 3 boys and 2 girls be formed? 
How many committees of 5 members can be chosen from a group of 8 persons 
when each committee must include 2 particular persons? 


In how many ways can a hockey team of 11 players be selected out of 15 
players? How many of them will include a particular player? 

Show that: Wer + Gi = ar 

There are 8 men and 10 women members of a club. How many committees of 
numbers can be formed ? 

1) 4women ii) atthemost4women iii) atleast 4 women 


Prove that "C,+"C,-) = "*'C,. 


a smn a ee -- bs: 
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7.4 Probability 


We live in an uncertain world where very many events cannot be predicted 
with complete certainty. e.g. 


i) In acloudy weather, we cannot be sure whether it will or will not rain. 
However, we can say that there is 1 chance out of 2 that the rain will 
fall. 7 


ii) There are 6 theorems on circle out of which one theorem is asked in the 
Secondary School Examination. Evidently, there is 1 chance out of 6 
that a particular theorem will be asked in the examination. 


In simple situations, we are guided by our experience or intuition. However, » 


we cannot be sure about our predictions. Never-the-less, in more complex situations, 
we cannot depend upon guess work and we need more powerful tools for analyzing 
the situations and adopting the safer path for the achievement of our goals. 


In order to guide in solving complex problems of every day life, two French 
Mathematicians, BLAISE PASCAL (1623-62) and PIERRE DE FERMAT (1601 — 
65), introduced probability theory. A very simple definition of probability is given 
below: 


Probability is the numerical evaluation of a chance that a particular event 
would occur. 


This definition is too vague to be of any practical use in estimating the chance 
of the occurrence of a particular event in a given situation. But before giving a 
comprehensive definition of probability we must understand some terms connected 
with probability. 

Sample Space and Events: The set S consisting of all possible outcomes of a 
given experiment is called the sample space. A particular outcome is called an event 
and usually denoted by £&. An event E is a subset of the sample 


space S. For example, 


i) In tossing a fair coin, the possible outcomes are a Head (/) or a Tail 
(T ) and it is written as: S= {H, T} => n(S) = 7) 


ii) In rolling a die the possible outcomes are 1 dot, 2 dots. 3 dot, + 


. 


4 dots, 5 dots or 6 dots on the top. 


a | 


"TT Tee ees 


eee 


. 
= a 





 & 
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= {1, 2, 3,4, 5, 6} > n (S) =6 
To get an even number 2, 4 or 6 is such an event and is written as: 
Fen Qat6y = n(E)=3 


Mutually Exclusive Events: If a sample space S = {1, 3, 5, 7, 9} and an event 
A = {1, 3, 5} and another event B = {9}, then A and B are disjoint sets and they are 
said to be mutually exclusive events. In tossing a coin, the sample space 
S = {H, T }. Now, if event A = {H } and event B = {T }, then A and B are mutually 
exclusive events. 


Equally Likely Events: We know that if a fair coin is tossed, the chance of head 
appearing on the top is the same as that of the tail. We say that these two events are 
equally likely. Similarly, if a die, which is a perfect unloaded cube is rolled, then the 
face containing 2 dots is as likely to be on the top as the face containing 5 dots. The 
same will be the case with any other pair of faces. In general, if two events A and B 
occur in an experiment, then A and B are said to be equally likely events if each 
one of them has equal number of chances of occurrence. 

The following definition of Probability was given by a French Mathematician, 
P.S. Laplace (1749 — 1827) and it has been accepted as a standard definition by the 
mathematicians all over the world: 

If a random experiment produces mm different but equally likely out-comes and 
n outcomes out of them are favourable to the occurrence of the event E, then the 
probability of the occurrence of the event E is denoted as P(E) such that 





Since the number of outcomes in an event is less than or Pe ait to the number 
of outcomes in the sample space, the probability of an event must be a number 
between 0 and 1. 


Thatis, 0 < P(E) < 
i) If P(E) =0, event E cannot occur and E is called an impossible event. 


li) If P(E) =1, event E is sure to occur and E is called a certain event. . | 


Example 1: A die is rolled. What is the probability that the dots on the lop are 
greater than 4? 


— =o a 
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‘Solution: S= {1,2,3,4,5,6} = n(S) = 6 
The event E that the dots on the top are greater than 4 = {5, 6} 


> nE)=2 « PE) Ser R OF 


Example 2: What is the probability that a slip of numbers divisible by 4 is picked 
from the slips bearing numbers 1, 2, 3, ...., 10? 
Solution: § = {1,2,3,...,10} = n(S) = 10 
Let E be the event of picking slip with number divisible by 4. 
E={4, 8} > 'n(&)=2 2 


NE) Zo eek 
P(E) = 75) = 10 = 5 


7.4.1 Probability that an Event does not Occur 


If a sample space S is such that n(S) = N and out of the N equally likely events 
an event E occurs R times, then, evidently, E does not occur N — R times. 


The non-occurrence of the event E is denoted as E . 


R 
Now P(E) =a = WN 
N 


aul “p(Ey Lesa ee ee 


nS) = eNa 
P(E) = 1-P(). 





1, Experiment: 


From a box containing orange-flavoured sweets, Bilal takes out one sweet 
without looking. 


Events Happening: 


i) the sweet is orange-flavoured ii) the sweet is lemon-flavoured. 


_— __—<__ 
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2. Experiment: 

Pakistan and India play a cricket match. The result is: 

Events Happening: i) Pakistan wins ii) India does not lose. 
3. Experiment: 

There are 5 green and 3 red balls in a box, one ball is taken out. 

Events Happening: 1) the ball is green ii) the ball is red. 


4. Experiment: 


A fair coin is tossed three times. It shows 


Events Happening: 1) One tail li) atleast one head. 
>: Experiment: 

A die is rolled. The top shows 

Events Happening: 1) 3or4dots il) dots less than 5. 
6. Experiment: 


From a box containing slips numbered 1, 2, 3, ...., 5 one slip is picked up 
Events Happening: 

i) the number on the slip is a prime number 

ii) the number on the slip is a multiple of 3. 


7. Experiment: 
Two dice, one red and the other blue, are rolled simultaneously. The numbers 


of dots on the tops are added. The total of the two scores is: 


. EventsHappening: i) 5 - ii) 7 iii) 11 


10. 


7.4.2 
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Experiment: ; 

A bag contains 40 balls out of which 5 are green, 15 are black and the 
remaining are yellow. A ball is taken out of the bag. 

Events Happening: 

i) The ball is black ii) The ball is green iii) The ball is not green. 
Experiment: 

One chit out of 30 containing the names of 30 students of a class of 18 boys 
and 12 girls is taken out at random, for nomination as the monitor of the class. 
Events Happening: : 

i) the monitor is a boy ii) the monitor is a girl. 
Experiment: 

A coin is tossed four times. The tops show 

Events Happening: 

i) all heads ii) 2 heads and 2 tails. 

Estimating Probability and Tally Marks 


We know that P(E) = Gi , where E is the event and S is the sample space. 


The fraction showing the probability is very often such that it is better to find its 
approximate value. The following examples illustrate the necessity of approximation. 
Example 1: The table given below shows the result of rolling a die 100 times. Find 
the probability in which odd numbers occur. 


HH HL HL HE 1H 
HH HH III 
HH HE TTT 
HH SHE HH HEE TTI 
HH III 
{HY HEE HH | 

25+ 14+8 










Solution: Required probability = 100 = 00 = 2 (@PProx.) 
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Example 2: The number of rainy days in Murree during the month of July for the 
past ten years are: 20, 20, 22, 22, 23, 21, 24, 20, 22, 21 


Estimate the probability of the rain falling on a particular day of July. Hence 
find the number of days in which picnic programme can be made by a group of 
students who wish to spend 20 days in Murree. 


Solution: Let E be the event that rain falls on a particular day of a July. 
20 + 20 + 22+ 22 + 23 + 214+ 24+ 204+ 22+ 21 
ey 31x 10 


215 
=a) is 0.7 approximately. 


Number of days of raining in 20 days of July = 200.7 = 14 
_.. The number of E days fit for picnic = 20-14 = 6 
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1. A fair coin is jee 30 times, the eri t of which i is tabulated einen Study the 
table and answer the questions given below the table: 


Tally Mavs 


Head 
Tail 


i) | How many times does ‘head’ appear? 















ii) How many times does ‘tail’ appear? 
iii) Estimate the probability of the appearance of head? 


iv) Estimate the probability of the appearance of tail? 


2. A die is tossed 100 times. The result is tabulated below. Study the table and 
answer the questions given below the table: 
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i) | How many times do 3 dots appear? 

ii) | How many times do 5 dots appear? 

iii) How many times does an even number of dots appear? 

iv) How many times does a prime number of dots appear? 
.v) Find the probability of each one of the above cases. 


3. The eggs supplied by a poultry farm during a week broke during transit as 
follows: 1 %, 2 %, iS %, + %, 1%, 2%, 1% 
Find the probability of the eggs that broke in a day. Calculate the number of 
eggs that will be broken in transiting the following number of eggs: 
i) 7,000 ii) 8,400 111) 10,500 

7.4.3 Addition of Probabilities 


We have learnt in chapter 1, that if A and B are two sets, then the shaded parts 
in the following diagram represent A U B. 


If A and B If A and B If BCA 
_ are disjoint are overlapping 






The above diagrams help us in understanding the formulas about the sum of 
two probabilities. 
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We know that: 
P(E) is the probability of the occurrence of an event E. 
If A and B are two events, then 
P(A) 
P(B) 
P(A U B) = the probability of the occurrence of A U B; 


the probability of the occurrence of event A; 


the probability of the occurrence of event B; 


P(A © B) = the probability of the occurrence of A - B. 
The formulas for the addition of probabilities are: 
i) P(AUB) = P(A)+P(B), whenA and B are disjoint 
ii) P(AUB) = P(A)+P(B)—-P(AN B) 

when A and B are overlapping or B CA. 


Let us now learn the application of these formulas in solving problems 
involving the addition of two probabilities. 


Example 1: There are 20 chits marked 1, 2, 3, ...., 20 in a bag. Find the probability 
of picking a chit, the number written on which is a multiple of 4 or a multiple of 
1k 


Solution: Here S = {1, 2,3, ...,20} = n(S) =20 
Let A be the event of getting multiples of 4. 
A = {4, 8, 12, 16,20} = n(A) = 5 


| roses 1 
.. P(A) = 0-4 
Let B be the event of getting multiples of 7 
Bae, 14). n(B) = 2 
2 l | 
P(B) = 20 = 10 
As A and B are disjoint sets 
si « So a ae 
- PAUB) = P(A) + P(B) = 4+ 10 = 20 


Example 2: A die is thrown. Find the probability that the dots on the top are nrime 
numbers or odd numbers. 
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Solution: Here S = {1,2,3,4,5,6} = n(S) = 
Let A = Setof prime numbers = {2, 3, 5} => n(A) = 
Let B Set of odd numbers = {1,3,5} => n(B) = 


SAQB = {2,3,5} (1,3,5} = (3,5} >= n ANB) = 2 
3ar Sel Jamel! 
Now P(A) = 6 = 2° P(B) =€ => PANB)=¢=3 


Since A and B are overlapping sets. 
P(AUB) = P(A)+P(B)—-P(AQB) 





- - on 7 a , aT 
a ae ae a eee ee ae ‘ 


a. + = 

4 abs 
aad ates 
aig 


1. If Sample space Wi a Oye — aS apy ri 6, 8) 
Event B= {1, 3,5}, find P(A WB). : 7 | 
Ze A box contains 10 red, 30 white and 20 black marbles. A marble is drawn at | 
random. Find the probability that it is either red or white. 
3. A natural number is chosen out of the first fifty natural numbers. What is the | 


probability that the chosen numbers is a multiple of 3 or of 5? 


4, A card is drawn from a deck of 52 playing cards. What is the probability that 
it is a diamond card or an ace? 


5. A die is thrown twice. What is the probability that the sum of the abe: of 
dots shown is 3 or 11? 


6. Two dice are thrown. What is the probability that the sum of the number of 
dots appearing on them is 4 or 6 9 

7. Two dice are thrown simultaneously. If the event A is that the sum of the 
number of dots shown is an odd number and the event B is that the number of 
dots shown on at least one die is 3, find P(A UB). 


8. There are 10 girls and 20 boys in a class. Half of the boys and half of the girls 
have blue eyes. Find the probability that one student chosen as monitor is 
either a girl or has blue eyes. | 
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| | 
7.4.4 Multiplication of Probabilities 


We can multiply probabilities of dependent as well as independent events. 
But, in this section, we shall find the multiplication of independent events only. 
Before learning the formula of the multiplication of the probabilities of independent 
events, it is necessary to understand what is meant by independent events. 

Two events A and B are said to be independent, if the occurrence of any 
one of them does not influence the occurrence of the other event. In other word, 
regardless of whether event A has or has not occurred, if the probability of the event B 
remains the same, then A and B are independent events. 

Suppose a bag contains 12 balls. If 4 balls are drawn from them twice in such 
a way that: 

i) the balls of the first draw are not replaced before the second draw; 

ii) the balls of the first draw are replaced before the second draw. 

In the case (1), the second draw will be out of (12 — 4 = 8) balls which means 
that the out-comes of the second draw will depend upon the events of the first draw 
and the two events will not be independent. However, in case (ii), the number of balls 
in the bag will be the same for the second draw as has been the case at the time of 


first draw i.e. the first draw will not influence the probability of the event of second 
draw. So the two events in this case will be independent. 


Theorem: If A and B are two independent events, the probability that both of 
them occur is equal to the probability of the occurrence of A multiplied by the 
probability of the occurrence of B. Symbolically, it is denoted as: 


P(A B) = P(A). P(B) 
Proof: Let event A belong to the sample space 5, such that 


n(S})} = n, and n(A)=m, = P(A) = = 


ct event B belong to the sample space S2 such that 


i 


\ 
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n(S;) = m - and 2B)=m => PB) = | 


A and B are independent events. | 
Total number of combined outcomes of A and B = njnz 


and total number of favourable outcomes = mymz2 


ee 
PANB) = iat Con oe = P(A). P(B) 









Se ae ease 
et Note: ‘The above proof of 5 i: th the form ula. 
ag 


and B are the same. The formul la PA ) = P(A) -@B B) c. perk 
i Git. ees gh we eee eee 


Sena PALMA We As Od = P(Ai)’. P(A2) - PCAs) «.:5 P(An) 
“where Ay ars a ej r Ae depend ent 7 events. e By 2 Es 






ay r ‘the cf TUTR i. cnor 
peal gO Od Cc ven te ree sampie § 

ied 

£ 3) 


= ce neralized  aitan 
- bY. Tobi se At as 
Of . ee Sv 


pete Se nee he Kor is a 


Tesee Gh. 


Riananle 1 The probabilities that a man and his wife will be ae in the next 20 
years are 0.8 and 0.75 respectively. Find the probability that both of them will be 


alive in the next 20 years. : 


Solution: If P(A) is the probability that the man will be alive in 20 years and P(B) is 
the probability that his wife will be alive in 20 years. | 


The two events are independent: iy 49H j 
P(A) = 0.8, P(B) = 0.75 


The probability that both man and wife will be alive i in 20 ES iS given by: 
P(ANB) = 0.80.75 = 0.6 


; 
3 


Example 2: Two dice are thrown. £| is the event that the sum of their dots is an odd 


number and £> is the event that 1 is the dot on the top of the first die. Show that+ - - ; 
P(E, 0 Ex) = P(Ei) . P(E2). : | 


Solution: E\= {(1, 2), (1, 4), (1, 6), (2, 3), (2, 5), (3, 4), (3, 6), (4, 3) (4, 5) 


(5, 6), (2, 1), (4, 1), 6, 1), G, 2), (5, 2), (6, 3), (5, 4),.(6, 5)} 
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= n(E))= 18 
E> = {(1, 1) 5C15)2),:Cl,3); (1, 4), (1, 5), (i, 6)} 
=> n(E2)= 6 


n(S) = 6x6 = 36 


P(E\)= 36 = > and P(E2) = = 


Now E; VE - {(1, 2), (1, 4), (1, 6)} 


=> nEi £2) 


ll 
Ww 


me O E2) az = 49 


il 
Uo 
ON 

| 
— 
Nm 


SE OL SS ne ome a aE Tat ant 
° . Ae . 

»"* 

ae id Bes BE aE 4 oe — 

: 


 s, 
eh r 





oa - ye 
- 4 en . ; 
‘“ 


> - 

‘we + 

v Fe ae 
tea ae 


1. The probability that a person A will be alive 15 year hence is <<" and the 


- probability that another person B will be alive 15 years hence is a Find the 


probability that both will be alive 15 year hence. 

2. A die is rolled twice: Event £; is the appearance of even number of dots and 
event E> is the appearance of more than 4 dots. Prove that: | 
P(E, 1 E2) = P(E;).P(E2). 


3. Determine the probability of getting 2 heads in two successive tosses of a 
balanced coin. : 


“SS 








4, Two coins are tossed twice each. Find the probability that the head appears on 


the first toss and the same faces appear in the two tosses. 


5. Two cards are drawn from a deck of 52 playing cards. If one card 1s drawn 
and replaced before drawing the second card, find the probability that both the 


cards are aces. 


‘ 


6. Two cards from a deck of 52 playing cards are drawn in such a way that the 
card is replaced after the first draw. Find the probabilities in the following 
Cases: 
i) first card is king and the second is a queen. 
ii) both the cards are faced cards 1.e. king, queen! jack. 

Ie Two dice are thrown twice. What is the probability that sum of the dots shown in the 
first throw is 7 and that of the second throw is 11? 

8. Find the probability that the sum of dots appearing in two successive throws 
of two dice is every time 7. | 

9. A fair die is thrown twice. Find the probability that a prime number of dots 
appears in the first throw and the number of dots in the second throw is less 
than 5. 

10. __—A bag contains 8 red, 5 white and 7 black balls. 3 balls are drawn from the 
bag. What is the probability that the first ball is red, the second ball is white 
and the third ball is black, when every time the ball is replaced? 


Sit) (5 Sem) (eae + 
HINT: Enlai is the probability. | 
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Mathematical Induction 





and Binomial ’ ‘heorem 


8.1 Introduction 

Francesco Mourolico (1494-1575) devised the method of induction and 
applied this device first to prove that the sum of the first n odd positive integers 
equals n°. He presented many properties of integers and proved some of these 
properties using the method of mathematical induction. 


We are aware of the fact that even one exception or case to a mathematical 
formula is enough to prove it to be false. Such a case or exception which fails the 
mathematical formula or statement is called a counter example. 


The validity of a formula or statement depending on a variable belonging to a 
certain set is established if it is true for each element of the set under consideration. 


For example, we consider the statement S(n) =n* —n+41 is a prime number 


for every natural number n. The values of the expression n” —n+41 for some first 
natural numbers are given in the table as shown below: 


Pe fete tats foto fs fs Tota 
| sey [ai | 43 | a7 | 53 | on | 71 | 83 | 97 | 13 | at 


From the table, it it appears that the statement s(n) has pater chance of bein g 
true. If we go on trying for the next natural numbers, we find m=4l1as a counter 
example which fails the claim of the above statement. So we conclude that to derive a 
general formula without proof from some special cases is not a wise step. This 
example was discovered by Euler (1707-1783). 


Now we consider another example and try to formulate the result. Our task is 
to find the sum of the first m odd natural numbers. We write first few sums to see the 
pattern of sums. 










n (The number of terms) Sum 
] -- ee cai it fk kate dst ee ee 1=]2 
a a 1+3= 4=27 
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Fac eee 1+3+5= 9=3? 


EN ee a --- 1+3+5+7=16=4? 
5 14+34+5+74+9=25=5" 
6 nnn eee 14+34+5+7+9+11=36=67 


The sequence of sums is (1)7,(2)?,(3)?, (4), & 
We see that each sum is the square of the number of terms in the sum. So the 
following statement seems to be true. . 
For each natural number n, 
143454... ¢(2n-l) =n? .. 6) (-: nth term=1+(n-1)2) | 
| 


But it is not possible to verify the statement (i) for each positive integer n, 
because it involves infinitely many calculations which never end. 


The method of mathematical induction is used to avoid auch situations. | 
- Usually it is used to prove the statements or formulae relating to the set {1,2,3,...} but 
in some cases, it is also used to prove the statements relating to the set {Qi1e 283 es): 


The principle of mathematical induction is stated as follows: 
If a proposition or statement S(m) for each positive integer n is such that 
1) S(1) is true i.e., S(n) is true for n = | and 


8.2 Principle of Mathematical Induction 
| 


2) S(k + 1) is true whenever S(k) is true for any positive integer k, then 
S(n) i is true for all I positive integers. | | 


re amt ey a re a Bag tre a igs a FL. Fe gate 
: 
oe oe i eae range. 


he ra , é ' . * 
aie | ta an as . Go 
5 fh. ee ae Pes Fort? Waa wt if es 
ag: ge co ‘ ee ‘ 
t: 5, 4 rig 
- T ‘a be a 
1 a f 7 i a 
Bue ? I % 
ee ee ake ri = a od Wa = cr tt = 
1 " a ‘ i 
1 rz fab «et tS a ae ma", 
o 23 4 At f F 
Chg os . wee ae - ee . * 7 

ee |) ea ee a, ae "e ‘tie . 
: ’ . ae 4 — ee ae aps 
a ? x , ae 

= 
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: 


= $4 rt 
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Eeamplel: Use mathematical induction to prove that 3+6+9+...43n _3nn*D *) for 


svery positive integer 7. 


Solution: Let S(n) be the given’statement, that iS, 
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S(n): 3+64+9+....+3n (i) 


_ 3n(n +1) 
FES 


l. When n = 1, S(1) becomes 


3()(1+1) _ 
aie 


S(1):3 = 3 


Thus S(1) is true i.e., condition (1) is satisfied. 
Qi Let us assume that S(m) is true for any n = ke N,, that is, 


Br6t O44 3k = — 





(A) 
The statement for n=k+1 becomes © 


3(k +1) ((K +1) +1) 
2 


= 3(k +1)(k +2) 
2 


Adding 3(k+1) on both the sides of (A) gives 
E 3k(k +1) 
2 


3+64+94+...43k4+3(kK +) = 


(B) 


3464+9+ ....4 3k +3 (k+l) + 3(k +1) 


= 3(k+ ned +1) 
2 
— 3k +1)(k +2) 
ry 2 
Thus S(k + 1) is true if S(k) is true, so the condition (2) is satisfied. 


Since both the conditions are satisfied, therefore, S(m) is true for each positive 
integer n. . 


Example 2: Use mathematical induction to prove that for any positive integer 7, 


z n(n+1)(2n+1) 
si 6 


Solution: Let S(m) be the given statement, 


ya 


- $():()* = 


Adding 


Thus the condition (2) is satisfied. Since both the conditions are satisfied, 
therefore, by mathematical induction, the given statement holds for all positive — 


integers. 
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_ n(n +1)(2n +1) 


S(n): ee Aa ne Gr tn F 
If n = 1, S (1) becomes 


+1) (2x1+)) _ Ix2x3 
6 6 


Thus S(1) is true, i.e., condition (1) is satisfied. 


—— =], which Is true. 


Let us assume that S(k) is true for anyke N , that is, 
k(k +1) (2k +1) 
6 


17+274374+....4+k? = (A) 


(k + Ik +1+ 12k +141) 
6 


(k +1)(k +2)(2k +3) 

aa ATIF ET 

(k+1)* to both the sides of equation (A), we have 

k(k +1)(2k +1) 
6 


S(k +1): 17 +2? +3? +...4k74+(k +1)? = 


(B) 


17 +2743? +...+k? +(kK +1)? = +(k +1)? 


— (k+ DK(2k +1) + 6(k +1] 
= eee eee 
_ (kK +1)(2k* +k +6k +6) 
i 6 
_ (kK +1)(2k* +7k +6)’ 
7c Hae 
_(k+1)(K+2)(2k +3) 

6 


Example 3: Show that eee 5 uel represents an integer VYne N. 
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Solution: Let S(n) = nm +2n 


l. When 7 = |, S(1) becomes 





et2)a- 3, 
SCL) = pele 2! oie Z 
3 3 
2. Létus assume that S(7) is ture for any 7 =k € HW’. thatis, 
k° +2k yes 
S(k) = 3 represents an integer. 


Now we want to show that S(k+1) is also an integer. For n=k+1, the statement 
becomes 


(k +1)? +2(k +1) 


S(k+1) = 5 
_ ki +3k* + 3k +14+2k +2 | _ (ke + 2k) + (3k* +3k +3) 
3 3 
3 
a ke +e +k +1) 
ke 42k 





As is an integer by assumption and we know that (k° +k+l)is an 


integeras ke W/ 
S(k + 1) being sum of integers is an integer, thus the condition (2) is satisfied. 
Since both the conditions are satisfied, therefore, we conclude by 
3 
| Ee n> +2) ee Rat 3 
mathematical induction that ————~ represents an integer for all positive integral 
values of n. 
Example 4: Use mathematical Peace f to prove that 


SONS 


343.5+3.57 +....+3.5" D whenever n is non-negative integer. 


—s 


| Sa Eo ae 
Solution: Let S(n) be the given statement, that is, E dot (.) between two 


nip A ,  3(5""' =1) numbers stands for 
S(m): 34+3.54+3.5° +....+3.5" = 4 ~ | multiplication symbol. | 
5°?) Fei a, 
l. For n=0, S(0) becomes S(0):3.5° = a or3 = =) 23 


Thus S(O) is true i.e., conditions (1) is satisfied. 
2. Let us assume that S(k) is true for any k € W, thatis, 


ee re 


————————————— 
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S(k):3+3.54+3.57 +....43.5° oe (A) 
Here § (k+1) becomes 
S(k+1):3+3.54+3.57 +....43.5° +35 = a 
3(5*** -1 
sggieel a 
Adding 3.5‘*'on both sides of (A), we get 
343,543.52 +..43.5 43.5" = 35 =) 45 5 


366" =14.4.5'") 
4 
— 365" + 4)-1 


This shows that S(k + 1) is true when S(k) is true. Since both the conditions 
are satisfied, therefore, by the principle of mathematical induction, S(n) in true for 
eachne W. 





Care should be taken while applying this method. Both the Conditions a. : 
and (2) of the principle of mathematical induction are essential. The condition. (Oe 
_ gives us a starting point but the condition (2) enables us to proceed from. one. 
| positive integer to the next. In the condition (2) we do not prove that Sk + 1)i is” 

_ true but prove only that if S(k) is true, then S(k + 1) is true. We can say that any 
_ proposition or statement for which only one condition i is a will n not pes ruc 
for all n belonging to the set of positive integers. | He a 





‘For, example, we consider the statement that 3" is an even nieeen for any 
positive integer n. Let S(n) be the given statement. 


Assume that S(k) is true, that is, 3“ in an even integer for n=k. When 3¥ is 
even, then 3* + 3* +3* is even which implies that 3* .3=3**' is even. 
This shows that S(k + 1) will be true when S(k) is true. But 3'is not an even 


integer which reflects that the first condition does not hold. Thus our supposition is ~. 
false. ; 
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Note: - There is no integer n for which 3” is even. 


Sometimes, we wish to prove formulae or statements which are true for all 
integers n greater than or equal to some integer i, where i # 1. In such cases, S(1) is 
replaced by S(i) and the condition (2) remains the same. To tackle such situations, we 
use the principle of extended mathematical induction which is stated as below: 


8.3 Principle of Extended Mathematical Induction 
Let i be an integer. If a formula or statement S(m) form 2 i is such that 
1) S(i) is true and 
2) S(k + 1) is true whenever S(k) is true for any integer n2i. 


Then S(n) is true for all integers n2/. 
Example 5:Show that 1434+5+....4+(2n + 5) = (n+ 3)* for integral values of n 2-2. 


Solution: — 
ie Let S(n) be the given statement, then for n = —2, S(—2) becomes, 


2(—2)+5=(-2 + 3)*, i.e., 1 = (1)? which is true. 
Thus S(—2) is true 1.e., the condition (1) is satisfied 
Pk: Let the equation be true for anyn=ke Z, k >-2, so that 
1+3+5+....4(2k +5) = (k +3)? : (A) 
S(k+1): 14+34+5+....+(2k+5)+(2K +145) =(kK +143)? =(k+4)?—-- (B) 
Adding (2k +1+5) =(2k + 7) on both sides of equation (A) we get, 
143454 ....4(2k+5)+(2k +7) =(k+3)* +(2k+7) 


= en 46k +94 2k +7 
=k? +8k+16 
=(k +4)? 


Thus the condition (2) is satisfied. As both the conditions are satisfied, so we 
conclude that the equation is true for all integers n =>—2. 


Example 6: Show that the inequality 4” > 3” + 4is true, for integral values of n 2 2. 


Solution: Let S(n) represents the given statement i.e., Ka): 4" > 3" +4 for integral 
values of n>2 - | : 


[38 Ae For n= 2, 5(2) becomes 
S(2): 4? > 3? +4, i.e., 16 >13 which is true. 
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Thus S(2) is true, i.e., the first condition is satisfied. 
2. Let the statement be true for any n= k(] Ne Z , that is 
4*§>3* +4 (A) 
Multiplying both sides of inequality ( A) by 4, we get | 
or 4.4* >4(3* +4) 


or 4** 5 (341)3' +16 
or _, 48*' 53%! 4.443% 412--- 
or ge! 5344 (+3* +12>0) (B) 


The inequality (B), satisfies the condition (2). 
Since both the conditions are satisfied, therefore, by the sara: of extended 
mathematical induction, the given inequality is true for all integers n 22. 


eae 
Exercise 8.1 ge ei 


Use mathematical induction to prove the following ‘forulie aot every 
positive integer 7. 


1. 1+54+9+....4(4n—-3) =n (2n-1) 


2. 14345+....¢(2n-lj)=n’ 


n(3n—1) 


3 1+4+7+....4(3n-2)= 5 


4, 1424440 oh 








3. 1 eee = =1- a 
2. 4 2" 2" 


6. 24+44+6+....+2n=n(n+ 1) 
Ih 2+ 6+ 18 +4....4 2x37! =3"-1 


n(n +1) (4n +5) 
6 
n(n +1) (n+2) 
3 ? 
n(n+1) (4n—1) | 
% yeas aes 


8. 1xX3+2x5+3X7 +... +nx(2n+1) = 
9, | 1x2+2x34+3x4+4....+nX(n+l1)= 


10. 1xX2+3x4+5X6+....4+(2n—-1)X2n= 
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11. 


12. 


13. 


14. 


15. 


16. 
17. 
18. 


19. 


20. 


21. 


ol 7s eS ee 
1x2 2x3 3x4  ~= n(n +1) n+l 
ty Je a 
1x3 (3x5 5x7 a (2n-1) (2n+1) 2n+1 
l l ] ] n 





——+ + +... = ——_ 
2X5 5x8 8x\il (3n- 1) Gn+2) 2Gn+2) 


rd-r" 
rtretret+..tr"= ( ) 





(r #1) 


a+(a+d)+(a+2d)+....+[a+(n—Dd]=— [2a + (n—Dd] 


1. +21243134....40 l= Int] -1 


a,=a,+(n—-l)d when, a,, a, + d, a, + 2d, ... forman AP. 
AS when a,,a,r,a,r°, ... forma G.P. 
_ n(4n* =) 


1? +37 +57 +....4+(2n—1)? = ; 


3 4 5 n+2 n+3 
eas )-(e") 
Prove by mathematical induction that for all positive integral values of n 


i)  n@+nisdivisibleby2. ii) 5" —2" is divisible by 3. 


ili) 5" —1 is divisible by 4. iv) 8x10" —2 is divisible by 6. 
vy) n?—n is divisible by 6. | 


kel ee l 
Peer e=s|l-z| 
33 Seen 2S S35 


=< 
2-27 +3? 4? +...4(C1' en? ne 
13 +33 +5? +....+(2n-1) =n?[2n? -1] 


x+1 isa factor of x*"—1;(x #—1) 
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26. x-—yisa factor of x" —y"; (x# y) 


2n=1 yan 


(x#—y) 


28. Use mathematical induction to show that 


27. x+yisa factor of x 


1+2+27 +....4+2” =2""' -1 for all non-negative integers n. 


29, If A and B are square matrices and AB = BA, then show by mathematical 
induction that AB" = B"A for any positive integer n. 


_30. Prove by the Principle of mathematical induction that n* —1 is divisible by 8 
when n is an odd positive integer. 


31. Use the principle of mathematical induction to prove that Inx” =nInx for 
any integer n = 0 if x is a positive number. 


Use the principle of extended mathematical induction to prove that: 
32. n!>2"—1 for integral values of n > 4. 
33, n> >n+3 for integral values of n>3. 
34. 4" >3"+42"" for integral values of n> 2. 
35, 3” <n! for integral values of n > 6. 
36. n!>n’ for integral values of n>4. 
37. = 3454+7+....+(2n+5) =(n ‘ 2)(n +4) for integral values of n2-1. 


38. l+nx< (1+ x)" forn = 2andx>-1 


$.3 Binomial Theorem 


An algebraic expression consisting of two terms such as a + x, x — 2y, ax + b 
etc., is called a binomial or a binomial expression. 


We know by actual multiplication that 
(at+x)° =a°+2ax+x° i) 
(a+x)° =a? +3a°x+3ax’ +x° (ii) 


The right sides of (i) and (ii) are called binomial expansions of the binomial 
_ a+x for the indices 2 and 3 respectively. 
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In general, the rule or formula for expansion of a binomial raised to any 
positive integral power n is called the binomial theorem for positive integral index n. 
For any positive integer 7, 


(a +x)" = Ga +(f x +(3 pre + + esa 
a = | it Jee bs 
zs XM tt EOS alba (A) 
NE n—| n 


or briefly 


(SSS (pre 


where a and x are real numbers. 


The rule of expansion given above is called the binomial eo and it also 
holds if a or x is complex. 


Now we prove the Binomial theorem for any positive integer n, using the 
principle of mathematical induction. 


’ Proof: Let S() be the statement given above as (A). 


It If n = 1, we obtain 
S(1): (a+ x)! (opi +{1 be lx=a+x whichis true 


Thus condition (1) is. satisfied. 


Zi Let us assume that the statement is true for any n = ke N, then 


k k k k | 
eo) “(0 } f pree( ies za ee {epee 
r- r 
| k k-l k k : 
a - daxk + : 


k+1 LE 4. k+l] | 
steennlar ty =| ‘ ole cdi +... + 


| (e+ k-r42 y yr-l K+1) ya {*+1 {isis , 
r42 yy 71 4 x 


Multiplying both sides of equation (B) by (a+x), we have 
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| | k k k k 
(a+x)(at x)‘ =(at+ x) k =f: kl yy k-2 2 ees ker+l rl 
0 ] 2 r-1 
k k | 
+ ee te AV] het 
k-1 k 
x+ : Rt : Utes sah 
2 r-l 
k atl r+ k | 2 xk k k 
on os “(i 


ee 


(}" 

a ee ay oe +(e] 
Ok OF = 
+ (* }e( ta fern alt }e(its ee (i) 


sna nee pace 
0 0 k k+1 r r—-l r 
s(a+xy}" = ou he ae 0 eee | 
l 2 
(hp prota t(Ep xt “(Eli (D) 


We find that if the statement is true of n = k, then it is also true forn =k +1. 
_ Hence we conclude that the statement is true for all positive integral values of n. 
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ae = He t = * Mie te ee ee 
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As all the terms of ee expansion can be got from it ir matinee =(0, 1 Fie recy ths 
SO we Call it as the general term of the expansion. 
. 6 
Example 1: Expand = ee: and also find its general term. 
a 


6 6 
Solution: ah 2) Ci (ia 


a 2 a 


2, 3 


+ Vs = 


6.5.4 a> 
p32 8 


WES a 
1 a 
ca 
als 

+ 





Ty, the general term is given by Hee 


ae | 








i ; 
a : 
——--- ee 
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mel CY Orca, 
ee ere. (Ol Ser = cuy(? (5) 


Example 2: Evaluate (9.9)° 

Solution: (9.9)° = (10-.1)° 
= (10)° +5x(10)* (4. 1) +10(10)? x (—.1)? +1010)? x(-.1)’: 
+5(10)(—.1)* + (-.1)° 
= 100000 — (.5) (10000) + (10000)(.01) + 1000(—.001) + 50(.0001) —.00001 


= 100000 — 5000 + 100 —1+ .005 —.Q0001 
= 100100.005 — 5001.00001 





= 95099,00499 
3 1! 
Example 3: Find the specified term in the expansion of ee =| 
x 
i) the term involving x° li) the fifth term 


iii) the sixth term fromthe end. iv) coefficient of term involving x7 
Solution: 


, u 
i) Let 7.,, be the term involving x°*in the expansion of a = =| , then 
Say ae 


11 3 eae 1 r M ala r 
Te |i = fa = xll- “Tr (-])' 37" x —r 


: 1] quczr ee 
= (-1) tla eo 


As this term involves x°, so the exponent of x is 5, that is, 
11-2r=5 
or —2r= a ] I: === /5 





Thus T, involves x 


| —_ CLEXIDOOK-OF AIZEDIG GNA‘ TTIRONOINETY 


ii) 


ill) 


iV) 


11\3"-§ [1510.9 3° 5 

ot, = Cl Fae Coe 
165x243 , 40095 s 
256 256 


Putting r=4in T_,,, we get 7,, 


11-8 3 
T, =(-1) (43 ys _ 11.10.98 3” 5 








gh: A391" 2! 
_, 11x10x3 27 ua 165x 27 3 
PRS 64 
4455 , 
2 Se 
64 


The 6th term from the end term will have (11 + 1)—6 1.e.. 6 terms before it, 
It will be (6 + 1) th term i.e.. the 7th term of the expansion. 


M\SeEa 10.987 3 
Thus T, =(-1)° 2 = 
ugk (i Ps 54321" 2> 


_ 11x6x7 ] l Ells 


l "3x32 x ~ 16x 





— is the coefficient of the term involving x” . 


8.3.1 The Middle Term in the Expansion of (a + x)" 


In the expansion of (a + x)", the total number of terms isn+ | 


Case I: (n is even) 


If mn is even then n+l is odd, so 5+} term will be the only one middle 


term in the expansion. 


Case IT: (n is odd) 


If n is odd then n + 1 is even vo 5 and hes 





lo terms of the 


expansion will be the two middle terms. 


12 
Example 4: Find the po ON AS in the expansion of & _ ee 2 
x 


Solution: i) Let T 


ae . 


1) the term idependent ofx. il) the middle term 
-+, be the term independent of x in the expansion of 


x 2 12) 
oes , then — 
x 





| a i 
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] 2 12-r 9) r l2—r 
T = x = 12 x Q° xr 
r+] 25 || ae iyo ol2—rae 
r 2 x 2 


— (12 )y2r-12 ,12-37 
: 
As the term is independent of x, so exponent of x, will be zero. 
That is, 12-3r=O0>r=4. 





ake 12 
Therefore the required term it = Ph oe 


2x 9? 





4x3x2x1. 
_ 11x45 _ _ 495 
2 16 
il) In this case, n = 12 which is even, so 


° +1 |th term is the middle term in the expansion, 


l.e.,  7,is the required term. 


12 sag 
(lz) 
2 ©  12x11x10x9x8x7 «45 


] 
x —_—_—X_—"_X 
-( | 6 x 6x5xK4x3x2x!1 
_12 YRS _ 924 


“BGs 


x 
8.3.2 Some eee from the binomial expansion of (a f xi 
We know that 


n n 2 n Ae 
(at+x)" = a" + a" 'x+ Qe 
0 ] 2 
n e n * n | 
+ an’ x’ tut ax" + Xn (I) 
r n—|l n 


(1) If we put a = |, in (1), then we have; 


vorel (eG ma2}erar( cease a 








=1+nx4+ 4 hn +b! + x" 
: mies 


CA) a= ri(n—r)! ; 7 


f(a) ral min Diet NA nena) 


| bss, oa] A Textbook of Algebra and Trigonometry. 
ii) Putting a = | and replacing x by —x, in (I), we get. 
sar (8) thom (a) 8 ]oot ee (eter ( aoe 
=(5 Hii}eG } -(3 } +....+ Om, "ih x" +(—1)" (" (I) 
a 


iii) We can find the sum of the binomial coefficients by putting a = | and 
x= 1 in (J). 


a er-(@) (P80 
_ (3 }(f Jeg }e=+( at 1}+( a] 


_ Thus the sum of coefficients in the binomial expansion equals to 2”. 





iv) Putting a= 1 and x =-1, in (J), we have 


eorfah Hop-on pete 
me (3}(t) (3) (Forts er(s 


If n is odd positive integer, then 


OMe eH ener 


If n is even positive integer, then 


n i n nh 
y + TF =oe8 + = 1 +.. of : 
(5 (3 n l 3 n =I 
< os sais ne (eas GIRL SO a ge WATT WIT Sa i ESTES SET M 
1 " vi ry we: - o - ic =: é ee alae 
ae 






ts of piper expansion mequals to the sum of its even. 


Example 5: Show that: (} }: 15 } { 3 “a at 4: wm nn 


Solution: 


(i J ie Jenctal Jone 2a Fa I | 
oS 2 3 malon 2! 3! 


=n Lene ODO? 5 1] 


2! 


‘ CCC e ace) 





2 \3 
ii) xin the expansion of ES ) 





jl F 


ay 


(21) 





(c+ ay +e Je -1) 


x? 


x 


SE I a ae ee cies 
ie Exercise 8.207 ete e? 
1. “Using binomial Theoret expand the following: 
6 4 
2 x 
1) | ; ii) | —--—— ili) | 3a—— 
1) (a+2b) ii) ; | ) =| 
x) | Ley 
iv) 2a =] | v) ES 
| a ZA 
2. Calculate the following by means of binomial theorem: 
i) (0.97)? ii) (2.02)" iii)  (9.98)° ° iv) 
3. Expand and simplify the following: 
i) = @tv2x)'+-V2x) i eat Q- 
iii) (2+if —(2-i) iv) 
4. Expand the following in ascending power of x: 
i) (2+x—-x7)* ii) G=x+x*)" iti) G—x=x?)" 
5. Expand the following in descending powers of x: 
7 3 
2 i. l 
i) (x? +x-1)’ ii) Gaknes 
a x 
6. Find the term involving: 
i) x*in the expansion of (3—2x)’ 
i | : 
iii) a* in the expansion of a — | iv) y° in the expansion of ( =aLy, J 
~ 
te Find the coefficient of; 
10 
i) x°in the expansion of G 4 ii) x" in the expansion of ( py oaks. 
= 
8. - ~——— 


Find 6th term in the expansion of ( 


x 


3 \ 
ae 


1 


| ) 
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9, 


10. 


11. 
12. 
13. 


14. 


8.4 


Find the term independent of x in the following expansions. 


> Vo 10 1 \ 
1) fae) ll) (e+ | ill) aeey[l4 | 
| x _ XxX 


Determine the middle term in the following expansions: 


Z 12 lI ; : 2m+l 
i) hes ii) | = i a ili) | 2x- as 
od Eg A) 3x 2x 


an 
Find (2n +1) th term from the end in the expansion of [ - =| ; 





l 
2x 


7 1e3252 Ge —|) 
Show thatthe middle term of (1-+x)28is ey ie 
Al: 


| Sif tg n n 7 yee 
Show that: € }(3 }+(3 Jem ( nha 2 
; : n+l __ 

Show that: | ” Ae s ree se ee fe Leapeeh. a= 2 
0 2 Val 3 \i2 4\ 3 n+\\ n n+l 

The Binomial Theorem when the index 7 is a 


negative integer or a fraction. 


When 7 is a negative integer or a fraction, then 





ACIS) 7 (aNd ae 
; Zine 3! 
fi n(n—1)(n— cell iit) anor 

r! 


(1+ x)" =l+nx+ 


provided excels 


The series of the type 


1+ nx +e 1) x? _ nn=)(n=2) | +- 


3! 


is called the binomial series. 
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Note (1): The proof of this theorem is beyond the scope of this book. 


n nN Ao): ane ep eas: Aris 
(2) Symbols l ie Ir fe are meaningless when n is a negative 
integer or a fraction. 


(3) The general term in the expansion is 7,,, = 3 


Example 1: Find the general term in the expansion of (1+) ~* when|x| <1. 


= 3) CUE) asl 


Solution: 7.,, 7 
Diss 


_ (-1)’.3.4.5....07 + 2) aa 
r! 


.. (r+2) Ee 


si) aa 


ee ee ge 


rl.(r+1) (r+2) er 


Te? Dr 


_ ae 


Some particular cases of the expansialt of (1 +x)", n<o. 
i) (1+ yy sl-xt x? -x eee aa a +. 
li) = (l4+-x) 7 =1-2x4+3x° -4x° +....4(- 1D)! (r4 Dx’ +... 


(r +1) (r+ 2) 


iii) Uta)? 1 Sambal xe +...+(—1)! 5 


xO AR: 


Iv) yy d- — x)" Bere se +x" + 
Vv) ie bx) =" =14+2x+3x? +40 +. b(t Dx" + 
XD - ays =14344 6%" +1027 +. ies ery: 


“4 
’ . - " > 2 
eee —— = ~e- “we > . * "@ eee eee ee eh 
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8.5 Application of the Binomial Theorem 


Approximations: We have seen in the particular cases of the expansion of (1+ x)" 


that the power of x goes on increasing in each expansion. Since | x | < 1, so 
| x i <| x | for r = 2, 3, 4, ... 


This fact shows that terms in each expansion go on decreasing numerically if 
[x1 <1. Thus some initial terms of the binomial series are enough for determining the 


approximate values of binomial expansions having indices as negative integers or 
fractions. : 


Summation of infinite series: The binomial series are conveniently used for 
summation of infinite series. The series (whose sum is required) is compared with. 
n(n—| n(n—1) (n—-2 
n(n=l) + n(n-l) (1-2) |, + 

2! 3! 
to find out the values of n and x. Then the sum is calculated by putting the values of n 
and xin (1+ x)". 


1+ nx+ 


Example 2: Expand (1—2x)'*to four terms and apply it to evaluate (.8)'’’ correct to 
three places of decimal. 


Solution: This expansion is valid only if |2x| <1 or 2|x)/<1 orlx ee 5 , that is 


sites 
—\-__/(_2x)3 — 


| + +-1) + 1 
(12x)? =14 = (22) eNO) (nyo A 


2! 5! 
ees) 

2 3 3 
a1-S x4 4x?) +—_-__ —8x° 

Shi 5 ae ee 3.2.1 Tarn fs 
__ 2 eee ee 

3 Rey a 
ese eee a2 eh x — 

3 9 $l 


Putting x =.1 in the above expansion we have 


— 
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"ho 4 40 
1—2(.1))? =1—-=(1) ==)? —=— Gn 
(1-2(.1)) 5D - GOD? CD 
3 ee ee (40 x.001 =.04) 
~1—,06666 —.00444 —.00049 = 1—-.07159 = .92841 
Thus (.8)'?= .928 


. Alternative method: 


(8)-> = .2)' =1-=4 


Simplify onward by yourself. — 


Example 3: Expand (8—5x)~*’* to four terms. 


ei | 


2 | 
: S\N 2/5 a ee 
Solution: (8 -—5x)7”" -(41-$]] eg ies] j =@y[I-ge 3 





| 





10 (3. Si) eS oS 25 eee 
= —| 1+—x+— X— Xt XX — Xt... 
4 12 9 64 81 8x64 
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Seen 25 ee yanl625 5... 


Js Kat Vit 
4 48 2304 20736 








+ 


-2/3 
The expansion of t =F) is valid when — <] 








5 8 
or —| x \<1=>| x \<— 
8 5 
Example 4; Evaluate 30 correct to three places of decimal. 


l 
Solution: 3/30 = (30)'? =(27+3)3 


1/3 1/3 
-|afi+> =on(145 
27 9 


2 3 2 
=i ee 22 A 8 Bole | =23 es ee |b 
3 ? 9\9 81\ 9 27 \ 27 


~ 3 [1 + .03704 — .001372] = 3 [1.035668] = 3.107004 
Thus 3/30 ~ 3.107 





Example 5: Find the coefficient of x” in the expansion of 5 2 
~ 8 
Solution: ——2— = (l—x)(+x)~ 
Ce 
2 —3 sees —2-— +] 


r| 





» ea 2 ot te eee” ST hee: Se oe Tr 
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= (—x+1)[ 14 (-1)2x+(-1)?3x? +....+(CD’ x(r+1)x" +... | 
= (—x+1)[ 14+ (—1)2x+(—1)?3x? +... + (-1I)™ nx"! +(-1)"(n+))x" +... | 
Coefficient of x" =(-1) (-1)"'n+(-1)"(n+1) 
= (-1)"n+(-1)"(n+]) 
= (-1)"[n+(n+)] 
= (-1)".(2n+1) 


Example 6: If x is so small that its cube and higher power can be neglected, show 


that fo =1-x+——x? 
l+x 2 
. . l-x 1/2 -1/2 
Solution: ../— = (l-— x)" 1+x)""" 
l+x 


= [aa eee I-at aa t | 
2 oe 2 8 
l Shs bres sl tie) ome! 
| Lm he | eee 
2 8 2 4 8 | 
Spelide, Eee eee 2s 
2 2 8 4 8 


ay et 
2 


; 1/3 
5m—2n aReur _ntm 
m+2n 3n 


Example 7:If m and n are nearly equal, show that ( 3 
n 


Solution: Put m =n + h (here / is so small that its square and higher Rows can be 
neglected) 


5m- inci ya -(Serbn2s | (eats ) 


H.S. = 
a ( 3n 3n 3n 


tis | Bees 
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' Example 8: Identify the series: 1 + +—— + 


1/3 
(2 
3n 


= |+— (neglecting square and higher powers of 2) (1) 
I 


* Wn n+m 


Ren 
m+2n 3n 


t-te ,2nth 
3n+h 3n 


(n+h){ 1 Doh 
= —— |+|] -—+— 
on) \1-- Sia eit 


She end L + 
3n 3n 





h : | +} 
= 1+ >* (neglecting square and higher powers of /2) (ii) 
n 


From (1) and (ii), we have the result. 


l S135 


3 NEL ESEO +.... aS a binomial expansion 


and find its sum 
Solution: Let the given series be identical with. 
Lent + Pte : (A) 


We know that (A) is expansion of (1+x)"for | xl<1 and nis not a positive 


». integer. Now comparing the given series with (A) we get: 


ne =— _ | (i) 
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n(n—1) ee 13 (ii) 
2! 3.6 
From (i), x= Le (111) 
3n 


ee Lee 
Now substitution of x = aa in (ii) gives 
n 





n(n-1)(1Y °1 n(n—-1) 1 1 
—_—_—— | — | =— or — =— 
2! 3n 6 WAV Onze6 
| 
or n-l=3n => n=-— 
1 eae 
Putting n= pel (iii), we get 
l 2 


~1/2 -1/2 
Thus the given series is the expansion of [ He or hee | | 
9) -1/2 | 
Hence the sum of the given series = ( ==] = GB) 
= 3 
2 3 
Example 9: For = i puis tF jee ise + 
2\ 9 2°2!\ 9 2°3!\ 9 
show that Sy’ +10y—4=0 . 
; 2 3 
1/{ 4 13/ 4 1.3.5{ 4 | | 
Solution: y = —}] — |+——| — | t=—-|— | + -- 
4 aera | Sa “Sage 
Adding 1 to both sides of (A), we obtain 


va syx: ae T(E) StS (C4 ess (04) 
Mae oy Cy i) ere) || ae ®) 


Let the series on the right side of (B) be identical with 


rol 


a (3) 


te 





A oe A Textbook of Algebra and Trigonometry 


= = = 
ae n(n —1) aot n(n—1)(n 2). 
2! 3! 


which is the expansion of (1+.x)' for| x | < land n is not a positive integer. 


On comparing terms of both the series, we get 


1 fi 4 
ee @ 


3 4 


n(n—-}) x _13/ 4 ) (ii) 
2! 4.2!\ 9 
From (i), x = Ze (iil) 
On 


Substituting x= 5 in (11), we get 
n 











or —. : 
8 81 2 8in- 8 81 


n(n-1)(2) _ 3 16 _n(m-l) 4 3 16 
2 On 


or —-(n-1)=6n or n-1=3n = n=—— 


Putting n= > in (iii), we get 





or . V¥5(l+y)=3 ie (iv) 
= __ Squaring both the sides of (iv), we get 
5(1+2y+y?)=9 
| or Sy*+1l0y—4=0 
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Rie ere cy cree Boe 
_ Exercise 8. 33 (gre = 


Sie 
p Om Le ent heer Seotrin Spe BBS Pink k ae 


~ Expand the inet apt 4 terms, taking the values‘of x such that the 
expansion in each case Is valid. 





i)  (-x)4) © ii) W222) eee) eee) metv) (4 3x) 
y) 8-2e" vi) (O38) ev V1+2x 
| (1+ x)? l—x 
1/2 1 I 
IX) aa x) (l+x-2x? 2 xi) (1-2x+3x?)2 
=X 


Using Binomial theorem find the value of the following to three places of 


decimals. 
l 





l 
i) /99 ii)  (.98)2 (iii) (1.03)3 iv) 365 
v) 4/17 vi) 431 vii) Toss viii) os 
l l 
ix) vt x) (.998) 3 x1) Tass xii) (1280)4 


Find the coefficient of x” in the expansion of 














2 2 
" ! +X . a C2); i) (+x) 
(1+ x) (l—x)° (l—x)” 
iv) ee v) (l—x+x* —x? +...)? 


If x is so small that its square and higher powers can be neglected, then show 
that 


7 


De Eh ai) eee 


i 
Vl-—x 2 l—x 2 


(9+ 7x)"/? = (16 +3x)!/4 








tel 


a 
* 


iii) 





445x 4 «(284 
iv) A py A 
(1—x)? 4 
(1+ x)'/?(4-—3x)?” , 5x 
Ys iia aaa 
| tN 17270 eA \iL2 
vi): Meese ie ee Ole 


(8 + 3x)" 2° 48 
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us V4—x+(8—x)!” | 
V11) Ses EN 2-—x 
(8—x) 12 
5, Ifxis so small that its cube and higher power can be neglected, then show that 
i) vl—x-—2x? ~1-—-x-— 3 ay) [te atte te 


8 l-—x 
6. If x is very nearly equal 1, then prove that px? — gx? = (p—q)x?*? 


if If p — qg is small when compared with p or gq, show that 


(2n+1)p+(@n-Dq _(p+q)” 
(2n—1)p+(2n+)Dq 2q 











l/2 
| 8n n+N 
8. Show that — = - where n and N are nearly equal. 
Ee + =| One edn ee 
9. Identify the following series as binomial expansion and find the sum in each 


case. 


7 tele else 3.5/1.) 
i) fe | | ees eae ee 
: Daleae owas | oR" 


i (ele ele 1355/1.) 
EN) These] ee | Praga || 
alee al ay 
A) ne EE 
4 48 48.12. 


] 4 
mo) ieee SES ee 
ae lesa 2416|.3 


10. Use binomial theorem to show that eo + ue ph 4 oe J2 





4 48 4.8.12 
mabe et +3 (2 ait 
| Y=3 toy 31 , then prove that y* + 2y 2 =0 
lee 3 . Meaelese5 : 
12. At 2y=52+ + 94+~ 3) 96 +...., then prove that 4y* + 4y—1=0 
13. _2 13 (2Y¥ 13.5 (2 
ust OI: ) + 31 5 , then prove that y” + 2y—- 4= 0: 





ve, 
Ay 


Fundam entalé of 
Trigonometry _ 





fied? 


9.1 Introduction 


Trigonometry is an important branch of Mathematics. The word 
Trigonometry has been derived from three Greek words: Trei (three), Goni (angles) 
and Metron (measurement). Literally it means measurement of triangle. 


For study of calculus it is essential to have a sound knowledge of 
trigonometry. 


It is extensively used in Business, Engineering, Surveying, Navigation, 
Astronomy, Physical and Social Sciences. 


9.2 Units of Measures of Angles 
Concept of an Angle 


Two rays with a common starting point form an angle. One of the rays of 
angle is called initial side and the other as terminal side. The angle is identified by 
showing the direction of rotation from the initial side to the terminal side. 

An angle is said to be positive/negative if the rotation is anti-clockwise/ 
clockwise. Angles are usually denoted by Greek letters such as & (alpha), B (beta), 
y(gamma), 6 (theta) etc. 

In figure 9.1 ZAOB is positive and ZCOD is negative. 


By Terminal side | ab eat C 









Initial side 






Anti-clockwise . 


Clockwi 
rotation BEAU 


rotation 
4 Initial side D*Terminal side — 
_ figure 9.1 


There are two commonly used measurements for angles: Degrees and Radians. 
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which are explained as below: 
9.2.1. Sexagesimal System: (Degree, Minute and Second). 


= 
If the initial ray OA rotates in anti-clockwise direction in such a way that it 


coincides with itself, the angle then formed is said to be of 360 degrees (360°). 


One rotation (anti-clockwise) = 360° 


5 rotation (anti-clockwise) = 180° is called a straight angle 


; rotation (anti-clockwise) = 90° is called a right angle. 







Term inal side 


360° 180° 90° 


( ; Terminal side t x.» : , a: 
Initial side A Terminal side Initial Side Initial Side A 


1 rotation =360° > rotation = 180° — ; rotation = 90° 


1 degree (1) is divided into 60 minutes (60’) and 1 minute (1’) is divided into 60 
seconds (60” ). As this system of measurement of angle owes its origin to the English 
and because 90, 60 are multiples of 6 and 10, so it is known as English system or 


Sexagesimal system 


Thus 1 rotation (anti-clockwise) = 360°. 
One degree (1) = 60° 
One minute (1’) = 60” 


9.2.2. Conversion from D°M‘S” to a decimal form and vice versa. 


G) 16°30' = 16.5°- (As30’=— =0.5°) 


wm | 


o ° 0. 
(i) 45.25° = 45°15’ (c0.25°= =) 9 _ 15 
: : 100 4 


7 
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Example 1: Convert 18° 6’ 21” to decimal form. 


Solution: 1'= Jt and 1” = i = cl 
60 60 60x60 


0 
“18° 6’ 217=|18+6 uh +2] vie bbs 
60 60x 60 


=(18+ 0.1+ 0.005833)’ =18.105833° 





Example 2 : Convert 21.256 tothe D°M‘S” form 
Solution: 0.256 = (0.256)(1 ) 
= (0.256)(60’) = 15.36’ 
and 0.36’ =(0:36)(1’) _ 
= (0.36)(60") = 21.6” 
Therefore, 
21.256 =21 + 0.256 
=21 + 15.36! 
=21 + 15’+0.36’ 
=21 + 15’+21.6” 


=21° 15’ 22'' rounded off to nearest second 


9.2.3. Circular System (Radians) 

There is another system of angular measurement, called the Circular System. 
It is most useful for the study of higher mathematics Specially in Calculus, angles 
are measured in radians. | | 
Definition: Radian is the measure of the angle subtended at the center of the area 


by an arc, whose length is equal to the radius of the circle. 
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Consider a circle of radius r. Construct an 
angle ZAOB at the centre of the circle whose rays 


os 
cut off an arc AB on the circle whose length is 
equal to the radius r. . 


Thus mZAOB = | radian. 





9.3 Relation between the length of an arc of a circle and 
the circular measure of its central angle. 


l 
Prove that @ = —, 


- 
where r is the radius of the circle /, is the leosth of the arc ond 8 is the 


circular measure of the central angle. 


Proof: 





By definition of radian; 


An angle of | radian subtends an arc AB on the circleoflength = 


— 


.- 


I! 


An angle of ; radian subtends an arc AB on the circle of length 


An angle of 2 radians subtends an arc AB on the circle of length 


ll 
™ 


—, 
..An angle of @ radian subtends an arc AB on the circle of length = 
= AB = 6.r 
= ff the 


@ =— 
r 
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Alternate Proof 
Let there be a circle with centre O and radius r. Su supose that length of arc 
AB =I and the central angle mZAOB=6 radian. Take an arc ACof length = r. 


By definition mZAOC=1 radian. 


We know from elementary geometry that measures of central angles of the 
arcs of a circle are proportional to the lengths of their arcs. 


mZAOB _ mAB 
mZAOC mAC 





@ radian / 
—- eS 
lradian +r 





= poe 
5 


Thus the central angle @ (in radian) subtended by a circular arc of length / is 
given by 6 = g , where ris the radius of the circle. 
; 


Remember that r and / are measured in terms of the same unit and the radian 
measure is unit-less, i.e., it is a real number. 
For example, if r=3 cm and!=6 cm 
then @= u = 6 =) 
r 3 
9.3.1 Conversion of Radian into Degree and Vice Versa 
We know that circumference of a circle of radius r is 27r=(J), and angle 


formed by one complete revolution is @ radian, therefore, 


gue 
: 
2nr 
=> §@=— 


ae «+ 


MA 
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Thus we have the relationship 








ss Circumference 9 xr 
27 radian = 360 
= radian = 180 
=> radian = ee pt = 57.296° 
mz 3.1416 
Further 1) = sill radian 
180 
Bee 0175 radian 





Example 3: Convert the following angles in degree: 


(i) = radians (ii) 3 radians. 
: 21 ; 2 ; 
Solution: (i) ay pecians St radian) =— = (180 y=120 


(ii) 3radians = 3 (radian) = 3 a 296°) = 171.888" 
Example 4; Convert 54° 45’ into radians. 


54 45) =| (542 nels 
- 60 4 4 


219 /., 
eal 


a? —— (0.0175) radians 


Solution: 54 45’ 





= 0.958 radians. 
Most calculators automatically would convert degrees into radians and radians 
into degrees. 


Example 5: An arc subtends an angle of 70° at the center of a circle and its length is 
132 m.m. Find the radius of the circle. | 

| 3.1416 Hit ae | 
Solution: ° 70° =10X So mi Soe ="9 — radians. ( 2 = 3.1416) 


dl 
G2 = 9 radian and l= 132 m.m. 
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i i PRY et 
ls => r= = 132x77= 108mm. 


Example 6: Find the length of the equatorial arc subtending an angle of 1° at the 
centre of the earth, taking the radius of the earth as 6400 km. 








| 1 3.1416 
Solution: 1° = 780 radian ~ “480 radian 
3 3.1416 3 
Q@ = 180 and r= 6400km. 
Now @ = = 
31416 





=> | = r@ = 6400x 1800000 ~ 111.7 km. 
Example 7: Find correct to the nearest centimeter, the distance at which a coin of 
diameter 'l’ cm should be held so as to conceal the full moon Mises diameter 
subtends an angle of 31’ at the eye of the observer on the earth. 





Observer 


Solution: Let O be the eye of the observer. ABCD be the moon and POSR be the 
coin, so that APO. and CSO are straight line segments. 


We know that mPS =1cm, mZAOC =31’ 
Now since mZAOC (=mZPOS) is very very small. 


PS can be taken as the arc of the circle with centre O and radius OP. 


31X72 
‘N = — =13 149 => Tad 
ow “OP*="r73" 1 =lcm"s- 6=31 60 x 180 radians 
iOiven 
r 4. 
lL 1x60x'180 60180? Mota ities 
(a ania ee IS 





—_ ie ~ 2 i= = 


| 


| 
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Thus we have the relationship 














0 Circumference 9 ar 
2m radian = 360 
= mradian = 180 
=> Jradian = 10 _ 180. 57006 
rs 3.1416 
Further 1° = —~— radian 
180 
4 (spills = 0.0175 radian 
180 


Example 3: Convert the following angles in degree: 


(i) + radians (ii) 3. radians. 


Solution: (i) = radians =—(z radian) = : (180°) = 120° 


(ii) 3radians = 3(lradian) ~ 3 (57.296) ~ 171.888 
Example 4: Convert 54 45’ into radians. 
Solution: 54°45’ = 54 45.) ~ = 542. _ 219 
= 60 4 4 
219/., 
219 (°) 


: —=€. 0175) radians 





re 0. 958 radians. 
Most calculators sueomancaly would convert degrees into radians and radians 
into degrees. 


Example 5: An arc subtends an angle of 70° at the center of a circle and its length iS 
132 m.m. Find the radius of the circle. 


Rare: Sate 314168), 11 
Solution: 70°=70x= 555 radians=7, 1, 6a = tans (= 3: 1416) 


@ = > maui and /=132m.m. 
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Di 
Gi = : = r= 9 = 132x77 = 108mm. 


Example 6: Find the length of the equatorial arc subtending an angle of 1° at the 
centre of the earth, taking the radius of the earth as 6400 km. 





1 
Solution: 1° = 180 radian = sue radian 
141 
Q= sane and r= 6400 km. 
Now '.'@" ="= 
31416 





= | = r0’ = 6400 X Fann000 = 111.7 km. 


Example 7: Find correct to the nearest centimeter, the distance at which a coin of 
diameter 'l’ cm should be held so as to conceal the full moon whose diameter 
subtends an angle of 31’ at the eye of the observer on the earth. 


A 
p 
0 <a of D 
Observer 5 Moon — 
G 


Solution: Let O be the eye of the observer, ABCD be the moon and PQSR be the 
coin, so that APO. and CSO are straight line segments. 


We know that mPS =1cm, mZAOC =31’ 
Now since mZAOC (=mZPOS) is very very small. 


PS can be taken as the arc of the circle with centre O and radius OP. 
31X2z 


N = = =3)* =>—— radi 

OW OPF= "97? 2 = Women 031 = 0 x 180 radians 

| 1x 60x 180 60 x 180 
31xm  31x3.1416 


DBil~ YI 


= 110.89.cm. | 
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Hence the coin should be held at an approximate distance of 111 cm. from the 
SORES ve rrr 
Note: If the value of zis not given, we shalltake7=3.1416. = °} 


Exercise9.1 


1. Express the following sexagesimal measures of angles in radians: 


1) eeoO: li) 45° ili) 60° iv) 75° 
v) 90° vi) 105° vii) 120° vill) 135° 
IX) e502 X) eee lOs 15; X13 5.20: xii) 75° 6’ 30” 
xiii) 120’ 40” xiv) 154° 20” XV) 0° Xvi) 3” 
Z. Convert the following radian measures of angles into the measures of 
sexagesimal system: 
Ae ast LS eit ater TC 
- 1) 8 ii) 6 ili) 4 iv) 3 . Vv) ry 
OU .. ot Soe eel tt on 
Vi) 3 vil) Vill) ix) 12 X) 5 
 Wibe 2alL3T a Weer . PEE 19 
X1) a7 x1) 76 X11) 7A XIV) 36. XV) 32° 
3h What is the circular measure of the angle between the hands of a watch at 4 
O'clock? | 


4, Find 6, when: 
i). J =1.5cm, i= 2.) Cll 11) [=53 25m: r= 2m 
5. Find J, when: | ht 
i) @=7 radians, r=6cm ii) @ = 65°20°, r=18mm 
6. Find r, when: 


) I=5om, 6 =F radian ii) 1=S6cm, 0 = 45° 


7. What is the length of the arc intercepted on a circle of radius 14 cms by the 
_ arms of acentral angle of 45°? 


8. Find the radius of the circle, in which the arms of a central angle of measure 1 
radian cut off an arc of length 35 cm. 


SS Te a 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 
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A railway train is running on a circular track of radius 500 meters at the rate 
of 30 km per hour. Through what angle will it turn in 10 sec.? 


A horse is tethered to a peg by a rope of 9 meters length and it can move in a 
circle with the peg as centre. If the horse moves along the circumference of 
the circle, keeping the rope tight, how far will it have gone when the rope has 
turned through an angle of 70°? 

The pendulum of a clock is 20 cm long and it swings through an angle of 20° 


each second. How far does the tip of the pendulum move in | second? 


Assuming the average distance of the earth from the sun to be 148x10° km 
and the angle subtended by the sun at the eye of a person on the earth of 
measure 9.3 x 10° radians. Find the diameter of the sun. 


A circular wire of radius 6 cm is cut straightened and then bent so as to lie 
along the circumference of a hoop of radius 24 cm. Find the measure of. the 
angle which it subtends at the centre of the hoop. 


Show that the area of a sector of a circular region of radius r is 5 r 0, where @ 
is the circular measure of the central angle of the sector. 
Two cities A and B lie on the equator such that their longitudes are 45°F and 


25°W respectively. Find the distance between the two cities, taking radius of 
the earth as 6400 kms. 


The moon subtends an angle of 0.5° at the eye of an observer on earth. The 
distance of the moon from the earth is 3.844 x 10° km approx. What is the 
length of the diameter of the moon? 

The angle subtended by the earth at the eye of a spaceman, landed on the ~ 
moon, is 1° 54’. The radius of the earth is 6400 km. Find the approximate 


distance between the moon and the earth. 
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9.4 General Angle (Coterminal Angles) 


There can be many angles with the same initial and terminal sides. These are 
> 
called coterminal angles. Consider an angle ZPOQ with initial side OP and terminal 


—} 
side OO with vertex O. LetmZPOQ= @radian, where 0< 0<27 


0 





—> 
Now, if the side OQ comes to its present position after one or more complete 
rotations in the anti-clockwise direction, then mZPOQ will be 


i) @6@+2z7, afteronerevolution ii) @+ 47, after two revolutions, 


y y : 0 
6-2n Nee 
| 0 P P BE . 


However, if the rotations are made in the clock-wise direction as shown in the 


figure, 
mZPOQ will be: 


1) @-—2z, after one revolution, 
1) 6-47, after two revolution, 


—> ; 
It means that OQ comes to its original position after every revolution of 27 
radians in the postive or negative directions. 


_ In general, if angle @ is in degrees, then 9 + 360k where ke Z, is an angle 
coterminal with @. If angle @ is in radians, then @ + 2k where ke Z,, is an angle 
~~ coterminal with @. 


pe General angle is 9 +2kx, ke Z, 
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9.5 Angle In The Standard Position 


An angle is said to be in standard position if its vertex lies at the origin of a 


rectangular coordinate system and its initial side along the positive x-axis. 


The following figures show four angles in standard position: 


7 Dwele _ Ss eS Soe h|lUC~s 





An angle in standard position is said to lie in a quadrant if its terminal side lies 
in that quadrant. In the above figure: : 
Angle a@liesin I Quadrant as its terminal side lies is I Quadrant | 
Angle B lies in II Quadrant as its terminal side lies is II Quadrant 
Angle ylies in III Quadrant as its terminal side lies is II Quadrant ; 
and Angle @ lies in TV Quadrant as its terminal side lies is [V Quadrant 
If the terminal side of an angle falls on x-axis or y-axis, it is called a 





quadrantal angle. | 
i.e., 90°, 180°, 270° and 360° are quadrantal angles. ; 


9.6 Trigonometric Functions 

Consider a right angled triangle ABC with ZC = 90° and sides 
a, b, c, as shown in the figure. Let mZA = @ radian. 

The side AB opposite to 90° is called the hypotenuse (hyp), 





The side BC opposite to @ is called the opposite (opp) and 
the side AC related to angle @ is called the adjacent (adj) 
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We can form six ratios as follows: 
GEOG AWN Hc b 
mt) =e rer ss =r and ss 
CRENIC? SA Dink G45 oD a 
In fact these ratios depend only on the size of the angle and not on the triangle 
formed. Therefore, these ratios are called trigonometric functions of angle @ and are 


defined as below: 
Sine @ -sin@ = ; = BD Cosecant@: csc@ =< eo 
Cosine 9 :cos @ = 2 = =e Secant@ : sec@ = = a 
Tangent @:tan@ = ; = adi Cotangent 8: cot 0 =? ten 


We observe useful relationships between these six trigonometric functions 
as follows: 











5 dicate R i" F sin 0 | 

BOTS ee nige? SUV E eGo 2M! Sl lcos O.’ 
cos @ l 

cot O= sin@ ’ cot@ = tan 9 


9.7 Trigonometric Functions of any angle 

Now we shall define the trigonometric 
functions of any angle. 

Consider an angle ZXOP = @ radian in 
standard position. 

Let coordinates of P (other than origin) on 
the terminal side of the angle be (x, y). 

If r = x’ +y- denotes the distance from — 
O (0, 0) to P(x, y), then six trigonometric functions 





of @ are defined as the ratios 
sins Stee csc eG 40) tan 2° 7%) 
r y xX 
x meres Fo aS oe 
cos 6= ; tseci@# = 7 « #0) ‘coud. = 5 (y #0) 
ees : | ‘s sy es oF me eice, 2 Peas os & = 





; Chapter 9: Fundamentals of Trigonometry fim 





9.8 Fundamental Identities 


For any real number @, we shall derive the following three fundamental 
identities: 


i) sin? @+cos?@ = 1 
ii) 1+tan’@ = sec’ @ 
iii) 1+ cot? @ = csc’ 6. 


Proof: 
(i) Refer to right angled triangle ABC in fig. (1) by Pythagoras theorem, we have 
dividing a + b°=c’ , both sides by c’ , we get 


c Guan 





=  (sin@) +(cos@) =1 





(1) 


il) Again as a’ +b° =c” 
Dividing both sides by b*, we get 


Ganeb: 0 Ce 
Bt = Bin 


= (Js-() 


= (tan ey +]= (secd 





(2) 


1 
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@iii) Againas a?+b?=c? 





Dividing both side by a’, we get 


= 1+ (cot@)’= (sca) 


Git 


N } es (s 2 6 = sin ‘sin’ a0; (cos oP = = = cos" @ and (tan 6) = = tan’ 0 ete, 


meen 





_9.9 Signs of the Trigonometric functions 
If @ is not a quadrantal angle, then it will lie in a particular quadrant. 


Because r= ./x?+y” is always positive, it follows that the signs of the trigonometric 
functions can be found if the quadrant of @ is known. For example, 


(i) If @ lies in Quadrant I, then a point P(x, y) on its terminal side has both x, y 
co-ordinates +ve 


=> All trigonometric functions are +ve in Quadrant I. 


Gi) If @ lies in Quadrant IJ, then a point P(x, y) on its terminal side has 
negative x-coordinate. and positive y-coordinate. 
. sin@=2 = +ve >O,cos 0 ee —ve <Q, tand = Z. =-ve <0 
r r ix 
(iii) If @ lies in Quadrant III, then a point P(x, y) on its terminal side has negative 


*—coordinate. and negative y—coordinate.- 


~ sin@ =~ =-ve <0, cos 8 =~ ~=Ve <0, tan 6 =2=+ve >0 
: r r x 
(iv) If @ lies in Quadrant IV, then a point P(x, y) on its terminal side has positive 
x-coordinate. and negative y—coordinate. 
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= sin @ = ==ve <0 cos @ -~ = ive >Q0 tan@ =-ve <0 
r r 


These results are summarized in the following figure. Trigonometric 
functions mentioned are positive in these quardrants. 


sin@ > 0 II Quad All +ve 
csc@ > 0 


cot@ > 0 secO > 0 


lial 0 ee 0 





It is clear fromthe above figure that 


sin (—@) = — sin 0; csc (—9) =—csc 8 
cos (-@)= cos 6; sec (-9) = sec 0 
tan (—@) = -tan 6; cot (—6) =—cot 8 
Example 1: If tan @= 7 and the terminal arm of the angle is in the LI quadrant, 
find the values of the other trigonometric functions of 8. | 
ioe , 38 9 tats p15: 
Solution: tan@ = 15 “cote. = a0 ae 
2 
See ee if 8 64 _ 289 
sec §@ = l]+tan’ @ = 1+(i5) = 1 +2955 
| 2895 > 7 
sec Gie= it 095 = ty 


‘’ The terminal arm of the angle is in the III quadrant where sec 0 is negative 
17 | 


oT 

oo 

" aa 
Be 7 rel 
bey et 7 
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We can form six ratios as follows: 


GSO aGhierces Vc b 
a9 O59 ™s ers v9 and ar 
CCH A Ole Gi) @.D 
In fact these ratios depend only on the size of the angle and not on the triangle 


formed. Therefore, these ratios are called trigonometric functions of angle @ and are 


defined as below: 
Sine@ ;sin@ = : = ne Cosecant@: csc@ =" = = 
Cosine 8 :cos 8 = 2 = — Secant@ : sec@ =F = ai 
Tangent @:tan@ = : = aay Cotangent 8: cot @ =? tei 


We observe useful relationships between these six trigonometric functions 





as follows: 
9 I lig hs ea 9 sin 0 
SOC eeenlOn mates C8 Talvepsig hn BEE LSnRog oe 
cos @ l 
cot @= PaO) We cot@ = mae 


9.7 Trigonometric Functions of any angle 

Now we shall define the trigonometric 
functions of any angle. . 

Consider an angle ZXOP = @ radian in 
standard position. 

Let coordinates of P (other than origin) on 
the terminal side of the angle be (x, y). 

inte & sfx? + y denotes the distance from | 
O (0, 0) to P(x, y), then six trigonometric functions 





of @ are defined as the ratios 
OR aL ; a4 & at 
sin 6.= = CSC) Ose = y (y#0) ; tan@ = z (x #0) 
x ying J : wa aX 
cos @= ; imaseci@r'= aon = cot@ = 7: Stodabes 
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9.8 Fundamental Identities 


For any real number 9, we shall derive the following three fundamental 
identities: : 


i) sin? @+cos?@ = 1 
ii) 1+tan* 0 = sec’@ 
iii) 1+cot?@ = csc’ @, 


Proof: 


(i) Refer to right angled triangle ABC in fig. (1) by Pythagoras theorem, we have 


dividing a + b’=c’ , both sides by c’ , we get B 
Qs iuibe y Cr C a 
CC men 

A O 
ay (bY A b G 
= EI 5) ai Fig.(1) 
C C 


=  (sin@) +(cos@) =1 


; (1) 


ii) Againas a*+b*=c’ 


Dividing both sides by 5”, we get 


=  (tan@) +1=(secd)- 


=> (2) 


ahh 
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l l 15 
=r 
0 vies Q. Q= 715 
8 
sng = — 7 
l l 17 
SE) cin) Smit i ele 


= 17. 
Example 2: Find the value of other five trigonometric functions of 9, if 
12 . 
cos @=7, and the terminal side of the angle is not in the I quadrant. 
Solution: The terminal side of the angle is not in the I quadrant but cos @ is positive, 
.. The terminal side of the angle is in the [TV quadrant 





I : | _ 13 
5 
12 144 25 
a a au pa eee LO 
sin? @ = 1-—cos*@ = 1 (2) 1 169 = 169 
| 5 
sing = 13 


As the terminal side of the angle is in the [V quadrant where 
sin @ is negative. 





) g 
sin@ = —33 
ee eee) 
cosec 9 = i007 0 Sea 5 
13 
$5: 
sinGa mel) 2 5) | 
ENO? Bo 2 ise 12 
5 if 





Find the signs of the following: 


i) sin 160° ii) cos 190° iii) tan 115° 

iv) sec 245° v) cot 80° vi) cosec 297° 

Fill in the blanks: 

i) sin(—310°) = ... sin 310° li) cos (—75°) = ... cos 75° 
iii)  tan(—182°) =---tan182° iv)  cot(-173°) =---cot 137° 
Vv) sec (—216°) = ... sec 216° vi) cosec (—15°) = ... cosec 15° 


In which quadrant are the terminal arms of the angle lie when 


i) sin@<O and cos @>0, li) cot @>0 and cosec @>0, 
iii) tan @<O and cos @>0, iv) scc@<0O and sin @<0O, 
v) cot@>0 and sin @<0, v1) cos 8<0O and tan @<0? 


Find the values of the remaining trigonometric functions: 

1) sin@= a and the terminal arm of the angle is in quad. I. 

li) cos @= rat and the terminal arm of the angle is in quad. IV. 
ili) cos @=— - and the terminal arm of the angle is in quad. II. 


iv) tan@= = and the terminal arm of the angle is in quad. II. 


J . 
v) sin@=- V2 and the terminal arm of the angle is not in quad. II. 


15 : | 
If cot @="9" and the terminal arm of the angle is not is quad. I, find the values 


of cos @ and cosec 8. 





i 
; 
' 
: 
H 
i 
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m+ 1 : 
6. If cosec 8 = om and m)0|0<@< a). find the values of the remaining 


irigonometric ratios. 


fp {f tan 0= i and the terminal arm aie the angle is not is the III quad., find the 


csc" O= sec” @g 


values of 
esc’ 0+ sec* @° 


) aie 
8. If cot @= 7 and the terminal arm of the angle is in the I quad., find the value 


3 sin 80+ 4cos @ 


of cos @-— sin@ — 


9.10 The values of Trigonometric Functions of acute 


angles 45°, 30° and 60° 


Consider a right triangle ABC with mZC =90° and 
sides a, b, c as shown in the figure on right hand side. 





(a) Case 1 when mZA = 45° = 7 radian 


then mZB = 45° 
= AABC is right isosceles. 


As values of trigonometric functions depend only on the angle and not on the 
size of the triangle, we can take a= b= 1 








By Pythagoras theorem, 
c2 =a? +b? 
= ¢' =1]+1=2 sig 
=> ‘c=V2 w ! , A p21 C 
~. Using triangle of fig. 1, with LN and c= Ap) Fig (1) 
a 1 As | . | 
sin45°= — =— esc 45 = =/2: 
V2” sin 45° >4 
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o- 18 l 9 l 
cos 45 = — =—=;3 sec 45 = eS 0) 
, rin NPD cos 45° 
tan45 = & = Vie: cot 45 = ! =" 
| b hs tan 45° 


= (b) Case 2: when mZA=30° == radian, 
then mZB = 60° 
By elementary geometry, in a right triangle the measure of the side opposite 
to 30° is half of the hypotenuse. 
Letc=2 thena=1 
-. _ By Pythagoras theorem, a? +b? =c* 
= bh’ =c’*-a’ 
=4-] 
=3 
= b= 3 


”. Using triangle of fig.2, with a =1,b =/3 andc =2 








a l rf) [= 
30 = —=—; csc 30 = ———=?2; 
a es 9 sin 30° 
b. 3 ; 1 2 
Cos 30) = == —; sec 30 = =—; 
% Clie 2, cos30° 3 
tan 0° = Co 308 = ae EY 


tan 30° x 


(c) Case 3: when mZA = 60'= ; radian, then m Z B = 30° 
By elementary geometry, in a right triangle the measure 
of the side opposite to 30° is half the hypotenuse. 
Letc=2 then b=1 
“. ~ By Pythagoras theorem , 


| a’ +b* =c? 





=> a=c _ 2 = 


=4-1= 3 


Fig (3) 
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eee 





.. Using triangle of fig.3, with a=/3, b=1 andc =2 





sin60 = ae 3. csc 60 = paca 
Cc! 2 sin 60° J3 
cos 60 = Cae sec 60 = Bai. oF 
ce 2 cos 60° 
onGies Saab: Got BO. a nbn Ziel 
b tan60° /3 


Example 3: Find the values of all the trigonometric functions of 


=2 


J 


— 
— 


Ze 


V3 


; ce I 19x 
(i) 420° ii) —— — 
(ii) Ai (iii) 3 
Solution: Weknow that 9@+2k7=0, where ke Z 
(i) 420°=60°+ 1(360°) (k= 1) 
= 60° | 
. sin 420° = sin 60° = a : csc 420° = 
~ cos 420° = cos 60° = ; : sec 420” 
: tan 420° = tan 60° = J3 : cot 420° 
- —71 i 
(ii) 7a green (k=-1) 
aus 
4 


iit 
GA 
= 
| 
=| 3 
a 
> 
ri 
te 
5 
einer 
|] 
— 
| 
o> 
© 





. _ a eae = 











atthe ad 
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= ( —1% (re 
tan dk = tan || cot | —— | =cot | — |=1 
4 \ 4 a: 4 





(ii) = ~ S58 (27) (k = 3) 
a2 
3 


9.11 The values of the Trigonometric Functions of angles 
0°, 90°, 180°, 270°, 360°. 
When terminal line lies on the x— axis or the y— axis, the angle @ is called a 
quadrantal angle. 
Now we shall find the values of trigonometric functions of quadrantal angles 
0°, 90°, 180°, 270°, 360° and so on. 
(a) When 6 = 0° 


The point (1, 0) lies on the terminal side of angle 0° 








. et abe 
=> x=1 and y=0 O Angkor PO) 
$0 r=/x ty =1 | 
Sees? ON), aie: ] 1 | 
. sinQ®=— = aa csc 0 = SAGO = Oh (undefined) 
| I 
(= a= 1 sec 0° = = =] 
Pe cos 0° 





1 

I . 
tan 0° = = = u =0 cot 0° = — = £ (undefined) 
l tanQ® 0 


wie ale 
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(b) When @ =90° 


The point (0, 1) lies on the terminal side of angle 90°. P(0, 1) 


= x=0 and y=! 


90° 
sor=Jjx?+y?=1 . 








O x 
sin90°= 2 = +2). csc 90° = 7 Tan 
a] sin 90 
= ee A l l A 
cos 90 =—=>-+-= Q; sec 90 = 7 =— (undefined); 
rae) cos 90 0 
tan 90°= 2 = is (undefined); ety A ae w =): 
xa7i0 5 a | 
(c) When @ = 180° 130° 
P(-1,0) 9 : 
The point (—1, 0) lies on the terminal side of angle 180°. 
=> x=-l1 and y=0 
SO peaks +y? =] 
sin 180° = 2 = w = 0; csc 180° = — = J (undefined); 
. eT | y O 
cos 180° = = = wel ey. sec 180° = — = ee 
r l x - 
tan 180°= = a0. =i): cot 180° = ~ = i (undefined) 
x - ye .0 
(d) When @ = 270° 270° 
The point (0, -1) lies on the terminal side of angle 270°. & , 
| > x=0 and y=-1 P(0, -1) 
| SO r= jx’ +y? =] 
4 ithe: l 
= ees sin 270° = ~ sl =-]: csc 270° = — = —=-]l; 
i c ry 410 y* -1 


‘ ee 
I - 











ee 
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cos 270° = ~ = : =i(): sec 270° = _ (undefined); 
r 


a 
o|- 


Example 4: Find the values of all trigonometric functions of 
(i) 360° (ii) = (iii) 5x 
Solution: We know that 6+2kmz=@, where ke Z - 
(i) Now 360° = 0° + 1(360°), (k=1) 





—-()° 
sin 360° = sin0°=0; CSC 360° is undefined; 
1 
cos 360° =cos 0° = 1; sec 360° = ——— = 1 
cos 0 
tan 360° = tan 0° =0; cot 360° is undefined. 
(ii) We know that 0+2kz =6 , where ke Z 
IC 3n | 
N —— = —+(-l)2% k=-1 
hal a 2 (—1) ( ) 
_ 3% 
¥) , 





gah a 


Li) 
° 
iG 
| 
Nm] a 
Ree a ry 
ll 
C3 
ro) 
Ga 
Pere 
w |g 
i. a a 
Il 
oO 
g 
| 
ma 
_. 
Fe | 
S 
a 
=F 
3 
a’) 
i= 


se 


wis 
5 


=) is undefined; cot (- al =i() 
2 | \ 2 
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(iii) Now 5a =2+2(2m7) (k=2) 


= 
”. sin Sz = sin 7 =0; csc 57 is undefined; 
cos 5% =cos 7 =-l; sec 52 =-l; 
tan 5z = tan z =0; cot 57 is undefined; 





1. Verifythe following: 


i) sin 60° cos 30° — cos 60° sin 30° = sin 30° 


a“ of 9a Tt 
ii) sin’ ¢ + sin’ 3 + tan’ 7 2 


iii) ~ 2sin45°+ 5 cosec 45° = 


Ts 


7 Tt re 1s 
iv) sin’ ¢: sin’ 7: sin’ 3: sin’ > = Lied 8 BZ. B 


2. Evaluate the following: 


Tt Tl mL! 
tan — tan€ 1 — tan" 3 
)) on li) 
feetanestan + + tan? 
3 6 3 


sh. Verify the following when @ = 30°, 45° 


i) sin20@ =2sin @cos 6 ii) cos2@= cos* @—sin’ @ 
iii) cos 20=2cos 6 -1 iv) cos 20 = 1-2 sin “6 
2 tan 6 


vy) tan2@= = tan? 6 


Find x, if tan? 45° — cos” 60° = x sin 45° cos 45° tan 60°. 


5. Find the values of the figonometric functions of the following 
quadrantal oe 


| 
| 
: 





9.12 
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Te 
i) —-0 ii) —3T ili) at 
iv) -3 Tt v) —I15n vi) 1530° 
: 407 
vii) — 2430° Viii) = T ix) “5 7 


Find the values of the trigonometric functions of the following angles: 


i) 390° ii) —330° ii) 765° 
iv) -675° Vv) aul vi) Is, 

3 3 
vii) on Vili) tn ix) -—1035° 


Domains of Trigonometric functions and 
of Fundamental Identities 


We list the trigonometric functions and fundamental identities, learnt so far 


mentioning their domains as follows: 














i) sin@ : forall @E TR 
ii) cos 0 ; forall Ge 7R 
ii) ‘csci\@= = 6 : forall Oe JR but O#nz7, ne Z 
Wir secon for all Q€7R but 9x(7t) neZ 
iv) sec @= way: ' or 5) I, : 

Fe forall @€7R. but OX(2nt1)=, neEZ 
vi) coto= “8% | — forall @€R but O¥nz, neZ 
vii) sin’ @+cos'O=1 , for all @E FR 

| 1 

viii) 1+tan? @=sec’@ , for all 9€7R but O#(2n+1)5, ne Z. 
ix) 1+cot? @=csc*@ , for all Ge 7K but O#n7, neZ 


Now we shall prove quite a few more identities with the help of the above - sc 


mentioned identities. 
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Example 1: Prove that cos’ @—sin* @= cos” @-— sin’ 0, for all 9e HR 
Solution: L.H.S.= cos’ @-sin* @ 


= (cos* 6)* — (sin? 6)’ 
= (cos” 0+ sin’ 8) (cos’ @—sin? 6) 
= (1) (cos* @—sin* 6) 
= cos’ @-sin’-@= RHS. 


(.: sin* @+ cos? @= 1) 


Hence cos’ @— sin’ @= cos” 9—sin” @ 


Example 2: 


Prove that 


nr } 
where A #4 Ne Z) 


Solution: L.H.S. 


sec? A + cosec? A = sec” A cosec’ A 


= sec’ A+cosec’A 


- 21 i sin’ A + cos” A 
= cos’Atsin?A ~ cos*A sin-A 

] . | 
= Ros AleincA ESS sin? A + cos* A = 1] 


] 


l 


cos? A ‘sin’ A 


= gsec-A.cosec*-A = 


R.HS. 


Hence sec’ A + cosec’” A=sec’ A. cosec’ A. 


| Ei — sin 9 
Example 3: Prove that: ~ aT 


multiple of 5. 


Solution: Lig Seay See 
1+ sin @ 






1 —sin 9 
/ 1+ sin 0 





= sec O—tan @, where @ is not an odd 


dbeisini@ 7G Soe 2 8 “ee 
l—sin Q “attonalizing.) 
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(l-sin@* 1-sin@ 


cos°-@ cos@ 


sin @ 
= 5 > = 5 = sec @-tan @ = RHS. 


1 — sin 0 
Hence — = sec @—tan @. 
1 + sin @ 


Example 4: Show that cot* 6+ cot” @ = cosec* @ — cosec” 6, where @ is not an 








Nt 
integral multiple of x 


Solution: L.H.S. cot’ 6+ cot? 6 


= cot’ O(cot” 0+ 1) 

= (cosec” 9-1) cosec”? 9 
= cosec’ @—cosec? @ 

~ RHS. 


Hence cot* 0+ cot” @ = cosec* @—cosec? 8. 


SS ee Se ee Se 
sll e = +E 
’ 7 


m 
ha og 4 pe ng 
. ® 





Prove the following identities, state the doniain of it in eachte case: 
1 tan 8+ cot @=cosec @sec 0 2. sec @cosec @sin Ocos O= 1 
3. .cos @+ tan Osin @=sec O 4. cosec 6+ tan@sec@ = coseca sec? @ 


5. sec” @—cosec” @= tan? @—cot? 6 
6. cot” @—cos? @=cot* @cos?@ 7. (sec 6 + tan @) (sec 8—tan 6) = 1 


, Ie tan @ 
8. 2 cos’ @—1=1-2:sin° @ 9. cos’ @—sin? 6 = iano 


cos 9@—sin@ ~ cot 9-1 11. sing TORO amen 


A cos 8+sin@ cot 6+ 1 1+cos@ 


A Textbook of Algebra and Trigonometry 
ee lle eee 





2 
1+cot’ 6 ~ zcos, = 1 
1 + cos 6 5 
13. loan) = (cosec 6+ cot @) 
1 —sin @ 
y2 _ aL 
14. (sec @—tan 6) =FEsanle 
| 2 tan @ 
15. atanwo = 2 sin @cos @. 
1 — sion @ cos 6 
————— 





cos@  1+sin@ 
17. (tan @+ cot @)* = sec” @cosec? Q 


48. tan 6+ sec @—1 











tan @—sec@+] tani G+ seci@ 
19 . ] = paler re) ] 
"  cosec@-cot@ sin@ ~ sin@ cosec 8+ cot 6 


20. sin’ @—cos’ @ = (sin 8@—cos 6) (1 + sin Ocos 6) 
21. sin @—cos® @ = (sin? @—cos? 6) (1 — sin?O cos? 6) 


22. sin° @+cos° @ = 1 —3 sin? Ocos- a) 





9: L eee se 2 

*-  T+sin6* 1=sin 6 = 28° 0 

24 cos @+sin@ cos @—sin @ 2 
Cos @—sin 9 cos 8+ sin @ ~ 1—2sin26 








eit .¢ i Ppiggnometric 
10 « Identities 


“se 9 4 
Ferengy + 


10.1 Introduction 

In this section, we shall first establish the fundamental law of trigonometry 
before discussing the Trigonometric Identities. For this we should know the 
formula to find the distance between two points in a plane. 


10.1.1 Distance Formula: : 
Let P(x,,y,) and Q(x,, y,) be two points. If “d~ denotes the distance between them, 


then d =| PQ Gan tOe=a De 
wa | r (x, -—%)? +(%2. - 1)" 


i.e., square root of the sum of square of the difference of x-coordinates 
and square of the difference of y-coordinates. 


Example: Find distance between the following points: 
ii) P(cosx,cosy), Q(sinx, sin y) 


Solution: 


i) Distance = | AB|=./(3—5)? + (8-6)? =V4+4 = J§=24/2 - 
— (5-3)? +(6-8 2 = /44+4=-+8 =2.2 
il) Distance = 4{(cosx— sin x)? + (cos y—sin y)” 


|cos? x+sin? x—2cosx sinx +cos’ y+sin° y—2cosy siny 






2—2cosxsinx—2cosy sin y 


= /2—2(cos xsinx+cosy sin y) 
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10.1.2 Fundamental Law of trigonometry 
Let a and B be any two angles (real numbers), then 








which is called the Fundamental Law of Trigonometry. 
Proof: For our convenience, let us assume that a> B> 0. 


Consider a unit circle with 
centre at origin O. 







Let terminal sides of angles & (cos B. sin) 


and # cut the unit circle at A and B 
respectively. Evidently 7AOB=a—B = (cosa,sin 


Take a point Con the unit circle \ 
so that ZXOC = mZAOB = a- £. 


Join A,B and C,D. 
Now angles a, 8 and a— f are in standard position. 
The coordinates of A are (cos @, sin @) 


the coordinates of B are (cos 8, sin f) 


the coordinates of C are (cos a — B, sin a — B) 
and the coordinates of D are (1, 0). 
Now AAOB and ACOD are congruent. [(SAS) theorem] 
_ |AB| =|CD 

=  |4B\’=|CD/ 

Using the distance formula, we have: 

(cos a—cos f)*+(sin asin B)* = [(cos(a—P)—1]’+[sin (a@—B) — 0} 
= cos @+cos* B—2 cos acos B+ sin’ a+ sin’ B—2sin asin B 

. = cos*(@.— B) +1-—2cos(a —f) + sin’(a — ) 

=> 2-2(cosacosB+sinasin Bp) = 2-—2cos(a—f) 
Hence cos (@—f) = cos acos B+ sin asin P. 
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Suppose we know the values of sin and cos of two angles @ and , we can 
find cos(a@— £) using this law as explained in the following example: 


3 
Example 1: Find the value of cos 72° 


=W5° = 452-30 = 
4 6 


Sk 


Solution: As 


m2 a HK) Uo te) 
cos 12 = COS Am 6 = COS COS car sili sie 
sol N3 ele oe 
10.2 Deductions from Fundamental Law 


1) We know that: 
cos(a— B) = cos acos f$+sin asin f 


C 
Putting a= 2 in it, we get 


off-4) 


4 \ 
= cos(5— B = 0.cos B+1.sinB (.. cos > = 0, sin = 7 


1 1 
COS 5 COS B+ sin sin B 





(i) 
2) We know that: 
cos (a@—f) = cosacos B+sin asin B 
ue * s 
Putting B=— 7 init, we get 
1 \ | ae ee: 
cof (- | = COs Q cos(- a. sin asio(- 5) 
| x os 
sin} —-— |=—-sin—=-1] 


— cos + 5) = cos &. 0+sin a(—1) 
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us ; :, 
cos|> + @| = —sin @ (il) 
3) We know that: 
1 
cos 5 _ B) = sin B [(i) above] 


1 
Putting B= 7+ init, we get 
{2 x (2 
ste 
=> cos(—Q@) = sin 54 a) 
| (nx 
=> cosa= sn(5 + a) {* cos(— @) = cos a} 


_ {2 63 
sin|> + &} = cos @ . (in) 
4) We know that: 
cos(@— B) = cos acos B+ sin asin B 
replacing B by —f we get 
cos[a@—(—f)] = cos acos (— B) + sin asin (- B) 
{-. cos(— f) =cos B, sin (— B) =— sin B} 
= (iv) 
5) We know that: 


cos(@+ B) = cos acos B—sin asin B 


1 
replacing aby a +, we get 


~ cos (F as s| = cos 5 + a) cos B- sin 5 + a) sin B 


3 
= cod 5+ (a+ 8) - — sin acos B—cos asin B 
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= —-sin(a@+f) = —[sin acos B+ cos asin 


sin(a@+ $B) = sin acos h+cos asin f (v) 


6) We know that: 


sin(a+ BP) = sina@cosB+cosasinB [from (v) above] 
replacing B by — B, we get 
sin(a—B) = sin a@cos (—f)+cos asin (— f) 


° sin(— 8) =— sin B 
cos(— 8) =cos B 


sin(a— 6) = sin acos h—cos asin f (vi) 


7) We know that: 
cos(a—f) = cosacosf+sina.sin B 


Let x=22 and B=o 


cos(2x7-— 6) = cos 2n.cos @+sin2zsin 0 

bee iver baie ne Se 

= .COS O+ . SIN sin on &. 0 

= cos@ 

8) We know that sin(@— f) = sin a. cos B—cos @. sin B 
sin(27-—@) = sin2z.cos @—cos 2zZsin @ 

sin 27 = 0 

= 0Q.cos @—-1.sin@ 5 bee 5 

= —sin@ (viii) 


sin(Q@+ sin & cos B+ cos @ sin B 
9) tan(a+ B) = SUK EP) = 


cos(a+ PB) cos acos B—sin asin B 


sin @cos PB cos asin B Dividing 


cos @cos B™ cos acos B up and 
cos acosB sin asin B down by 
cos acosB cos acos B cos @ COs 


ct a 


tan(a+ B) = eae tan B (ix) 
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SINGS sin acos B—cos a sin B 
10) tan(a—B) = sin(@—f) _ sin @ COs cos @ sin 


cos(a—B) —s cos acos B+sin asin B 


sina@cos B cos asin B Dividing 





cos a@cos B cos acos B up and 
COS & COS B. sin @ sin B down by 
cos & cos Bo cos acos B COS Q@ COs 


tan(a@—f) = _tan @—tan B_ 


1 + tan a@tan B (x) 


10.3 Trigonometric Ratios of Allied Angles 


} The angles associated with basic angles of measure @ to a right angle or its 
multiple are called allied angles. So, the angles of measure 90° + 0, 180° + @, 
270° + 6, 360° + @, are known as allied angles. 


Using fundamental law, cos(a@ — B) = cos a cos B + sin &@ sin Band its 
deductions, we derive the following identities: 


5/8 
sin(5— 0) =cos @ , cos 5 0} = sin @ , nl ~ @|=co g 
sf (LAE X : T 
Sl 7 +9 =cos @ , cos\> + @)=—sin 6 , tan|> + @|=—cot @ 


hae 9) =sin@ , cos(#—@) =-—cos @ , tan(m— 6) =—tan O 
sin(w+ 6) =-—sin @ , cos(7+ 6)=-—cos @ , tan(z+ 6) =tan 0 


; | 31 37 

} se @|=—cos 6 cos 3 - )==sin OF nl -6| = cot 8 
_(3n 32 | 30 
S + 0|=—cos 6 , co + 6|=sin 8 , tan + )=— cot 6 


enens 8) =—sin @ , cos(2x— @)=cos @ , tan(2m—- 6) =—tan 0 
sin(27+ 46) =sin@ , cos(27+ @)=cos @ , tan(27+ @) =tan @ 








If @ is added to or ae a ea multiple of right sings the 
trigonometric ratios change into co-ratigs and vice versa. 





2) 


3) 


e.g. 


a) 
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1.€., sin ~— COS, tan —— cot, sec —— cosec 


3% 
e.g. sin( 5 9} - = cos @ and cos o| = sin@ 


1c 
If @ is added to or subtracted from an even multiple of 2? the trigonometric 


ratios shall remain the same. 
So far as the sign of the results is concerned, it is determined by the quadrant 


in which the terminal arm of the angle lies. 
sin(w— @) = sin@, tan(z7+6) = tan@ cos(27—- wy cos @. 


| 


= 






sin +ve All+ve 





| Feo or 6 


Pree] a 
Beewn-e| 9 


31 _ (3% 
In sin|5 - | sini = 5 + 6 sin| > 7 —@} and sin 7 +9 


odd multiplies of 5 are involved. 


fg 





tan +ve cos +ve 


sin will change into cos. 
Moreover, the angle of measure 


1 
1) 5 - 6 will have terminal side in Quad_I, 
So sin E 9) = cos 0; 
ii) 6 + 6 will have terminal side in Quad.II, 


So in 5 + 0) - cos 9; 
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b) 


32 
lii) & - 6 will have terminal side in Quad.II, 


32 
So sin — )- —cos @ 


(37 ) 
IV) & + 6 will have terminal side in Quad. IV, 
| 3 
So sin + 0} = —cos @. 


In cos(7z — 8), cos(z + @), cos(27— @) and cos(27+ 6), even multiples of - 

are involved. 
cos will remain as cos. 

Moreover, the angle of measure 

1) (2-84) will have terminal side in Quad. II, 
.. cos(w7— 8) =—cos @; 

li) . (7+ 9) will have terminal side in Quad. II, 
“.COSs(7l + 8)=-—cos 6; 

lll) (27— 6) will have terminal side in Quad. IV: 
.. Cos(27— 6) =cos @; 

Iv) (27+ @) will have terminal side in Quad. I 


.. cos(2m™ + 6)=cos 8. 


Example 2: Without using the tables, write down the values of: 


i) cos315° ii) sin540° iii) tan (135°) iv) sec (—300°) | 
Solution: 
i) cos 315° = cos (270+ 45)° = cos (3 x 90 + 45)° =+ sin 45° = a3 
li) sin 540° == sin (540 + 0)°=sin (6x 90 + 0)° =sin0=0 
iii) —_ tan (~135°) = -tan 135°=-tan(180—45)°= —tan(2x90—45)° =-(—tan 45°) =1 
iv)  sec(—300°) = sec 300° = sec(360 — 60)° = sec(4x90-60)° = sec 60° = 2. 





Example 3: Simplify: 


sin (360° — 8) cos(180° — 8) tan(180° + 8) 
sin(90° + 8) cos(90° — @) tan(360° + 8) 


sin(360° — 6) =—sin@, cos (180°— 6) =—cos @ 
tan(180°+ 6) =tan@ , sin(90°+ 8) =cos 8 
cos(90°- 8) =sinO@ , wa 


sin(360° — @) cos(180° — 9) tan(180° + 6) — sin @) (— cos 6) tan tan @ 


cos @. sin @. tan @ 5 a sin @. tan @ 


Solution. 





1, Without u using 5 the ae find the values of: 
i) sin (— 780°) li) cot(—855°) _ iii) csc (2040°) 


iv) sec(— 960°) v) tan(1110°) vi) sin (— 300°) 
2. Express each of the following as a trigonometric function of an angle of 
positive degree measure of less than 45°. 
i) sin 196° li) cos 147° ili) sin 319° 
iv) cos 254° v) tan 294° vi) cos 728° 


| Vii) sin (— 625°) Vili) cos (—435°) ix) sin150° 
Ss Prove the following: 
i) sin (180° + @) sin (90-—@) = —sin acos a 


li) sin 780° sin 480° + cos 120° sin 30° = ; 
ill) cos 306° + cos 234° + cos 162° + cos 18° =0 
iv) cos 330° sin 600° + cos 120° sin 150° =—1. 
4, Prove that: 

Sa) 
sin’ (7+ 6) tan > + 0 


= cos @ 


i 3% 
cot? ( Dia @ cos (7 — 6) cosec (277- 8) 


cos (90° + @) sec(— 8) tan(180° — 8) 
1 sec(360° — 6) sin(180° + 8) cot(90° — @) ~ =. 


. . . 
4 
Wa) 1) ) cs. otlmeers. (eee = eee 
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If a, B, y are the angles of a triangle ABC, then prove that 


i) sin(a+P) = siny — ii) cos | = sins 
ili) cos(a+f) = cosy iv) tan (a+ B) + tan y=0. 
10.4 Further Application of Basic Identities 
Example 1: Prove that 
sin(a+B)sin(a—B) = sin’ asin’ B (i) 
7 = cos* B— cos” a (i) 
Solution: L.H.S. = sin (a@+ f) sin(a— B) | 
=, (sin acos 8 + cos asin f) (sin acos B—cos asin B) 
s = sin’ acos* B—cos* asin’ B 


= sin’ o{1 —sin” B)—(1—sin? a) sin’ B 
= sin’ a@—sin’ asin? B—sin’ B+ sin? asin* B 
= sin’ a—sin’ B (i) 
= (1—cos* a —(1-cos? B) 
‘= 1—cos’ a—1+ cos*B 
= cos’ B—cos* a@ (ii) 


Example 2: Without using tables, find the values of all trigonometric functions 
of 75°. 


Solution: As 75°= 45° + 30° 
sin 75° = sin (45° + 30°) = sin 45° cos 30° + cos 45° sin 30° 


a) Je )@)= a 


il 


cos 75°= cos (45° + 30°) = cos 45° cos 30° — sin 45° sin 30° 
= + (32)- cl. 3 )- 3-1 
~ WN2 2 S22) a2 
: * tan 75° = tan (45° + 30°) = _tan 45° + tan 30°_ 


~ 1—tan 45° tan 30° 
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] 3-1] 
cot 75° = 2s = 

| tan75° 4/3 +1 

cosec 7§° = — - = 22. 
sin75° 4/3 +1 

| 1 2 
and se ed = - = 

sec 75 cos 75° = V3 a 


cos 11° + sin 11° 


— tan 56° 
cos 11°—sin11° — tan'SO°. 


Example 3: Prove that: 


Solution: Consider 
tan 45° + tan 11° 





R.HS. = tan 56° = tan(45° + 11°) = ——— 45° tan 1° 
sin 11° 
1+tani1° | *cos11°* cos 11°4 sin 11° 
~ [tan 11° = & sin 11° =-cosd1°—sin 11°°— LS: 
* cos 11° , 
cos 11° + sin 11° 
Hence: ——.565== =o =. tan:562- 


cos 11° —sin 11° 


Example 4: If cos a@ =-— a , tan B =2 , the terminal side of the angle of measure @ 
is in the IT quadrant and that of is in the III quadrant, find the values of: 

i) sin(@+ PB) _ ii) cos (a+ B) 

In which quadrant does the terminal side of the angle of measure 
- (a+ B) lie? 
Solution: We know that sin* @+‘cos? a@ = 1 


Feel he 576 - [49 | ties 
sina = +./1-cos’ a = 270 _ + 625 = 155 | 


As the terminal side of the angIC|O of measure of @ is in (es II quadrant, where 
sin @ is positive. 
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zee. 
. sn a= 5 


===. [ 81 41 
Now sec B= +./1+ tan’ B = t\/1+ T6099 = + 40 


As the terminal side of the angle of measure of B in the III quadrant, 
so sec Bis negative 


4 
sec B= =a and cosB = = 


sin B= ty1- cos’ B = + /1 _ = +o 


As the terminal arm of the angle of measure P is in the III quadrant, so sin Bis 


4 


negative 

sin B = 

sin(@+B) = sin acos B+ cos asin B 

: en (5) (9 24)\( 9 
mae2se\e 419) ala 25 /\ 341 
_ —280+216 64 
. 1025 Pir 208 1025 

and cos (@+ B) = cos acos B—sin asin B 

Sate 247) (i 90) fiat. \(4 892 
= 25 J\ 41) \25)\ 41 
_ 960+ 63 
tt 21025 
me 023 


025.5) 
sin(@+ PB) is—ve and cos (@+ B) is +ve 
. The terminal arm of the angle of measure (@ + f) is in the IV quadrant. 
icabade S If a, B, yare the angles of A ABC, prove that: 
i) mete PY ariyi tan @ tan B tan y 


oe tan 5 tan i tan t tan + tand tan = 1 


A ae 
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Solution: As a, 8, y are the angles of AABC, 
a+B+y = 180° 
1) a+ B= 180°-y 


tan (a@ + B) = tan(180°-¥y 
tana+tanB _ 

~ Y-tanatanp = ~'7Y 

=> tana+tanB = —tany+tanotan Btany 


tan a+ tan B+tan y= tan @tan Btan y 


i) As a+B+y= 180° => >+ Pe 2 = 0" 


OP = one el 
I DY ae tld 9) 
a B Suey 
mips ice 
a £8 : 
Zi ievi2, Mh ee gl 
= a Bo aes Y 
= fan 5) S8ni5 tan'9 


Example 6: Express 3 sin @ + 4 cos @ in the form r sin(@ + d), where the terminal 
side of the angle of measure @ is in the I quadrant. > + 
Solution: Let 3 =rcos@ and 4=rsing 

374 4° = cos’ o+/Pr sin’ 


| a 
| hz A Textbook of Algebra and Trigonometry 





guns 





Prove that: 





| 4 rsing 
=> 9416 = r(cos? $+ sin’ ) 3 = rcos 
— wD =Tr = 5) ma 
=> fr =) 5) 4 
: tang=3 


3 sin 8+4cos = rcos ¢sin 8+rsin dcos 0 
= r(sin cos $+ cos @sin ¢) 
= rsin(@+ ¢) 


where PS and o=tan' 5 


i) sin (180°+ 6)=-sin @ ii) cos (180° + 6) =—cos 8 
iii) tan (270° — 6) =cot @ iv) _ cos (@— 180°) =—cos 0 
Vv) cos (270° + 6 =sin @ Vi) sin (9+ 270°) =—cos @ 
vii) tan (180° + @) =tan 6 viii) cos (360° — 6) =cos @ 
Find the values of the following: 

1) sin 15° li) cos 15° lii) tan 15° 

lv) sin 105° v) cos 105° vi) tan 105°. 

(Hint: 15° = (45° — 30°) and 105° = (60° + 45°). 

Prove that: 


i) sin(45°+ a) = 3 (sin @+cos @) 
li) cos(@+45°)= 7 (cos @— sin @) 
Prove that: 


i) tan(45°+A)tan(45°—A) =1__ ii) tn ( F—0}+ tan 325 0| = 0 


a a 
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| It 
iii) sin (042 } + co (3) = cos 8 
0 
, sin 9 cosa Ame  l=tan @tang~ cos (0+ 9) 
ty) jy = ENG) Y) T+ tan Otan d — cos (6- ¢) 


cos 6+ sin @tan5 ) 


5. Show that: cos(a+ B) cos(a@— B) = cos” a— sin” B= cos” B—sin® o 
| sin(a + §) + sin(@— = 
SOSA cos(a+ B) + cos(a@— B) ~ Se 
tf Show that: 


cot acot B= 1 cot acot B+ 1 


i) cot(a+P) = cot a+ cot B li) cot (@— ‘B = cot B—cot a 


tan @ + tan sin (@ + B) 


il) tan @— tan B sin(a-f) 


8. If sin a= = and cos B = = | where 0<a<5 and 0<B <5. 


13 
show that sin (a— P) = oe 
of uy sitigs Ieee Fe A ee 
9, If sina=5 an sin B= 13 where 5 <@<7 and > < B<7. Fin 
i) sin(a@+ Pp) ii) cos (a+ P) | iii) tan (@ + B) 


iv) sin (a—f) v) cos (a— f) vi) tan (a@— f). 

In which quadrants do the terminal sides of the angles of measures (@ + f) and 

(a — B) lie? | 

10. Find sin (a+ PB) and cos (@ + f), given that 

i) tanqg= 3, cos B = 2. and neither the terminal side of the angle of 
measure o nor that of fis in the I quadrant. 

ii)” tan ‘@=— = and sin B= -— na and neither the terminal side of the 
angle of measure o nor that of Bis in the ITV quadrant. ‘ 


cos 8° — sin 8° 


= o 
cos 8° + sin g° tan 37". 


11. Prove that: 
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If a, B y are the angles of a triangle ABC, show that 
oO | a 
cot > + cot E+ cots = cot cot cot 7 
13. If a+ B+ y= 180°, show that 
cot acot B+ cot Bcot y+ cot ycot a = 1 ; 
14. Express the following in the form r sin-(@ + ¢) orr sin(@ — ¢),where . 
terminal sides of the angles of measures @ and @ are in the first quadrant: 
i) 12sin@+5cos@ ii) 3 sin @—4 cos @ iii) sin @—cos 0 
iv) Ssin@—4cos 6 © v) sin 8+ cos 6. vi) 3 sin @—5 cos 6 
10.5 Double angle Identities 


We have discovered the following results: 


sin (a+ PB) = sin acos B+ cos asin B 
cos (a+) = cosacos B-sin asin B 
| tan a+ tan B 
and tan(@+f) = {tan tan'B 


We can use them to obtain the double angle identities as follows: 
i) Put B= a in sin(a+ B) = sin acos B+ cos asin B 
sin (@+ @) = sin @cos @+ cos asin @ 


er wy 


= 





Hence ‘ 
ii) Put B=q in cos(a@+ B)=cos acos B-sin asin B 
cos(@+ @) = cos @cos asin asin a 


Hence 


cos 2a@= cos* a—sin* a 






cos 2a;= cos’ a— (i - cos” a) (F sin’ @= 1 — cos” a) 
= cos’ a—1+ cos’ @ 


cos 2@ = cos* asin’ a 





* 
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. . : 2 . 
cos 2a@ = (1- sin? Q) — sin* & (* cos @=1— sin? Q) 





eg ee ; 
a ee ee ‘ ] 
' co. » &l4 = ‘| 
je ee hae a le aa 

7 mat See 


ar tan @ + tan p 
lil) Put B=qin tan(a+ Pp) = Tees 


| tan a+ tan a 
tan(@+ @) = 1 — tan atan o 







10.6 Half angle Identities 
The formulas proved above can also be written in the form of half angle 
identities, in the following way: 


22 ,@ I1+cosa 
1) ‘* cos @=2 cos 7-1 => COS sis emery ius 


ee me ed ES ee = - ad 
my a = ti * ea 






10.7 Triple angle Identities 
i) sin3@ = 3sina—4sin @ 
li) cos3@ = 4 cos’ a—3 cos a 
3 tan @— tan? a 


PP cca tan | 
li) tan3a@ =slne a ; 
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Proof: 
1) sin3@= sin(2@+aQ) 
= sin2@cos @+cos2a@sina@ 
= 2sin acos acos a@+(1—2sin’ a) sing 
= 2sin acos’ a@+sin a@—2sin’ a 
= 2sin o(1 — sin? Q@)+sin @—2 sin’ a 
= 2 sin a — 2 sin” &% + sin &— 2 sin” OL 





li) °cos3a= COS sn 0) 

= cos 2@cos @—sin2a@sin a 

= (2 cos’ @—1) cos @-2 sin acos asin a 

= 2cos a@—cos a—2sin’ acos a 

= 2cos a@—-cos a—- 2(1 —cos* @) cos a 

= 2cos a@—cos a—2cos a+2 cos’ & 

“ cos3a@= 4cos’a—3cosa@ 

iii) tan3@= tan(2a@+aQ) 

tan 2a + tan @ 

1 — tan 2a tan a 

_2 tan & 

(eine _ 2 tan a+ tan a- tan’ @ 
2tana 1 — tan’ a—2 tan? @ 


eae 





sin A + sin 2A 
Example: Prove that TecosA+cos2A = and 


| sinA+2sinAcosA sin A(1 + 2 cos A) 
RON — ees a) = 
Solution: IHS: = T+ cos A +2cos*A—1 ~ cos A(I + 2.c0s A) 
sin A 
cos A 
Hen __ sin A + sin 2A 
i “1+ cosA+cos 2A = 


i 





= tanA = R.HS. 


= tanA. 
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Example 2: Show that 








. 2 tan @ — tan” @ 
i) sin20 =< Tan) ii) cos 20 = Tg 
Solution: i)sin2@ = 2sin @cos @ = dint cos’ = sess COses ae Loe w 
: : | cos’ 6+ sin’ @ 
2 sin Ocos 6 sin 0 
cos’ 0 2 0s 0 
cos’ @+sin?@ — cos’ @ sin? 6 
cos* 0 cos? @~ cos’ @ 
2 tan @ 
A sin2@ = Teta 6: 


ii) 29 a ee atl 6 cos? @— sin’? @ cos’ @—sin’ @ 
i cos2@= cos«@=—siniG:= —_ wae = =a ae 
1 cos’ 9+ sin” @ 


cos” @— sin’ @ cos’ 0 sin’ 9 


cos’ @ cos? @ cos’ 6 


a Satin aS at= 2 aw een 
cos’ 9+ sin7@~ cos* 6 sin’ @ 


cos’ 8 cos? et cos’ @ 








Reem gs: Redes cos* @ to an expression involving only function of gp muluples of 
O, raised to the first power. | 


Solution: We know that: 


] 26 
2cos’@ = 1+cos20 => cos? 9 = = or. 
1 + cos 20 

cos'@ = (cos’ 6)* = _ | Leses28f 
1+2cos 20+ cos” 20 
1 
o: gq [+2 cos 20+ cos* 26] 
1 + cos 40 
= j [1 +2 0520+ S588 
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= Zip [2 + 4 cos 20+ 1 + c0s 46] 


= 13 + 4 cos 20+ cos 46) 





1. _ Find the values of sin 2a@, cos 2@ and tan2c when: 


- LJ sn —— It 
1) sing = | 3 li) cosa a2 where 0 <@<— 
13 5 =e? 
Prove the following identities:. 
| sin 2a 
2. cot @—tana@ = 2cot2a Sama = tana 
1 +cos 2a 
l—cos @ a cos @—sin a 
4, —Ssiaee = tan 5 —__.-so = «sec 2@— tan 2a 
sin @ 2 cos Q@+ sin a 


a 


_ a a 
6 fesinto mse? S252: 7 cosec @+2cosec2@  _ ot’2 
oo \Vi=sn a = \ a a sec 0 TA 


UU 5) 


Dein One 
SNEIC tana tan Dose sec 2a cy I eC 
= cos 8+ cos 38 


sin3@ cos 30 cos3@ sin30 _ 

10. sin@ cosO0 — il. con ane’ 26 
eet One oO 
tan’ Ficot 5 sin3@ cos3@ - 


12. Borsa” sec @ 13. cos@* sing = 20028 


14. _ Reduce sin* @ to an expression involving only function of multiples of @, 
raised to the first power. ee 

15. Find the values of sin @ and cos 6 without using table or calculator, when 0 is 
Se) Oe ntl) eee 3O> iii) 54° iv) 72° 


Hence prove that: cos 36° cos 72° cos 108° cos 144° = 73 
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Hint: Let 9 = 18° Let =5505 
5@= 90° | 58 = 180° | 
(30+26) = 90° 30+2@ = 180° 3 
30 = 90°-26 | 38 = 180°—26 | 
sin3@ = sin(90° — 286) sin 3@ = sin(180° — 26) | 
etc. CC . 
10.8. Sum, Difference and Product of Sines and Cosines 
We know that: | 
sin(a+ PB) = sinacos B +cos asin B (i) 
sin(a—B) = sina@cosB—cosasnB © (ii) 
cos (a+ B) = cos acos B —-sin asin B (iii) 
cos (@—B) = cosa@cosf +sina@sin f (iv) | 
Adding (i) and (ii) we get | ii 
sin(a+ B)+sin(a—fB) = 2sinacos B (v) 
Subtracting (ii) from (i) we get i 
sin(a + B)—sin(a—B) = 2cosasin B , (vi) } 
Adding (iii) and (iv) we get ; 
cos(@+ B)+cos (@a—B) = 2cos acos B (vil) i 
Subtracting (iv) from (iii) we get | 
cos(a@+ §)—cos(@a—B) = —2sinasinB (viii) | 
So we get four identities as: | | 
2 sin acos B = sin(a+ 8) + sin(a— f) | | 
2 cos asin B = sin(a+ B) —sin(a- B) 
| 


2cosacosB = cos(a +B) + cos(a— B) 





—2sin asin B = cos(a + B) — cos(a— B) 


Now putting a+ B= P and a— B=Q, we get - 


NN eee 












Example 1: Express 2 sin 7@ cos 36 as a sum or difference. 


P+Q. 
| sin P—sinQ= 2cos sin 
| cosP+cosQ = 2 cos 


P— 
-| cosP—cosQ = ee 






P-Q 
2 2 


PION E=Q 
2 Cos a) 














2 2 


Solution: 2 sin 7@cos3@= sin(7@+ 36) + sin(7@—36) 


= sin 10@+sin4@ 


Example 2: Prove without using tables / calculator, that 


sin 19° cos 11° + sin 71° sin 11° =5 


Solution: L.H.S. = sin 19° cos 11°+sin71° sin 11° 


Hence sin 19° cos 11° + sin 71° sin 11° = 


Lae 
5 [2 sin 19° cos 11° + 2 sin 71° sin 11°] 


5; [{sin(19°+11°)+sin(19°-11°)}—{cos(71°+11°)—cos(71°-11°)}] 


[sin 30° + sin 8° — cos 82° + cos 60°] 


hi— bol— 


tS coe 
Ee sin 8° — cos(90° — 8°) + i] 


~~; 
3 + sin 8°—sin 8° + | (.. cos 82° = cos(90° — 8°) = sin 8°) 


i 


ms 


mW Nile NI NI 
hr] 
+ 
ho 


om 
~” 


tr|-— 





Example 3: 


Solution: 


Example 4: 
Solution: 


Example 5: 


Express sin 5x + sin 7x as a product. 
7 5x — 7x , 
sin5x+sin7x = 2-sin ae COS mam 2 sin 6x cos(- x) 
= 2sin6xcosx (-.. cos(— 8) =cos 8) 
Express cos A + cos 3A + cos 5A + cos 7A as a product. 
cos A + cos 3A + cos 5A + cos 7A 
= (cos 3A + cos A) + (cos 7A + cos 5A) 
3A +A SAA TA+A TA-5A - 





=2 cos 7 CS 5 COS“ 5 COS =F, 

=2 cos 2A cos A + 2 cos 6A cos A 

= 2 cos A(cos 6A + cos 2A) ° 

=2.c0s A] 2c0s A$ cog AHA 

=2 cos A(2 cos 4A cos 2A) = 4 cos A cos 2A €os 4A. 
| 


Show that cos 20° cos 40° cos 80° = F 


Solution: L.H.S.= cos 20° cos 40° cos 80° 


= ; (4 cos 20° cos 40° cos 80°) 

= ; [(2 cos 40° cos 20°) . 2 cos 80°] 
= ; [(cos 60° + cos 20°) . 2 cos 80°] 
~ 1 (cos 20°). 2008 80° 

= 4||>+ 00s . 2. cos 80 

= ; (cos 80° + 2 cos 80° cos 20°) 

= 5 (cos 80° + cos 100° + cos 60°) 


[cos 80° + cos(180° — 80°) + cos 60°] 


Al- AL 





(co 80° — ea 80° + 2) 
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Us (2 Ol ae! 
= ale) = 8 = R.H.S. 


Hence cos 20° cos 40° cos 80° = : : 





Express the following products as sums or differences: 


i) 2sin3@cos @ li) 2cos S@sin 30 

lii) sin 5@cos 20 iv) 2sin7@sin 20 

v)  cos(x + y) sin(x — y) vi) cos(2x + 30°) cos(2x — 30°) 
vil) sin 12° sin 46° Vill) sin(x + 45°) sin(x — 45°) 
Express the following sums or differences as products: 

i) sin5@+sin3@ li) sin 8@—sin 46 

lili) cos 6@+ cos 30 iv) cos 7@—cos @ 

v) cos 12° + cos 48° Vi) sin (x + 30°) + sin(x — 30°) 
Prove the following identities: 
SC eee epee 


cos x —cos 3x 
sin &@ — sin B A— B 

til) sin @ + sin B = an col 

Prove that: 

1) cos 20°+ cos 100° + cos 140° = 0 


1 
ii) sin a) sil + 9} - 5 cos 20 
‘Sin 9+ sin 36+ sin 56+ sin 70 


a+ B 
2 


ii) cos 0+.cos 38+ cos 50+ cos 76 = an 40 
Prove that: 
““i) cos 20° cos 40° cos 60° cos 80° = iG 
i . oe 21 us an 2} 
li) sin 9 sin 9 sin 3 sin” 9 ~ 16 
iii) _sin 10° sin 30° sin 50° sin 70° = 


16 





and their Graphs 


11.1 Introduction 


- Let us first find domains and ranges of trigonometric functions before drawing. 
their graphs. ? 


11.1.1 Domains and Ranges of Sine and Cosine Functions . 
We have already defined trigonometric 


functions sin 6, cos 9, tan 6, csc 8, sec @ and 





cot 6. We know that if P(x, y) is any point on C(=1, 0) 
unit circle with center at the origin O such that 


ZXOP = @is standard position, then Figure 11.1 


|p, ~-1) 






cos 8 = x and sin@ = y 
= for any real number @ there is one and only one value of each x and y 


i.e.. of each cos @ and sin @. 


Hence sin @ and cos @ are the functions of @ and their domain is 7/&. a set of 
real numbers. 


Since P(x, y) is a point on the unit circle with center at the origin O. 
=—1 $xs4 and -I1 sys 1 

=> -l <cosé<s 1 and -l ssin@s | 

Thus the range of both the sine and cosine functions is [—1, I]. 


11.1.2 Domains and Ranges of Tangent and Cotangent Functions 
From figure 11.1 
y 


1) tan @ = 5 : 


x#0 


— 
=> terminal side OP should not coincide With OY or OY’ (ie., Y-axis) 





4 Trigonometri¢c Functions 





—— 


ce 


| 
! 

| 
bY 
i! 
hil 
| 

ti 


a ee ee ES 


| 


: 
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=> 


=> 


oe ae 
ze a 


Tt 
6 + (2n + 1)5, where ne Z 


Tt 
Domain of tangent function = 7k — { x| x= (2n + 1) 7,» ne Z } 


and Range of tangent function = 72 = set of real numbers. 
li) From figure 11.1 


Youd 


and 


cot @= = : y#0 

-> 
terminal side OP should not coincide with OX or OX’ (i.e., X-axis) 
Gees Ossie 2IC.- 
§@ # nt, wherene Z 
Domain of cotangent function = 7 —-{xlx=nn, ne Z} 
Range of cotangent function = 7 = set of real numbers. 


11.1.3 Domain and Range of Secant Function 
. From figure 11.1 


| 
sec 0= = : x= Os: 


> 
terminal side OP should not coincide with OY or OY’ (i.e., Y—axis) 


TU SICa TC 
O#i5,+ 7 “jae oe 


Tt 
@ # (2n+ 1), where ne Z 


Domain of secant function = 7R — { x|x=(2n+ 5. neZ} 


As sec @ attains all real values except those between —1 and 1 


Range of secant function = 7R —{x|] —l<x<1} 


11.1.4 Domain and Range of Cosecant Function — 
From figure 11.1 


l 
csc 9 = — 
Cc y : y#0 


7 3 > 
= ~ terminal side OP should not coincide with OX or OX“ (i.e; X—axis) 








. 


Chapter 11: Fundamentals of Trigonometry Ca 





= 654 0} bebe 

=> @#n7, wherene Z | 

.. Domain of cosecant function = 7R -—{xlx=nn, neZ} 

As csc @ attains all values except those between —1 and 1 _ 
Range of cosecant function = 7K —{xl-l<x<1} 


The following table summarizes the domains and ranges of the trigonometric 
functions: 


Function 
y=sinx | 


y=cos x 


(2n+1)x 


y=tanx —eK<x<te,XF# 7 neZ 


y=cotx —coc y<foo Vv FIIT. neZ 


2n+1)1 
y=secrx | wocxctee,r# Oo eZ y2l ory<-l 





y =cosec x oc xct+oo, x #NT, neZ | y2lory<-l 


11.2 Period of Trigonometric Functions | 

All the six trigonometric functions repeat their values for each increase or 
decrease of 27 in @i.e., the values of trigonometric functions for @ and 9 = 2nm, 
where Oe 7R andn é Z, are the same. This behaviour of trigonometric functions is 
called periodicity. 

Period of a trigonometric function is the smallest +ve number which, when 
added to the original circular measure of the angle, gives the same value of the 
function. _ 

Let us now discover the periods of the trigonometric functions. 

Theorem 11.1: Sine is a periodic function and its period is 27. 


= <= 


"aia 


ia) 


Proof: Suppose p is the period of sine function such that 
sin(@+p) = sin@ forall €€ 7K (1) 
Now put @=0, we have 


sin(0+p) = sinO 
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snp= 0 


— p = 0,47, +20, + 3%, .... 
-i) if p=m, then from (1) 
sin(@+m) = sin8@ (not true) 
sin(@+m) = —sin@ 


Tt is not the period of sin @ 
li) if p=2n, then from (i) 
sin (@+ 2m) = sin 9, which is true 
As 2m is the smallest +ve real number for which 
sin (@+2n) = sin@ 
2m is the period of sin @. 
Theorem 11.2: Tangent is a periodic function and its period is 7. 
Proof: Suppose p is the period of tangent function such that 
lan(@+p) = tan@ forall OE WK (ii) 
Now put @=0, we have 
tan(0+p) = tan0 
—eeetanipi==—0 
= (0) 1%, 27, SI Ptee. 
1) if p=, then from (1) 
tan(@+7) = tan QO, whichis true 


As is the smallest +ve number for which 


tan(@+7) = tané@ 
___* ris the period of tan 6 : 
ES Note: By adopting ‘the esac bused in finding: the ae of sine e and 
tangent, we can prove Gah ate oe Ue “ky edad 
te i)  2mis the period of cos 6 ii) 27 is the period of csc 6 
- iil) 2m is the period of sec 6 iv) 7 is the period of cot 8. 
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° . 3 x 
Example 1: Find the periods of: - i) sin2x ii) tang 





Solution: i) We know that the period of sine is 27 
sin (2x + 2m) = sin 2x = sin 2(x+7) = sin 2x 
It means that the value of sin 2x repeats when x is increased by 7. 
Hence 7 is the period of sin 2x. 
li) We know that the period of tangent is 7 
tan( F +n) = tan§ => tans (x+3n) = tang 


It means that the value of tan repeats when x is increased by 37. 


Hence the period of tan a is 37. 


ae ace - Exercise 11. Ae 
Find the eri bdit of the following functions: 


1. sin 3x 2. cos 2x 3. tan 4x 4, cot 5 5. sin 5 
6. cosec 7 7. sin z 8. cos 7 9. tan = 10. cot 8x 
11. sec 9x 12. cosec 10x. - 13.3 sinx 14. 2cosx 15.3 cos = ; 


11.3 Values of Trigonometric Functions 
We know the values of trigonometric functions for angles of measure 


0°, 30°, 45°, 60°, and 90°. We have also established the following identities: 


sin(—@) = -sin@ cos (-—@) = cos@ tan(— @) = —tan@ 
sin(t—@)= sin@ cos(m-—9@) = -cos@ tan (7 — @) = —tan 9 
sin(t+@)= -sin@ cos(m™+9@) = -—cos a tan(wt+@)= tan@ 
sin(2n— @)= -sin@ cos(2m—-@) = cos@  tan(2m—-@) = —tan @ 


By using the above identities, we can easily find the values of trigonometric 
functions of the angles of the following measures: 
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— 30°, — 45°, — 60°, — 90° 

+ 120°, + 135°, + 150°, + 180° 

+ 210°, + 225°, + 240°, + 270° 

+ 300°, + 315°, + 330°, + 360°. 


BER 11.4 Graphs of Trigonometric Functions 
tees We shall now learn the method of drawing the graphs of all the six 
trigonometric functions. These graphs are used very often in calculus and social 
sciences. For graphing the linear equations of the form: 
ayx + biy +c) a (i) 
— axt bry +2 0 (ii) 
ea We have been using the following procedure. | 
Baise: i) _ tables of the ordered pairs are constructed from the given equations, 
: li) the points corresponding to these ordered pairs are plotted/located, 
HES iil) the points, representing them are joined by line segments. 
Seely = Exactly the same procedure is adopted to draw the graphs of the trigonometric 
functions except for joining the ppgints by the line agement. 
ea ie __ For this purpose, 
e545 i) _ table of ordered pairs (x, y) i is Constructed, when x is the measure of the 
~ ‘angle and y is the value of the trigonometric ratio for the angle of 


= 

i Lb « in aap: | ay 

i ss oa Sa Sea so 

—, ss. “i ie 
Fi J - , 
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il 







oe. measure x; | 

4 ee se __._ _** *4i)- The measures of the angles are taken along the X-axis; 

i HS Bia: ek __ ti)__ The values of the trigonometric functions are taken along the Y-axis; 
Behan aS % iv) ‘The points ee ocnine? to the ordered pairs are plotted on the graph 
Si peg. Sy PANS o These e points are joined w veith the help of smooth curves. 
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11.5 Graph ofy=sinx from—2nto2x  ~ 


7 1% fy od i“* 
ity ’) UGE Ut ve FEY Att 


We know that the period of sine function is 27 so, we will first draw the graph 
for the interval from 0° to 360° i.e., from 0 to 27 


To graph the sine function, first, recall that -l<SsinxS1 forall xe 7R 


eS ee 
o > 


i.e., the range of the sine function is [-1, 1], so the graph will be between the 
horizontal lines y=+1 and y=—1l 


et) + Ow eww = 


Ths table of the. ordered pairs satisfying y.=, sin x is as follows: 


x 
6 


30° 





To draw the ei im | 

; 1 side of small square on the x-axis = 10° 

i) Take aconvenient scale a side of big ee on the y-axis = 1 unit, 7 

ii) Draw the coordinate axes. ; 

iii)’ Plot the points corresponding to the ordered pairs in the table above 
-i.e., (0, 0), (30°, 0.5), (60°, 0.87) and so on; " pati ety 

(iv) Join the points with the help of a smooth curve as shown, so to get the 

graph of y = sin x from 0 to 360° i.e., from 0 to 2n. 


. 7 
*s 
seenwee 





rh ieee 


Lie 


Graph of y = sinx rea 0° to 360° 
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In a similar way, we can draw the graph for the interval from 0° to —360°. 
This will complete the graph of y = sin x from —360° to 360° i.e. from —27% to 27, 


as shown below: 









3 60 90° 170° 180° 1S0N210° «240° 270° 300° 330_/500 


Graph of y = sin x from — 360° to 360° 
The graph in the interval [0, 27] is called a cycle. Since the period of sine 
function is 27, so the sine graph can be extended on both sides of x-axis through 
every interval of 27 (360°) as shown below: 





11.6 Graph of y = cos x from — 27 to 27 


We know that the period of cosine function is 27 so, we will first draw the 
: graph for the interval from 0° to 360° i.e., from 0 to 27 


To graph the cosine function, first, recall that -l1<sinx<1 forall xe ZR 


i.e., the range of the cosine function is [—1, 1], so the graph will be between 
the horizontal lines y=+1 and y=-!1 


The table of the ordered pairs satisfying y = cos x is as follows: 












| of Or | of Or : or 
i 0° us pte 120° | 150° 
“ 


aT oa ee ea 


T fie aa of 'y = cos x from 0° to 360° is given below: 


a 
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270° 300° 330° 360° 





\120° 150° 180° 210° 2407 


Graph of y = cos x from 0° to 360° 


In a similar way, we can draw the graph for the interval from 0° to —360°. 
This will complete the graph of y = cos x from —360° to 360° 1.e. from —27 to 2n, 
as shown below: y 
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“360° -330° -300" «27 





Graph of y = cos x from — 360° to 360° 


As in the case of sine graph, the cosine graph is also extended on both sides of 
x-axis through an interval of 27 as shown above: 
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Graph of y = sin x from -4 7 to 4 7 - 
11.7 Graph of y =tanx from — TT To TT » 


We know that tan (—x) = — tan x and tan (7 — x) = — tan x, so the values of 
tan x for x= 0°, 30°, 45°, 60° can help us in making the table. 


Also we know that tan x is undefined at x = + 90°, when 


| Tt | 3 aoa. 
_.) x approaches 3 from left i.e., x > 5 — 0, tan x increases indefinitely in I Quard. 
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: Ls ee 1 : ae ; os 
li) x approaches > from rightie., x > 5 + 0, tan x increases indefinitely in TV Quard. 


ea wh tae : us : : ame 
iii) x approaches —> from left i.e., x > — > — 0, tan x increases indefinitely in II Quard. 


T Tt ne 
iv) x approaches a) from right i.e... — 3 + 0, tan x increases indefinitely in II Quard. 


We know that the period of tangent is m , so we.shall first draw the graph for 
the interval from —7 to 7 i.e., from —180° to 180° 


sre The table of ordered pairs satisfying y = tan x is given below: 





Graph of y = tan x from — 180° to 180° 
a a 


i 
Yi 
‘ 


-180° -150°-120° 00° .60° -39% [9 30" 60° 90° 120° 1507180 


¥ ¥ 


We know that the period of the tangent function is 7. The graph is extended 
on both sides of x-axis through an interval of z in the same pattern and so we obtain 
the graph of y= tan x from —360° to 360° as shown below: 
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Graph of y = tan x from — 360° to 360° 


11.8 Graph of y =cotx From —27 to z 

We know that cot (—x) = — cot x and cot (x—x) = — cot x, so the values of 
cot x for x = 0°, 30°, 45°, 60°, 90° can help us in making the table. 

The period of the cotangent function is also 7. So its graph is drawn in a 
similar way of tangent graph using the table given below for the interval from —180° 
to 180°. 
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Graph of y = cot x from — 180° to 180° 
We know that the period of the cotangent function is 7. The graph is extended on 
both sides of x-axis through an interval of min the same pattern and so we obtain the 
graph of y = cot x from —360° to 360° as shown below 
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Graph of y = cot x from — 360° to 360° 
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11.9 Graph of y=secx from —2nto2n 
We know that: sec(-x)=secx . and sec(™—x)=—secx, 








So the values of sec x for x = 0°, 30°, 45°, 60°, can help us in making the 


following table of the ordered pairs for drawing the graph of y = sec x for the interval 
0° to 360°: 













7 ae Ton af on 5x 

3 2° *|2 
| 150° | 180° | a70° 240° 270-0] 270+0] 300° 
mite ol ese ef 2 fats] | 


Since the period of sec x is also 2m, so we have the following graph of 
y = sec x from — 360° to 360° i.e., from —27 to 27: 
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Graph of y = secx from — 360° to 360° 
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11.10 Graph of y = csc x from —2z to 2x 


We know that: csc(-—x) = -cscx and csc(m—x)= cscx 
So the values of csc x for x = 0°, 30°, 45°, 60°, can help us in making the 
following table of the ordered pairs for drawing the graph of y = csc x for the interval 


0° to 360°: 
m+0 
90-01 18040 30 ae a7" s00° 


Since the period of csc x is also 27, so we have the following graph of 
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y =csc x from — 360° to 360° i.e., from —27 to 27: 


Graph of y = csc x from — 360° to 360° 
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i 
Fe 
Draw the graph of see of the followinte fanctons for the intervals mentioned ti 
against each: . | : if 
i) y=-sinx, xe [-2n, 27; 1 
li) y = 2cosx, xe [0, 27] | b 
iii) y = tan 2x, xe [-1. 1] | 
iv) y = tanx, * xe [—2n, 27] i 
1 
oho? 5 ie 
v) y= sin5, xe [Q, 27] | 
: x 
vi) y = cos5 xe [-T, 1] 


2. On the same axes and to the same scale, draw the graphs of the nfallpwae 
functions for their complete period: 


sinx and y = sin2x 


a 
= 
ll 


cosx and y = cos 2x 


—_—s 

os 

—* 
< 
il 


3. Solve graphically: 


i) sinx= COS X, xe [0, 1] 
li) sinx=x xe [0, 7] 





Application of 
Trigonometry »*-. «2 
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Gas Six important elements; three angles and three sides. In a 
[ans =BL ihe mzasures of the three angles are usually denoted by a, B, yand the 
GESSsivSs DS. Ins thes sides opposite to them are denoted by a, b, c respectively. 

= amy tase out of these six elements, out of which atleast one side, are given, 
i= TSmiimme tires elements can be determined. This process of finding the unknown 
=i=m==ns & called the solution of the triangle. 

We have calculated the values of the trigonometric functions of the angles 
ceeasmine 0. 30°, 45°, 60° and 90°. But in a triangle, the angles are not necessarily 
=i tnese few measures. So, in the solution of triangles, we may have to solve 
propiems involving angles of measures other than these. In such cases, we shall have 
t2 consult natural sin/cos/tan tables or we may use [sin], [cos], keys on the 
calculator. | 


Tables/calculator will also be used for finding the measures of the angles 
when value of trigonometric ratios are given e.g. to find @ when sin 0 =x. 


12.2 Tables of Trigonometric Ratios 


Mathematicians have constructed tables giving the values of the trigonometric 
ratios of large number of angles between 0° and 90°. These are called tables of natural 
sines, cosines, tangents etc. In four-f igure tables, the interval is 6 minutes and 

‘difference corresponding to 1, 2, 3, 4, 5 minutes are given in the difference columns. 
The following examples will illustrate how to consult these tables. 


Example 1: Find the value of 
i) sin 38° 24’ ii) sin 38° 28’ iii) tan 65° 30’. 
Solution: 


In the first column on the left hand side headed by degrees (in the 
Natural Sine table) we read the number 38°. Looking along the row of 38° till the 
Minute column number 24’ is reached, we get the number 0.6211. 

“  $in38°24 = 0.6211 


SO EE eee 
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li) ‘To find sin 38° 28’, we first find sin 38° 24’, and then see the nght hand 
column headed by mean differences. Running down the column under 4’ till 
the row of 38° is reached, we find 9 as the difference for 4’. Adding a to 


6211, we get 6220. 
i. . sin 38° 28° = 0. 6220. 
Note: 1, 





therefore, for cos 8, cosec @ and cot C) the numbers i in nie sali oe id 

differences are:subtracted: 2 > Savindic 0) i a et 

iii) Turning to the tables of Natural Tadkehiers read the “Gib 65° 3 in the first 
column on the left hand side headed by degrees. Looking along the row of 65° 
till the minute column under 30’ is reached, we get the number 1943. The 


integral part of the figure just next to 65° in the horizontal line is 2. 
tan 65° 30’ = 2.1943 
Example 2: If sin x = 0.5100, find x. 


Solution: In the tables of Natural Sines, we get the number (nearest to 5100) 5090 
which lies at the intersection of the row beginning with 30° and the column headed by 
36’. The difference between 5100 and 5090 is 10 which occurs in the row of 30° 
under the mean difference column headed by 4’. So, we add 4’ to 30° 36’ and get 

sin ' (0.5100) = 30° 40’ 
30° 40° 


Hence x 





eee _ Exercise 121 
1, Find the values of: 
i) sin 53° 40’ ii) cos 36° 20’ iii) tan 19° 30° 


iv) cot 33° 50’ v) cos 42° 38” vi) tan 25° 34’ 
vii) sin 18° 31’ vili) cos 52° 13’ ix) cot 89° 9’ 


2. Find 6, if: Se 
i) sin@ = 0.5791 ii) co’ @ = 0.9316 











s|9 ie 
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MN) cos@ = 0.5257 meriy)) wtan@ =" 1.705 
v) tan@ = 21.943 vi) sin@ = 0.5186 





12.3 Solution of Right Angled Triangles 


In order to solve aright angled triangle, we have to find: 

i) the measures of two acute angles 
and i) the lengths of the three sides. 

We know that a trigonometric ratio of an acute angle of a right triangle 
involves 3 quantities “lengths of two sides and measure of an angle”. Thus if two out 
lof these three quantities are known, we can find the third quantity. 

Let us consider the following two cases in solving a rightangled triangle: 
CASE I: When Measures of Two Sides are Given 
Example 1: Solve the right angled triangle ABC, in which b= 30.8, c=37.2 and y=90°. 
Solution: From the figure, 


| b a 30. 
oi cos Q=~x =372 = 0.8280 
=> <@= cos —! 0.8280 = 34 6 





ay b=30.8 C 
yY = 90° = B= 90°-a = 90°-34°6, = 55°54. 
= sin & 
Cc 
=> a= csinad=37.2 sin 34° 6, 
= 37.2 (0.5606) 
= TORS 7 
: 7, a= 29-9 
« Hence ia = 20.9, a = 34° and Bi = 55° 541 


CASE ITI: When Measures of One Side and One Angle are Given 
_ Example2: Solve the right angled triangle, in which 
a = 58° 13", b = 125.7 and y = 90° 
Solution: -. Yi—902 507 = 8° 13) -. B = 90° — 58° [3 = 31°47 
From the figure, 


3 


SOM Be Pea ee 
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= tan 58° 13’ 


8 Sls 
| 


= (125.7) tan 58° 13° 
= 125.7 (1.6139) 

= 202.865 

= 202.9 





Again = sin 58° 13’ 


918 a 


= pee 2029 
© = 9.8500 


a C= ee Sor), 
Hence: ‘a = 202.9, B = 31°47’ and c = 238.7 





__ Exer cise 12s aii eg 8 ae Fae 


ee a OE eg. ioe 





ib Find the unknown ansie and sides of the following triangles: 
) 8 
8 
LY : 
(i) (ii) (iil) (i IE (vi) 
Solve the right triangle ABC, in which y= 90° 
Zi a= 37° 20’, a = 243 3. a=62° 40’, b= 796 
4. a=328 b=5.74 Oy iesGnieh = C=) "96:2 
6. t= 5420) © c =6294 7. B=50° 10’, c= 0.832 


‘12. 4 (a) Heights And Distances. 
One of the chief advantages of trigonometry lies in finding heights and 
distances of inaccessible objects’, 
In order to solve such problems. the following procedure is noone 
1) Construct a clear labelled diagram, showing the known measurements. 
2) Establish the relationships between the quantities in the diagram to form 
equations containing trigonometric ratios. 


eae = 
ba at tn a 
ee ee ee 
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3) Use tables or calculator to find the solution. 


(b) Angles of Elevation and Depression 





If OA is the horizontal ray 
through the eye of the observer at point 
O, and there are two objects B and C 
such that B is above and C is below the 








Angle of Elevation 
0) —— 


Angle of Depression 





~ 
horizontal ray OA, then, | 


C 
i) for looking at B above the horizontal ray. we have to raise our eye , and 
ZAOB is called the Angle of Elevation. 
ii) for looking at C below the horizontal ray we have to lower our eye , and 
AOC is called the Angle of Depression. 
Example 1: A string of a flyin 
8 


60. Find the hei 
Stretched. 


g kite is 200 meters long, and its angle of elevation is 
ght of the kite above ‘the ground taking the string to be fully 


Solution: Let O be the position of the observer, B be the position of the kite and O-4 
be the horizontal ray through O. 






Draw BA dt OA 
Now mZO = 60° and OB = 200 m 





200 m 


Suppose AB = x meters 


7 | 

In AAOB. a 
aie ee 3) 1.732 

=> el) S| = 100(1.732)= 173.2 


oe | Hence the height of the kite above the ground = 173.2 m. 


Example 2: A surveyor stands on the top of 240 m high hill by the side of a lake. He 
observes two boats at the angles of depression of measures 17° and 10°. If the boats 


i 


1! 
| | 
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are in the same straight line with the foot of the hill just below the observer, find the 
distance between the two boats, if they are on the same side of the hill. 


| 240m 





Bax M 


A 


Solution: Let T be the top of the hill TM, where the observer is stationed, A and B be 
the positions of the two boats so that mZXTB = 10° and mZXTA: = 17° and 
TM = 240 m. : 


Now, mZMAT mZXTA 
and m/4MBT = mZXTB 


II 
II 


17° (ZR [™8) 
10° 


_(- 7 [74) 
From the fivuret ce atrerniye : 
from the igure, Any = fan 

TM _—_240 
tan 17° ~~ 0.3057 
=> AM = 785m 





= AM = 








TM 2 
and BM = tan 10 
TM ~——_:240 7 | 
= - BM = tan 10° = 01763. = 1361 m 


AB = BM-AM = 1361-785 = 576m 
Hence the distance between the boats = 576 m. 


Example 3: From a point 100 m above the surface of a lake, the angle of elevation of 
a peak of a cliff is found to be 15° and the angle of depression of the image of the _ 
peak is 30°. Find the height of the peak. 


fe ee eae 
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Solution: 


Let A be the top of, the peak AM 


| and MB be its image. Let P be the point 
of observation and L be the point just 


_ below P (on the surface of the lake). 
= Such the PL = 100m3_ 
me ie From P, draw PQ 1 AM. | 


‘Let PQ = y metres and AM = h metres. 


100 m 





AQ = h-QM = h-PL = h-100 
From the figure, 


tan 15° = Pn = ee and tan 30°= = 
By division, we get 

tan 15° ~ h—100 

tan 30° 3=—h +: 100 


100 +h 





y 








By Componendo and Dividendo, we have 


tan 15°+tan30° h-100+h+ 100 2h h 


tan 15°—tan 30° A—100—h—100 ~ -200 100 







| tan 30° + tan 15° 0.5774 + 0.2679 
{ “2 = tan 30° — tan 15° * 100 = neta toaes | mm 
i => h = 273.1179. 


~ 
—-~ 


oe See OO 


Hence height of the peak = 273 m. (Approximately) 
12.5 Engineering and Heights and Distances 


Engineers have to design the construction of roads and tunnels for which the 
knowledge of heights and distance is very useful to them. Moreover, they are also 
required to find the heights and distances of the out of reach objects. 


Example 4: An O.-P., sitting on a cliff 1900 meters' high, finds himself in the same 

vertical plane with an anti-air-craft gun and an ammunition depot of the enemy. He 

‘ observes that the angles of depression of the gun and the depot are 60° and 30° 

- respectively. He passes this information on to the headquarters. Calculate the distance 
stween the gun and the depot. ~ 


pie pean 


eoepr ror Tt 
= 20-6 ene ee et ene 
TE Pete i. ed ee et a # 


r- 2 eR 


en tin sel 
- ad 
_ 


eo 
| - 4 












Solution: Let O be the position of the 
O.P., A be the point on the ground just 
below him and B and C be the positions 





of the gun and the depot respectively. 5 
OA = 1900 m. a 
mZBOX = 60° 
and mZCOX= 30” 
A 
=> mZABO= mZBOX = 60°, mZACO = mZCOX = 30°. 
In right ABAO, In right ACAO, 
1900 
_ tan 60° “AG. = tan 30,» 
1900 1900 _1900_ 
ita! Sera = 4/3 WMS oS tan 30 © 


T 
c 
= 
ww 


Now BC AC—AB => AC 


=> BC = 19003 -“ Fe = 2193.93 


Sg distance = 2194 meters. 


bs Exercise 12.3 _ 


1, A vertical pole iS $8 m Shigh and the length of its ene is 6 m. What i is tie 
angle of elevation of the sun at that moment? 





2. A man 18 dm tall observes that the angle of elevation of the top of a tree at a 
distance of 12 m from him is 32’. What is the height of the tree?‘ 
Shy At the top of a cliff 80 m high, the angle of depression of a boat is 12°. How 


far is the boat from the cliff? 
4. A ladder leaning against a vertical wall makes an angle of 24° with the wall. 
Its foot is 5 m from the wall. Find its length. 


5. A kite flying at a height of 67.2 m is attached to a fully stretched string 
inclined at an angle of 55° to the horizontal. Find the length of the string. 


6. When the angle between the ground and the sun is 30°, flag pole casts a - 


Shadow of 40 m long. Find the height of the top of the flag. 


. 
eee ateeserigss esse 
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te 


10. 


11. 


12. 


13. 


14. 





A plane flying directly above a post 6000 m away from an anti-aircraft gun 
observes the gun at an angle of depression of 27°. Find the height of the plane. 


A man on the top of a 100 m high light-house is in line with two ships on the 
same side of it, whose angles of depression from the man are 17° and 19° 


respecting. Find the distance between the ships. 


P and Q are two points in line with a tree. If the distance between P and Q be 
30 m and the angles of elevation of the top of the tree at P and Q be 12° and 
{5° respectively, find the height of the tree. 


Two men are on the opposite sides of a 100 m high tower. If the measures of 


_ the angles of elevation of the top of the tower are 18° and 22 respectively find 


the distance between them. 


A man standing 60 m away from a tower notices that the angles of elevation 
of the top and the bottom of a flag staff on the top of the tower are 64° and 62° 
respectively. Find the length of the flag staff. 


The angle of elevation of the top of a 60 m high tower from a point A, on the 
same level as the foot of the tower, is 25°. Find the angle of elevation of the 
top of the tower from a point B, 20 m nearer to A from the foot of the tower. 


Two buildings A and B are 100 m apart. The angle of elevation from the top of 
the building A to the top of the building B is 20°. The angle of elevation from 
the base of the building B to the top of the building A is 50°. Find the height of 
the building B. 


A window washer is working in a hotel building. An observer at a distance of 
20 m from the building finds the angle of elevation of the worker to be of 30°. 
The worker climbs up 12 m and the observer moves 4 m farther away from 
the building. Find the new angle of elevation of the worker. 


A man standing on the bank of a canal observes that the measure of the angle 


of elevation of a tree on the other side of the canal, is 60. On retreating 40 
meters from the bank, he finds the measure of the angle of elevation of the 


tree as 30 . Find the height of the tree and the width of the canal. 
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12.6 Oblique Triangles 


A triangle, which is not right, is called ic i : 
2 an oblique triangle. Followin 
triangles are not right, and so each one of them 1s oblique: : 


Ne 


Pe We have learnt the methods of solving right triangles. However, in solving 
ique triangles, we have to make use of the relations between the sides a, b, c and 


the angle @ B, y of such triangles, which are called law of cosine, law of sines and 


law of tangents. 
Let us discover these laws one by one before solving oblique triangles. 


12.6.1 The Law of Cosine 
In any triangle ABC, with usual notations, prove that: 


i) a=b? +c’ —2bc cos a 
ar 49 
ii) b’=c’ + a —2ca cos B 


oes 9 
iii) c= a’ +b —2abcos Y 





Proof: Let side AC of triangle ABC be along the positive direction of the x-axis with 
vertex A at origin, then ZBAC will be in the standard position. 

AB = c and mZBAC = @ 

Coordinates of B are (c cos & € sin Q) 

AC = b and _ point C is on the x-axis 

Coordinates of C are (0, 0) 


By distance formula, : 
IBC = (ccos @—by +(csin a— 0) 
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=> a = c cos’ at+bh’-2becos a+c sin’ & (:: BC =a) 
— a’ = c*(cos" + sin? a) + b> —2be cos a 


* 





i a : . 
; “<mate SA =. Ka 4 - m 4 “<3 ° 
- . —— = oo ae eS eee ee ee ve toe «-* - ad 


oo len n B+? wee Pag aan 
‘ +4 then re Ee: = bP : $a4 





12.6.2The Law of Sines 


In any triangle ABC, with usual notations, prove that: 





bs Se 






Proof: Let side AC of.triangle ABC be along the positive direction of the x-axis with 
vertex A at origin, then ZBAC will be in the standard position. 
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AB = c and mZBAC = @ 
The coordinates of the point B are (c cos @ c sin Q) 
If the origin A is shifted.to C, then ZBCX will be in the standard position, 
BC = a and mZBCX = 180°-y¥ 
The coordinates of B are [a cos(180° — 7), a sin(180° — 7] 
In both the cases, the y-coordinate of B remains the same 





= asin(180-y)=csina@ 
asin Y =csing@ 


repartee ; 
a ie =— : (1) 
sng siny | 








In a similar way, with side AB along +ve x-axis, we can prove that: 


(ale oe a (ii) 
sin @& sin B- 





From (i) and (ii), we have |= 





This is called the law of sines. 


12.6.3The Law of Tangents 


In any triangle ABC, with usual notations, prove that: 
| 


a-p ua Pity 














) a—b tan oe Ze yee ‘s an 2 
i = ii pe tae 
a+b b+c- B+y 
EL. tan 2 
tan°-5 
we) (Came 2 
ul) C+a Y+ ou 
tan > 


Proof: We know that by the law of sines: 
Gaede 
sina sin 
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a a sing 
b~ sin B 





By componendo and dividendo, 


eee eB 
a-b sina —sinB ~ carl 125 4 S12 2 
a+b sina + sinB ~ a+B a-B 


2 sin 7 CSF 





(1) 








=> (i), (ii) and (ili) are called Law of Tangents. 


12.6.4 Half Angle Formulas 


We shall now prove some more formulas with the help of the law of cosine, 
which are called half-angle formulas: 


a) The Sine of Half the Angle in Terms of the Sides 
In any triangle ABC, prove that: 


Areas = — /(s=—bY(s—c) 
) sin> = bon: 
(ii) sin = /S-9E- ‘where 2s=a+b+c 
| | ~ —b : 
q Gil) sind = « [S—AS—) 


| ‘Proof: We know that 
} 


is | 
i ~ 2 sin’ > = 1—cos a 


"ie 
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aL b?+c-a’ :. B+ -@ 
2sin"> = l <a ae ; COS @=—— apo 


Qbc — Bb? —- C+ a 


. 2bec | 
a—(b?+c—2be) a’ -(b-c)’ 
Qbe | y 2he 
(a+b-—c)(a-—b+C) 
4bc 
2 2(s —c) . 2(s —b) 
onl G) Abc 


tN 
a 
3 
nN 
NI 
II 


{--a+b+c=2s} 


ais the measure of 


Hence: fms (s —b)(s = 0). an angle of AABC 
ence: sin 5) = ‘be re 


_& 0 ae 
7) <9) > sin 5 = +ve 


In a similar way, we can prove that __ 


sng = \fo ead ng = 


b) The Cosine of Half the Angle in Term of the Sides 
In any triangle ABC, with usual notation, prove that: 














' a s(s —a) 
1) COs 9 = be 
li) ph a StS) Where 2S=a+b+c 
2 ac 
: Y s(s —C) 
lll) COS 7 = a 
Proof: We know that 
> b+c-—a +c a’ 
2 cos 7 l+cos@=1+ yp * COSA = ope 


2bc+b+c—-a (b+0)-a 
2be = 2be 
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(6+c+a)(6+c-—a) 


2DC 
2%  (a+b+c)(b+c—a) 
SE = Abc 


2 eae 


ais the measure of 
an angle of AABC 


Qa. Ol 
2 2 is acute => cos 5 =+ve 








ise: F , -ab 
C) The Taneeat of Half the Tancie} in Tering of the Sides 


In any triangle ABC, with usual notation, prove that: 


where 2S=atb+c 





Proof: We know that: 


_& _ . [isos ~c) a. {sis =a) 
snz = Be and cos 5 = be 
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, a (S =b)(s=e) 
| G2 NE 
=> tan5 = x a = (= 
oe a Nee 


a b)\(s = <) 














ONG (s 
BN) s(s —a) 


In a similar way, we can prove that: 
oe ea 

; _ s(s—5) aud 

12.7 Solution of Oblique Triangles 


We know that a triangle can be constructed if: 





i) one side and two angles are given, 
or ii) two sides and their included angle are given 
or iii) three sides are given. 
In the same way, we can solve an oblique triangle if 

i) one side and two angles are known, 
or ii) two sides and their included angle are known 
or iii) three sides are known. 


Now we shall discover the methods of solving an oblique triangle 
in each of the above cases: 


12.7.1Case I: When measures of one side and two angles are given 
In this case, the law of sines can be applied. 
- Example 1: Solve the triangle ABC, given that 
a = 35°17’, B=45° 13’, b=421. 
Solution: -- a@+B+y = 180° | 
y = 180°—(a@+ B) = 180° — (35° 17’ + 45° 13’) = 99° 30° - 


By Law of sines, we have 
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a b 
sna  sinB 
sin @& 421 x sin 35° 17’ 421(0.5776) 
me a= SinB = sin4s°13” = (0.7098 
a = 342.58 = 343 approximately. 
nC b 
eean siny sinf 
siny 421xsin99°30°  421(0.9863) 
smmersinip im asin45°13/ 4), 7 | 0.7098 


= 584.99 =585 eppronunalely:» 
Hence y= 99° 30", a=343, c=585. 


isteass - Exercise 12. 40 
Solve a eee A ABC. if 





1. B=60° y= 15° b=./6 

2 B=52° y= 89° 35’ a = 89.35 
3. 6 =125 y= 53° a= 47° 

4 c= 16.1 a = 42° 45’ y= 74° 32’ 
5 a=53 B= 88° 36’ y= 31° 54’ 


12.7.2 Case Ii: When measures of two sides and their included angle are given 
In this case, we can use any one of the following methods: 
i) First law of cosine and then law of sines, 
or ii). First law of tangents and then law of sines. 
Example 1: Solve the triangle ABC, by using the cosine and sine laws, 
giventhat b=3, c=5 and @=120°. 
Solution: By cosine laws, 





a = b+c-2becosa = 9+25-2(3)(5) cos 120° 
: = 9+25-23\5)(-5]= 9+25+15 = 49 
SSF 
a b 
Now Gina -~ sinB 
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bsina 3X sin 120° 3x0.866 
= Sty ee a ee —— =0.3712 
B = 21° 47° 
y = 180°-(a+ B) = 180°-—(120° + 21° 47) 
y = 38° 133 


Hence a=7, B= 21° 47’ and y= 38° 13. 
Example 2: Solve the triangle ABC, in which: 
a = 36.21, c = 30.14, B = 78° 10’ 
Solution: Here a>c Olay, 
a+B+y= 180° 


a+y = 180°-B = 180°—78° 10° 
=> at+y = 101°50’ (i) 
——) ae = 50°55 


By the law of tangents, 








poy 2 a-—c aQ- vy a-c a+ 7 
===) — tan = 7 5 
A+y ate 2 at+c 


G=Y¥ _ 3621-3014 crocs. 
so tan > = 36.214 30.14 ° (an50 55 





O=iYeen 6.07 
tan > = 6635 See 3 12 
Y— 
—s tan—5~ = 0.1126 
a—’ 
=> a = 6° 26° 
a—¥ = 12°52" (ii) 


Solving (1) and (11) we have 
@ = 57°2l’andy = 44°29° 


To find side b, we use law of sines 
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= Gz = poe a sin B 








sin B sin & sing 
_ 36.21 x sin 78° 10° (36.21)(0.9788) __, 
a= sin 57° 21° = (0.8420) — vee: 


Hence b = 42.09, y= 44° 29’ and @=57° 21° 


Example 3: Two forces of 20 Newtons and 15 Newtons, inclined at an angle of 45°, 
are applied at a point on a body. If these forces are represented by two adjacent sides 


of a parallelogram then, their resultant is represented by its diagonal. Find the resultant 
force and also the angle which the resultant makes with the force of force of 20 Newtons. 


Solution: 


Let ABCD be all”, such that 
es 

\4 Bl represent 20 Newtons, 
_— 

|AD| represents 15 Newtons 


andmZBAD = 45°. 





ABCD is all" 


IBC| = |AD| =15N 
mZABC = 180°—mZBAD = 180°-—45° = 135° 
By the law of cosine, 


(a) 


2 2 
—>— { —— —— —_ 
(zai) + (zai) — 2IABl xIBCI x cos 135— 


(20)? + (15)?-2x 20x 15x 


i 
18 


400 + 225 + 424.2 
1049.2 


IAC] = 10492 = 324N 


By the law of sines, 


_ BC IACI 
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: 3 0 
niet IBClx sin 135 15 x 0.707 
sinmZBAC; = ——— sap = eg ee 09274 
ac 
mZBAC = 19°6’ 





Soret the Ey ABC in Which : 
1 8b =95, c=34 and a =52°. 
2 b=125, c=23, and @ = 38220" 
3. a= 3-1, b= 341 and y=60° 
4 a=3, c=6 and B = 36° 20' 
5. a=7, b =3, and ‘Y = 38> 13% 


Solve the following triangles, using first Law of tangents and then Law of sines: 
63)" a =: 36.21; b = 42.09 and y= 44° 29’ 

tf a=) 93) c = 101 and B = 80° 

8. b= 148 , c = 16.1 and O= 422455 

93 Fa.=319- b = 168 and y= 110°22 

10. b= 61, ae ims 32 and = @ = 59° 30) 


11... Measures of two sides of a triangle are in the ratio 3 : 2 and they include an 
angle of measure 57°. Find the remaining two angles. 


> > 
12. Two forces of 40 N and 30 WN are biti is by AB and BC which are 


> > 
inclined at an angle of 147° 25”. Find AC , the resultant of AB and BC . 


12.7.3. Case III: When Measures of Three Sides are Given 
In this case, we can take help of the following formulas: 
i) the law of cosine; — 


or ii) the half angle-formulas: 


Example 1: Solve the triangle ABC, by using the law.of cosine when 


were 
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a=. b = 3,c = 5 
Solution: We know.that 


a b? +c -a’ 
COS a= “5,0 
Boe 25=49 Se IS 
cos @= 30 = ~ 30 = zy) 
Cm—sel207 
Ie, 2 
c +a —b 25 + 49-9 65 
cos B = ni = 70 = 7 = 0.9286 
Bae 1°47- 
and * y = 180°-—(a+ B) = 180°-(120° + 21° 477) =38° 13”. 


Example 2: Solve the triangle ABC, by half angle formula, when 
Gi—7285,) |b. = 317, c= 428 


Solution: 2s = a+bic = 283+317+428 = 1028 
Sue ml4 
s-a = 514-283 = 231 
s—b = 514-317 = 197 


s—c = 314 — 428 = 
(s — b)(s —c) 197 x 86 
iuxs-ayere = \isi4x031 = 99777 


= 20°42°>a = 41°24’ 


a 

2 

a 

2 

[ee (s—c)(s —a) 86 x 231 

jh i s(s — b) z 514x 197 ~ Vi 
B 

2 

Y 


Now, tan 


and 


E 


= 23°53°>B = 47° 46’ 
= 180°—(a+ B) = 180°— (41° 24° + 47° au 50° 


STEM SELIG ee ROT e z ore : ga a - oat 
cercise 12.6. ; 
5. . “ee Se 7 ws 
" < ar eur ay 3 park ate ts 
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oak vy} 
pai 


Solye the following triangles, in which 


1. Sle el Lee Ok = >] - ¢. =9 
2. a = 32 


, b= 4 | c = 66 





OE EEEIEE:;«ST'"6 ~~ 
eal 
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SS a : 
{a 28.3 ' b = 3 | a], 





3 Cae 
4. a -=931 99 ib = 5631 C= 4 (NO7 
5. a = 4584. — 16 5140 , c = 3624. 
6. Find the smallest angle of the triangle ABC, 

i when a = 37.34, b = 3.24, c = 35.06. 


7. Find the measure of the greatest angle, if sides of the triangle are 
16, 20, 33. 

8. The sides of a triangle are x7 + x + 1, 2x + 1 and x* — 1. Prove that the greatest 
angle of the triangle is 120°. ) 

9, The measures of side of a triangular plot are 413, 214 and 375 meters. Find 
the measures of the corner angles of the plot. 

10.‘ Three villages A, B and C are connected by straight roads 6 km. 9 km and 
[3 km. What angles these roads make with each other? 


12.8 Area of Triangle 


We have learnt the methods of solving different types of triangles. Now, we 
- Shall find the methods of finding the area of these triangles. 


Case I Area of Triangle in Terms of the Measures of Two Sides and Their 
Included Angle 


With usual notations, prove that: 
some SS he ee ™, narn wes = : - eee Ce see Se ee EET tee — ifs eds na | 

jie 2 wh ek sett “a, r “i ‘aa , : | | oe : : ad aie: * Seer es 3! =e =| 
Sy ee 4c ep eae List su Saltire wes cee hs 
*« Area of triangle ABC =e5. be'sin & Beas) casinB = > ab.sin y- 


= 
a 
| 
a al 


a eee 


Proof: Consider three different kinds of triangle ABC with mZC = Yas 


i) acute ii) obtuse and lil) right 


From A, draw AD | BC or BC produced. 





A 
“ay (1) Fig: (ii) Fig: (iii) (D) 
| A 
Infig.@), SS = siny 
In fig. (ii), AG = sin (180°— Y = sin Y 
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In fig. (111), “ =e nSIn Go =) Sin Y 
In all the three cases. we have 

AD =ACsiny = 5 sin y 
Let A denote the area of triangle ABC. 


By elementary geometry we know that 


Awe > (base)(altitude) 
] 
ai | AY 2 BC.AD 
A=%5 absiny 


Similarly, we can R Pras, Ee 





Case II. Area of Triangle i in 1 Terms of tl the Measures of One Side and two Angles 
In a triangle AABC, with usual notations, prove that: 


oye er Ie 5: 5 tw: 
: a’ sin B siny Ob sinysing@ c sin @sin B 
Area of triangle = 3 = 


2sina 2sinB  — 2siny 
Proof: By the law of sines, we know that: 
(OS Ne ES ee 
sina  sinB  siny 
sin O& sin 
= + a © sin y cn F “sin y 


We know that area of triangle ABC is 


> 
! 


ab sin y 


2 
| sin @ \{c sin 
= \ = 2 = Gael sin 7 


sin Y 


sin Y 
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Case III. Area of Triangle in Terms of the Measures of its Sides 


In a triangle ABC, with usual notation, prove that: 


Area of triangle = Is( s—aj(s—b)(s-—c) 


Proof: We know that area of triangle ABC is 


ABE Mb | 


] 
A = 7 be sin & 


l te a haste aC | 
= 5 be.2sinZ cosy & sin @, =2 sin ¥ cos ¥] 


= fet) Sa 2is—<) a (by half angle formulas) 


tape a[s(s — a)(s — b\s — c) 


be 


A = \s(s—a)(s—b)(s—c) 
Which is also called Hero's formula. 
Example 1: Find the area of the triangle ABC, in which 
b = 21.6, c = 30.2 anda = 52°40° 
Solution: We know that: 


I 3 
AABC = ; bcsin@= 5 (21.6)(30.2) sin 52° 40° 


= ; (21.6)(30.2)(0.7951) 
* AABC = 259.3 sq. units. 
Example 2: Find the area of the triangle ABC, when 
@= 35°177,- y =. 452 13itand2b> = 3421 
Solution: ‘°a@+f/f+y= 180° 
B = 180°-(a@+¥Y = 180° (35° 17° + 45° 13°) = 99° 30° 





— 
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Also b = 421, a = 35°17, y= 45°13’, B= 99° 30° 
We know that the area of triangle ABC is 
1 b sin ysin & 
2  sinB 
1 G2 1) sin 45° 13” sin 35° 17° 
sin 99° 30° 


1 (42.1)? (0.7097)(0.5776) 
a2 (0.9863) 
A = 368.3 square units. 
Example 3: Find the area of the triangle ABC in which 
a=275.4, b=303.7, c=342.5 


Solution: °. a =275.4,b=303.7, c=342.5 


Va 


t|— 


2s=at+b+c 
= 275.4 + 303.7 + 342.5 = 921.6 
s = 460.8 
Now s—a = 460.8 — 275.4 =185.4 
s—b = 460.8 — 303.7 =157.1 
s—c = 460.8 — 342.5 =118.3 


Now A=~vs(s —a)(s —b)(s —c) 





A = 39847 sq. units. 


hates Aes Soe 





a ‘ spittin sis Pile are | 
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1. Find the area sof the triangle ABC. given two sides and their included agi 


- i) a= 200 , b = 120 , y = 150° 
ii) b= 37 , c = 45 ena = 30750" 
iii) a= 433 , b = 925 , y= 56° 447 


a 


he eee 


. Chapter 12: Application of Trigonometry 


2. 


Find the area of the triangle ABC, given one side and two angles: 
i) .b= 254 , 97 yen 3624)" Oma ove a 


ii)ick Ci B2 bean 9h Alen ad ke Oa 
ii)’ @Ew48 Ol, Ore SY 839420" ee By rm 37eIe 


Find the area of the triangle ABC, given three sides: 


i) a=18 b =24 , c=30 
ii) a=524 b =276 , c=315 
ii) a=32.65  , b =42.81 | , c= 64.92 


The area of triangle is 2437. If a= 79, and c = 97, then find angle P. 
The area of triangle is 121.34. If a@ = 32° 154 B = 65° 37, then find 
c and angle y¥. 


One side of a triangular garden is 30 m. If its two corner angles are 22° ¥ and 
112° Y, find the cost of planting the grass at the rate of Rs. 5 per square meter. 


12.9 Circles Connected with Triangle 


In our previous classes, we have learnt the methods of drawing the following 


three kinds of circles related to a triangle: 


12.9.1 Circum-Circle:. 


i) Circum-Circle ii) In-Circle iii) Ex-Circle. 


The circle passing through the three vertices of a triangle is called a Circum- 


Circle. Its centre is called the circum-centre, which is the point of intersection of the 
right bisectors of the sides of the triangle. Its radius is called the circum-radius and is 
denoted by R. | 7 


a) 





ad _ b i] Cc 
2sina@ 2snB 2siny’ 








with usual notations. 


Prove that: R= 


ey 


Fig. (i) Fig. (ii) . Fig. (iii) 
(ZBAC is acute) (ZBAC is obtuse) (ZBAC is right) 


C(D) 


00 0£; (0 5°°SEE~S'S: ~~" 
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Proof: Consider three different kinds of triangle ABC with mZA = or 
i) acute ii) obtuse ili) right. 





Let O be the circum-centre of AABC. Join B to O and produce BO to -meet 
the circle again at D. Join C to D. Thus we have the measure of diameter 


mBD =2R and mBC = a. 











I. In fig. (i), mZBDC = mZA = a (Angles in the same segment) 
In right triangle BCD, 
ED a sinmZBDC® = sin & 
m BD 
Il. In fig. (ii), 
mZBDC+mZA = 180° (Sum of opposite angles of a 
— mZBDC+a@ = 180° cyclic quadrilateral = 180°) 
— mZBDC. = 180°- 
In night triangle BCD, 
m BC = sinmZBDC = sin (180° -— a) =sina 
m BD 
It. In Fig. (iii), mZA= a@ = 90° 
mn KE = 1 =. sn90°= sing 
m BD 


In all the three figures, we have proved that 











m BC 
a = sind 
m BD 
= a sing = 2Rsing@ = a 
a 
R = 2 sin @ 
Similarly, we can prove that 
b R.c 
R= 2 sin B and Rk = 2 sin Y 
Hence R 2 b < 


~ 2Qsina 2sinB ~ 2siny (i) 
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a) Deduction of Law of Sines: . Sates 
DP C-naa Omee 

















We know that R=>~— = Sa 
ALU EL ~2sina@ 2snB 2siny 
a b Cc 
= | sna  sinB  siny ~ a 
4 _ 2. ~ — | which is the law of si 
sina o> Nain pier ne ch is : ayo sines. 
b) Prove that: R = Boe 
ase 4A 
Proof: We know that: R =. - 
' 2 sin & 
Ag Ee: (ae AOR 
=> R= ; (. sin = 2 sin $ cos 


a 
2.2sin > Cos > 


a . 
— Oe (by half angle formulas) 
4 I(s a —c) sis=a) | 


=, 4\/s(s —a)(s — b)(s —c) 
R = = (.; A=s(s—a)(s—b\s—c)) 


12.9.2 In-Circle 


The circle drawn inside a triangle touching its three sides is called its 
inscribed circle or in-circle. Its centre, known as the in-centre, is the point of 
intersection of the bisectors of angles of the BEES: Its radius is called aS and 
is denoted by r. 


a) Prove that; ro = — “se Ca notations. 


Proof: Let the internal bisectors of. angles of trang ABC meet at O, the in-centre. 
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Draw OD LBC . OE LAC and OF LAB 





Let, mOD = mOE = mOF = r 

From the figure Area AABC = Area AOBC + Area AOCA + Area AOAB 
a 5 BCX OD +5 CAXOE+3 ABx OF 

at l l 

| = 5 4r+5 br +5 cr 
l 
= 7 Ma+b+Cc) 
: A = 5 r.2s (. 2s=at+b+ 0c) 





12.9.3 Escribed Circles 


A circle, which touches one side of the triangle externally and the other two 
produced sides, is called an escribed circle or ex-circle or e-circle. Obviously, there 
could be only three such circles of a triangle, one opposite to each angle of the 


triangle. 
The centres of these circles, which are called ex-centres are the points where 


; the internal bisector of one and the external bisectors of the other two angles of the 
=? triangle meet. 


In AABC, centre of the ex-circle opposite to the vertex A is usually taken as /, 
4 and its raidus is denoted by 1, . Similarly, centres of ex-circles opposite to the vertices 
2 B and C are taken as /2 and J; and their radii are denoted by r, and r, respectively. 
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a) With usual notation, prove that: 


A A 
hi = Fea Sa aS ie and r, = 
Proof: Let J; be the centre of the escribed circle 


Opposite to the vertex A of AABC. 
ee te 
From /;, draw 1;\D LBC ,IE LAC produced 


= ed > 
and J;F LAB produced, 
Join J; to A, B and C. 





Let m\D = mhE = mF = 7, 
From the figure AABC ANAB + AAC —Al,BC 


— ANS + ABXIF +5 ACXNE-5 BC xX1\D 
1 1 i 
= 7 on +5 ON -5 ar, 
] 
A = a" (c + b—a) 


= 5 Ti. 2s—a) (2s=a+b+C) 


Hence 





Example 1: Show that: 


r= (s- a) tan'5 = (s—b)tanz = (s—c) tant 
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Solution: To prove r = (s— a) tan S 


We know that: 


R.H.S. = 


a 
(s—a)tan> = 





a 
ant 
Pearce (s—b)(s—c) 
on a) s(s—a) 
i S-—a (s—a)(s—b)(s—c) (s—a)(s — b)(s —c) 
" s 
= 5(s — a)(s — b)(s —c) 
= ) % 


a 
:. (s— a) tan > =r 


Ina similar way, we can prove that: 


= (s—b) tan and r = (s—c) tang. 


Example 2:. Show that r, = 4R sin 5 cos “ COs < 


Solution: 


Hence 


R.H.S. 


y 


ll 


. a : 
4R sin > cos cos 4 


4 abc |(s—b)(s—c)_ |s(s—b)_ |s(s—c) 
" 4A be ca ab 
5(S = b)\(s = Cc) 
A 
s(s — a)(s — b)(s —c) 
A.(s—a) °°. 
“ye 
A(s — a) 








L.H.S. 


Od - 
4R sin > 5 cos > : 
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Liven lanl a+b +c 
Example 3: Prove that tg ton Sean 


2 2 A? 
ee 


, ; | jE ad | 
Solution: L.H.S. = tt ee 





= At Aum ACMA 
i? s? + (s—a) + (s—b)? + (s—c) 
— A? 7 

45? -Islat+b+c)te a+b +c? 
— 7 AZ = 

4s?-25.2s¢a +b +e 
Sy 

A 

— @+b tc 
= R.HS. 


Hence the result. 


Example 4: If the measures of the sides of a triangle ABC are 17, 10, 21. 
Find R, r, ri, r2 and 73. 


Solution: Let a = 17, b = 10, c = 21 
9s = at+bec = 17+104+21 = 48 
= s = 24 


= 24-17=7, s—b=2410=14 and s—c=2421 =3 
= Js(s—a)(s—b)(s—c) 


a 
A 

=> A = -24(7)(14)3)= 84 
2 | 





. about; elt O21 ian 85 
ow = 4A > Ti4aes4 gee: 
_ 4 sah OF ghee pp els. peo 12 
fgets <6 4 2 es a 
A 84 , 4. 84 
1, = Sob Sag =O. er areas = 3 =. 28 
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12.10 Engineering and Circles Connected With 
Triangles 


We know that frames of all rectilinear shapes with the exception of triangular 
ones, change their shapes when pressed from two comers. But a triangular frame does 
not change its shape, when it is pressed from any two vertices. It means that a triangle 
is the only rigid rectilinear figure. It is on this account that the engineers make 
frequent use of triangles for the strength of material in all sorts of construction work. 
Besides triangular frames etc., circular rings can stand greater pressure when pressed 
from any two points on them. That is why the wells are always made cylindrical 
whose circular surfaces can stand the pressure of water from all around their bottoms. 
Moreover, the arches below the bridges are constructed in the shape of arcs of circles 
so that they can bear the burden of the traffic passing over the bridge. 


| 


a) We know that triangular frames change 
their rectilinear nature when they are 
pressed from the sides. From the strength 
of material point of view, the engineers 
have to fix circular mngs touching the 
sides of the triangular frames. For 
making these rings, they have to find the 
in-radii of the triangles. 

b) In order to protect the triangular discs 
from any kind of damage, the engineers 
fit circular rings enclosing the discs. For 
making rings of proper size, the 
engineers are bound to calculate the 
circum-radii of the triangles. 





= , c)  Incertain triangular frames, the engineers 
= | have to extend two sides of the frames. In — 
order to strengthen these loose wings, the 
engineer feels the necessity of fixing 
circular rings touching the extended sides 
and the third side of the frames. 
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en 


For making appropriate rings, the engineers have to find ex-radii of the 
triangles. 

The above discussion shows that the methods of calculations of the radii of in- 
circle, circum-circle and ex-circles of traingles must be known tO an engineer for 


performing his professional duty mi 


Feegie ST ag bees ane en NaN WL bis mare ee 
LoL | a ¥, =a ae eat ta iL aN ah . xer 
7 Seto - Sines Sepa, aes Ft 
aoa Me Yas Se bt ie oT a 
a At, fee Ta OO ee all 
[cabs 1, Se oe, = 2 
tJ fn be Laat et ea! ee oe = oa rate ta pe a 





, * : in 
I, Show that: i) r=4R sin > sin Bi sin ; li) s=4Rcos> 7 COS ° cos . 


Of SN oe nee 
re. Show that: r=asin® sind sec % = b sin sin seo L 


Boney 


= a * 
= c sin—sin—sec— 
2, 2 2 
. 84 | | 
3; Show that: i) r= 4R sin 7 COs . cos . 


a, Youre 
Nl) r,=4R cosz sin p COS5 ll) r, = 4R cosz cos 


Nhe 


I 


R 
VS 


4, Show that: 


a B: x, id 
l r= a = = 
) ;= Stan ,) li) r S tan 9 ili) r, S tan > 
5. Prove that: 
DE ter tr aoe li) 7h ns Ac 
122 Sy ae) 12 Solel 
ili of =f = i = ‘ 
i) i SP seh 4R iv) 7, rr, = rs? 


6. Find R, r, r), r2 and rs, if measures of the sides of triangle ABC are 
i) G=" 13, -0>=) 145 ee i5 


i) a= 34, 6 = 20, cos uo 
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bf Prove that in an equilateral triangle, 

i) r:Rir, = 1:2:3 il) r:Rir ir: r,= 1:2:3:3:3 
8. Prove that: | 


B 


‘eA 
i) A= Peot> cot cots ier 


lI 


O 3 
5 tan> tan tan 2 
x | D se| ype | 
iii) A= 4R r COS 5 COS 5 COS > 


I I l 


ik 1 jl eR Us a 
9. Show that: i) RS abot he tca ii) i r + r,* r, 
10. Prove that: 
m 
a sin sin? DEUS sin} Cc sin 5 sin > 
oT am ps Y 
COS 5 COS 5 COS > 
11. Provethat: abc(sina+sinB+siny) = 4As. 


12.  _Provethat: 1) (7, +7) tan 3 =—C: 


ii) (r,-r) cot =c 


ae 





13.1 Introduction 

We have been finding the values of trigonometric functions for given 
measures of the angles. But in the application of trigonometry, the problem has also 
been the other way round and we are required to find the measure of the angle when 
the value of its trigonometric function is given. For this purpose, we need to have the 
knowledge of inverse trigonometric functions. 

In chapter 2, we have discussed inverse functions. We learned that only a 
one-to-one function will have an inverse. If a function is not one-to-one, it may be 
possible to restrict its domain to make it one-to-one so that its inverse can be found. 


In this section we shall define the inverse trigonometric functions. 
13.2 The Inverse sine Function: 
The graph of y = sin x, — co < x <+e0, is shown in the figure 1. 


¥ 


¥ 





v= Sinx 
x & (<9, 
yel-l.1] 


—————— ee 


———_ SSS ec Sl 
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We observe that every horizontal line between the lines y=1 and y =—1 intersects 
the graph infinitly many times. It follows that the sine function is not one-to-one. 


However, if we restrict the domain of y=sin x to the interval x , then the 


be * . Tt Tt . / 7 bod - 
restricted function y=sin x, Sy Sxs S is called the principal sine function; 
which is now one-to-one and hence will have an inverse as shown in figure 2. 


Phas ae. : E ‘ : a i Dela 
This inverse function is called the inverse sine function and is written as sin x 
or arc sin x. 


The Inverse sine Function is defined by: 


y =sin ‘x, if and only if x=siny. 
where ye and —Il<x<l. 
2 2 
Here y is the angle whose sine is x. The domain of the function y =sin™'x 


is—-1SxS1 itsrange is ae 


The graph of y =sin™'x is obtained by reflecting the restricted portion of the 
graph of y=sinx about the line y= x as shown in figure 3. 


We notice that the graph of y =sinx is along the x—axis whereas the graph 


- of y=sin™ x is along the y—axis. 





(ii) sin” G5). 


Ne NS 
Solution: (i) We want to find the angle y, whose sine is = 


V3 x 1 
ee pe 357s) 
Tl 
= =* 

Ale 
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ee 


(ii) | We want to find the angle y whose sine is -, { 
scyes 
——a sin y=~-—, TES £9 
VaR nD 
= 
vORG 
eee el Tl 
sin TET) Meera 
>) 6 


13.3 The Inverse Cosine Function: 


The graph of y= cos x, — ee < x < +00, is shown in the figure 4. 


y 


y=Cosx 
Domain: (0, 7 
1 Range: [ —1, 1] 










4 
y=Cos x 
Domain: [ —1, 1] 
Range: (0, 7 





ig:5 
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We observe that every horizontal line between the lines y=1 and y =-1 intersects 
the graph infinitly many times. It follows that the cosine function is not one-to-one. 
However, if we restrict the domain of y=cos.x to the interval lo, |, then the 
restricted function y=cosx, 0<x<wis called the principal cosine function; 
which is now one-to-one and hence will have an inverse as shown in figure 5. 
This inverse function is called the inverse cosine function and is written as 
cos’'x or arc cos x. 
The Inverse Cosine Function is defined by: 
y=cos x, if and only if x=cos y. 
where OS ysm and -l<xSl. 


Here y is the angle whose cosine is x. The domain of the function y = cos” x 
is -l<x<l anditsrangeis O0< y<n7. 

The graph of y =cos ‘x is obtained by reflecting the restricted portion of the 
graph of y=cos x about the line y =x as shown in figure 6. 

We notice that the graph of y =cos x is along the x—axis whereas the graph 


of y=cos x is along the y-axis. 





ee - — a . dt 2 Re es eee —E~ 
i 7 es ‘ ao te ok Ry Se to a 7 i 
. L . eo 7 a ry — i & — =|]. 
’ 7 4 ij : . ‘i 
SULC. IL | : Teme thatcos x# (cos x) ; 

oe sol S - s A L, 
bore Fi, = eae Sh Ebadi e getter = oo 7 

= : od ‘El J ray - 

= a —— — —aee se ee a 


ae 





Example 2: Find the value of (i) cos 1 (ii) cos” (— >) : 
Solution: (1) We want to find the angle y whose cosine is 1 
=> .cosy=l, O<sysr 
7 y=0 
cos; 1=0 


(11) We want to find the angle y whose cosine is -. 


= epee Os ys 
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13.4 Inverse Tangent Function: 
y= lanx,x ¢€ (— 9, + os) # y= Tanx,x € (we, 72) y 
ye(-q +o 4 € (=99 + 99 








y=Tan x, y € (—w2, W2) 
x € (—o9, + o 





y=Tanx 
x € (—W2, w2) 


} E (—co, + 9) 


The graph of y = tan x, —c0 < x <+ee, is shown in the figure 7. 
We observe that every horizontal line between the lines y=1 and y=-—l intersects 


the graph infinitly many times. It follows that the tangent function is not one-to-one. 


However, if we restrict the domain of y = Tan x to the interval aa ex<e , then 
> 2 
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We observe that every horizontal line between the lines y=1 and y =—I intersects 


the graph infinitly many times. It follows that the cosine function is not one-to-one. 
However, if we restrict the domain of y=cosx to the interval (0, tc], then the 


restricted function y=cosx, 0<x<zwis called the principal cosine function; 
which is now one-to-one and hence will have an inverse as shown in figure 5. 


This inverse function is called the inverse cosine function and is written as 
cos ‘x or arc cos x. 


The Inverse Cosine Function is defined by: 
y =cos’'x, if and only if x =cos y. 
where OS ym and -l<x<l. 
Here y is the angle whose cosine is x. The domain of the function y =cos™' x 


is -lS x1 anditsrangeis O< y<n. 
The graph of y=cos ~'x is obtained by reflecting the restricted portion of the 
graph of y=cos x about the line y= x as shown in figure 6. 


We notice that the graph of y=cos x is along the x—axis whereas the graph 


of y=cos ‘x is along the y—axis. 


-—— _— 


eae that cos” 'x# (cos x)" 





Example 2: Find the value of (i) cos 1 (ii) cos (— 7 
Solution: (i) We want to find the angle y whose cosine is 1 
=e COS.) = I O<y<n 
a y=0 
cos” 1=0 


(1) | We want to find the angle y whose cosine is - 


— cos y=——, Osys7z 
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13.4 Inverse Tangent Function: 
y=lanx,x € (—co, + 0) : y=Tanx,x e€ (-W2, wW2) y 
y € (—0g + oF) Y y € (-29 + 4 
: y= Tan x 
Te —oo< X < + co 


,y=tana 












ee ee ee ee ee a ee ee 






sae s|s shessaes 
+ 


y=Tan x, y © (—wW2, wW2) S 
t € (—09 + o) d : 
Sisk sd fete Pre Femme = 
2: 
Fig: 9 
y=Tanx 
x © (—wW2, w2) 


ye (So fio 


The graph of y = tan x, —-9%9 < x < +00, is shown in the figure 7. 
We observe that every horizontal line between the lines y=1 and y =—1! intersects 


the graph infinitly many times. It follows that the tangent function is not one-to-one. 


; . ; : —-T | Baas 
However, if we restrict the domain of y = Tan x to the interval aay ears then 
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the restricted function y=tanx, 2 <x< a is called the principal tangent 
function; which is now one-to-one and hence will have an inverse as shown in figure 8. 
This inverse function is called the inverse tangent function and is written as 
tan™'x or arc tan x. 
The Inverse Tangent Function is defined by: 


y =tan”'x, if and only if x=tan y. 
Tt Ca 
where SY Si and -—o<x<+o0, 


. . . . . -| 
Here y is the angle whose tangent is x. The domain of the function y=tan x 


Tt Tt 
is -co<x<+eo and its range is me 7 


The graph of y= tan 'x is obtained by reflecting the restricted portion of the 
graph of y=tanx about the line y= x as shown in figure 9. 


We notice that the graph of y =tanx is along the x—axis whereas the graph 


of y=tan™' x is alongthe y—axis. 





eee ni Cedak wa Pigs 2." ae 
| Example 3: Find the value of (i) tan"1 i) tan"! (-3). 
: Solution: (1) We want to find the angle y, whose tangent is 1 
tany=1, yee 
a yD 
i 
4 
ate l= 
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(ii) | We want to find the angle y whose tangent is —V/3 





=> tany=-73, Ti SO Sp | 
_ 20 : 

a003 | 

a ; 

tan” C¥3)= = | 


13.5 Inverse Cotangent, Secant and Cosecant Functions 


These inverse functions are not used frequently and most of the calculators do 


Scctan Saou, uae ile deen 2 oe 


not even have keys for evaluating them. However, we list their definitions as below: 
i) ——_ Inverse Cotangent function: 
y=cotx, where 0<x<7 is called the Principal Cotangent Function, 


which is one-to-one and has an inverse. 


SF ese! ss Se Se ge ee 


The inverse cotangent function is defined by: 
y=cot x, if and only if x=cot y 
where 0< y<m and -~<x<+o0 


The students should draw the graph of y= cot”'x by taking the reflection 


of y=cot x inthe line y=~x. This is left as an exercise for them. 


ii) Inverse Secant function 





Tt . = * 
y=sec x, where 0S x<S% and x# zs called the Principal Secant 


Function. which is one-to-one and has an inverse. 
The Inverse Secant Function is defined by: 


y =sec'x, if and only if x =sec y 





bw SUEERS SLL... 


A Textbook of Algebra and Trigonometry —$ 
where 0S y<q, es and |x| 21. 


The students should draw the graph of y=sec™' x by taking the reflection 


of y=secx inthe line y= x. This is left an exercise for them. 


iii) Inverse Cosecant Function 


en ||) 


y=esc x, where -E< y<* and x+#0 is called the Principal Cosecant ~ 


Function, which is one-to-one and has an inverse. 
The Inverse Cosecant Function is defined by: 


y =csc” x, if and only if x =csc y 


where TEES YS , y#0 and!xl2>1 


rn | 


The students should draw the graph of y=csc™'x by taking the reflection 


of y=cscx inthe line y= x. This is left an exercise for them. 





: 
: 
i 


13.6 Domains and Ranges of Principal Trigonometric 
‘Function and Inverse Trigonometric Functions. 


From the above discussion we get the following table showing domains and 


ranges of the Principal Trigonometric and Inverse Trigonometric Functions. 


Ee 


ELLE Se 
. 
Chapter 13: Inverse Trigonometric F unctions 


ee 












x / 
pn? 


x>-lorx<l 


x<-lorx>l 
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| SD 
Example 4: Show that cos” a = sin” 13° 
12 
Solution: Let cos” = mene yo oO 13 


2 
sing = +/1—cos a= 


ae 144 
ee |i 169 
. 169-144 25 
aoe 169 aa TNT GO 


cos @is +ve and domain of @ is [0. 7], in which sine is +ve. 


Vr 

— 

| 
paige 
— | — 
o/h 
(a  ! 


+ 
Jun 


nd 


Pena 5. Riye5. 
: Thus smna@= 73 > @ = sin’ 43 


Hence cos” B BS sin | 1° 
Example: 5 Find the value of 
i) sin(cos” 2 . ii) cos (tan 0) iii) sec [sin™ -3)] 


Solution: . 
i) we first find the value of y, whose cosine is ae 
3 | 
cos y=—,, Qs ys 
2 
T 
i = — 
y 6 
3 


cos'——) =< 
(cos >? é 


P|) 


sin (cos 13) a Sie = E 
2 Gee 
ii) we first find the value of y, whose tangent is 0 


DD 
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= (tan0) =0 
“. cos (tan™' 0) = cos O=1 


lili) we first find the value of y, whose sine is — — 


1 It I 
sin y=——, —-—Sys= 
: 2 2 ‘ 2 
. T 
=> y= -— 
6 
Sein (os) =, — = 
2 6 
2 


Vee 
a | ; 
sec [sinv (~~) ] = —= 
2 3 
Example: 6 Prove that the inverse trigonometric functions satisfy the 
following identities: 


* = yal Iv a —| It . —_ | 

i) sin” x= —-cos ‘x and cos x=—-snm 4x 
2 2 

- = TU =a = eee eats 

ii) tan’ x= —-cot™ x and cot x=—-—tan 7 x 
2 

63 -| [s a te tA pe 

lll) sec x=—-csc xX and csc x= oa sec ix 
2 


Proof: 
Consider the right triangle given in the figure 
Angles @ and f are acute and complementary. 





1 
=> at+p=— 
B 2 


: eng = — p> and p= —-@ (i) 


Now sin @= sin (> —B)= cos B = x (say) 
ve a@=sin'x and B=cos™ x 


Thus from (i) we have: 
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oh eth al | =I Vig 
sin as x and cos lea Sa x 


As a SSUES Way, we can derive the identities (ii) and (iii). 






Bae hea x SIT Ea 
ae eno 2S Pe aly xt! _ Exercise 13. 1 Ge: Be 
1. Evaluate’ ithout using tables / calculator: 

Fj + ay ue (V3 
i) sin (1) li) sin (—1l) lll) cos ( 5) 


iv) Mtanw! (- Bi) v) cos! G | V1) tan” (=) 
vii) cot! (-1) viii) cosec™! =) ix) sin” (- A 


2. Without using table/ Calculator show that: 


: Wea Se = 4 . | 24 
i) tan” 75 = sin’ 75 ll) 2cos = = sin” 55 


4 4 
“ss J le =i 2 
111) cos 5 = cot 3 


3) Find the value of each expression: 


i) co sin] ii) se eos") iii) a cos 2 


iv) esc(tan™ (-1)) Vv) sn" >] v1) tan(tan™ (-1)) 


La 


Vil) asin" | Vill) fan sin om 1X) sin(tan“'(-1)) 


13.7 Addition and Subtraction Formulas 
1) Prove that: 

sin’ A+sin'B = sin’ (AV1—B’+ InP) 
Proof: Let sin’ A= x =sinx = A 

.and sin’ B= y =>siny = B 


Now cos x = +1/1—sin’ x = +vV1-A 


Tw) . ; 
2 | in which 


T 
In sin x= A, domain =|—* 











Cosine is +ve, 


COS x 


Similarly, cos y 


Now  sin(x + y) 


Xx+y 


Chapter 13: Inverse Trigonometric Functions 


\J1—A° 
\/1— B 
sin xX COS y + COS X Sin y 


AV1—-B + By1-A 


sin ee + ee 














2) 
3) 
4) cos A—cos! B= cos” 
5) Prove that: 
us A+B 
reas rel os xi 
tan A+tan B = tan 1_AB 
Proof: Let tam A= x =Stanx = A 
and tan’ B= yaw = tany = 08 
oe eee tal: Xi -bitans ye fy AC! 
ows tan +)) = l-—tanxtany 1-AB 
| ,AtB 
= x+y = tan 7 _aAp 
6) 
Cor. PuttingA=B in 


tan” A+tan B = tan” 


tan A+tan A = 


A+B 





jaan we get 





=- — eter = 6 we 
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Prove the ‘lewis. 


peli 253 ] | og YG 
1. sin Le +sin- 35> =cos | =5= 375 2. tan! act tan” 5= tan” 19 
| 12 
3. 2 tan” <= sin” = | Hints Let tan” 5 = x, and show Sin 2x = Z| 
120 12 | TT 
4. tan 719 =2 cos” B 5. sin” Vs +cot'3=] 
: 77 i i Gs 
6. sin” 2 + sin” = = = sin. a 7. sin’ 85 ~ sin. 5 = 00S , 7 
) 1 
8. cos” oe +2 tan” 5= sin” : 
3 “Ve lt iy 5 
17, 1 ~ _ tan) — = — 
2 = 4 ay 5 ~19~«4 


| Hint: First add tan™ 3 ats tan” 5 Sand then proceed | 


14 i aes 
10. sin ‘5+ sin” > + sin 6572 
ee | 5 | | 
Se el Res of\ bh 
ll. tan 11 + tan 6 = tan 3 + tan ) 
l ib oy 
12. 2 tan 3 + tan 7=4 


13. Showthat cos(sin™ x) = 1) 1—x°- 
14.  Showthat  sin(2 cos” x) 


MBO) oe ees ee 





15. Showthat cos(2sin'’x) = 1-2x 
16. Showthat tan (—x) =—tan x 
17. Showthat sin! (x) =—sin’! x 
18. Showthat cos” . = 7-—cos” x 
19.  Showthat tan (sin x) = = 

— x, 


20. Given that x = sin” > find the values of following trigonometric functions: 


sin x , cos x, tan x, cot x, ‘sec x and csc x. 


: 
‘ 
y 
oe 








Solutions of 
1 A _‘ Trigonometric 
; Equation 


14.1 Introduction 


' The Equations, containing at least one trigonometric function, are called 
Trigonometric Equations, e.g., each of the following is a trigonometric equation: 


: 3 
SIN ='5 secx=tanx and sin x-secxt+ 1=7 


Trigonometric equations have an infinite number of solutions due to the periodicity of 
the trigonometric functions: For example 


If sin@ =0 then @=0, +7, +27, ... 
which can be written as @=n7, where ne Z. 
In solving trigonometric equations, first find the solution over the interval 


whose length is equal to its period and then find the general solution as explained in 
the following examples: 


l 
Example 1: Solve the equation sinx = 5 


Solution: sinx = 


dl Loe 


: TU 

sin x is positive in I and II Quadrants with the reference angle x=¢ . 
Tt TI | 

x=§ and X=N-E = 6 where x € [0, 27t] 


Since 21 is the period of sin x 


| Tt 51 | 
General values of x are ¢+2nm and 6 t2nn ,neZ 
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= J | 1 | STC | 
Hence solution set = iz + ont U "6s + ann} 


Example 2: Solve the equation: 1 + cos x =0 


neZz 


Solution: | l+cosx = 0 


=> cosx = -l 


Since cosx is—ve, there is only one solution x= in [0,27] 
Since 27 is the period of cos x 
General value of x is T+2nT, nEZ 


Hence solution set = { % + 2nT }, neZ 


Example 3: Solve the equation: 4 cos>x-3=0 
Solution: 4cos*x-3 = 0 


= cos-x = 


pI 
y 
O 

o 

oA 

a 

] 

I+ 
fem 


; 3 
1. If cosx = ) 


Since cosx is +ve 


Tt 
in I and IV quadrants with the reference angle x= ¢ 


11% 


6 where x € [0, 271] 


x = and x = 2n- 


Ala 
ala 


As 21 is the period of cos x. 
Tt 11t 
General values of x are: 6+ 2nn and a ee Qnt , nEeZ 


il. ‘If ano eek 


. Tt 
Since cos x is —ve in I and Ii quadrants with reference angle x = ¢ 


TCR STC tT «I 
x=N-E= GE and XK=XtE= 6 where xe [0, 21] 
As 21 is the period of cos x 


71% 
General values of x are oF 2nnm and oat Dnt ne LZ 


meen ie 
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lin 5Tt 7% 
Hence solution set = iE 4 on U ue on} U . ont U ee on| eZ 


14.2 Solution of General Trigonometric Equations 


When a trigohometric equation contains more than one trigonometric 
function, trigonometric identities and algebraic formulae are used to transform such 
trigonometric equation to an equivalent equation that contains only one trigonometric 
function, 


The method is illustrated in the following solved examples: 
Example 1: Solve: sin x + cos x = 0. 
Solution: sinx+cosx= 0 


sinx cosx 


— + 
COS Xx cCOSX 


0 (Dividing by cos x # 0) 
=> tanx+1 = QO = tanx = —l 
T 
tan x is —ve in IJ and IV Quadrants with the reference angle x = 4 


he Re, NU | 10 7 
x=N-Z=4 , where xe [0, Tt] 


As T is the period of tan x, 


_ St 
General value of x is qtnm, n eZ 


. 31 | 
Solution set = a + nt} ne Z. 


3 


Example2: Find the solution set of : _ Ssinxcosx="4-.. 


v3 


Solution: sin xcosx =~ 7 
3 
= 5 (2 sin x cos 2) ="4 


3 


= sin 2x = 4 
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T 

‘: sin 2x is +ve in I and II Quadrants with the reference angle 2x=3 
wT 20 
Oe EEN Gos 3 and 2x=1—3 = are two solutions in [0, 27] 
As 2m is the period of sin 2x. 
Tt 2m s 
~. General values of 2x are F 3+ 2nt and = 3 + 2nkn, neEeZ 
T TC 
= General values of x are orn and 3 tn , neZz 
: Tl Te 

Hence solution set = iE + nt U iE + nt , neZz 






ie Equations of the form sin kx'= c, we first find the solution of ‘ 
re dor = -and.then required solution i is obtained by es 


Example 3: Solve the ecunton: sin 2x = cos x 
Solution: sin2x = cosx 
=> 2sinxcosx = cosx 
=> 2sinxcosx—cosx= QO 
= cosx(2sinx-1l1) = 0 
~ cosx= Q or 2sinx-—l= QO 
i. If cosx= 0 
TC 31 
=> x*=5 and x= where x € [0, 27] 
As 21 is theperiod of cos x. 
TC 31 IOC 
.. General values of x are 7 +2 nm and a + Qnn , nEeZ 


li. If 2sinx—1 = 0 


NI- 


: | => snx = 


nla 


Since sin x is +ve in I and II quadrants withthe reference angle x = 


: Teg gi OR 
as 5 ae an AST 


* where x € [0, 27] 
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.. General values of x are at 2nmT and Sf + 2nt, née Z, 


As 2m is the period of sin x. 


Leys Tt 31 Tl * 15% 
Hence solution set = E + ann U es + an U iE + an U a > on ,nEeZ 


Example 4: Solve the equation: sin’ x + cos x = 1. 


Solution: sin'xt+cosx = | 
=> l-cosx+cosx = | 
=> -cosx(cosx-—l1) = QO 
=< cosx = 0 or cosx—l1=0 
i. If cos x =0 
oe 31 
ex = 5 and x= > where x € [0, 271] 


As 21 is the period of cos x 


TC 3m 
General values of x = z+ 2nt and > + 2ntTe , neZz 
i ile If cosx= | 
—> eX =i) and 6X =. 270 where xe [0, 27] 


As 27 is the period of cos x 


General values of x = 0 + 2nt U 20 + 2nt.n € Z. 

Tt 31 
Solution Set = i + on U a + 2nn( U {2nt} VU {2m + 2nT} 
{2(n + 1)m} c {2nt},n€ Z. 


Tt (31 
Hence the solution set = 4 a on} U ie ~ ann} U {2ntt},n €.Z. 


Sometimes, it is necessary to square both sides of a trigonometric equation. In 
such case, extraneous roots can occur which are to be discarded. So, each value of x must 
be cheched by substituting it in the given equation. 


For example, x = 2 is an equation having a root 2. On squaring we get 
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x? = 4 which gives two roots 2 and -2. But the root —2 does not satisfy the equation 
x=2. Therefore, —2 is an extaneous root. 








Example 5: Solve the equation: csc x = 4/3 + cot x. 


Solution: cosecx = 4/3 + cot x sabes Ch) 
l cos x | 
isin V3 + sin x 


= 1=1/3 sin X + COS x 


*1-—cosx=v3 sinx 


J 


2 
(1 = cos x)* = (\/3 sin x) 
1-2cosx+cos*x=3 sin’ x 
1-2 cos x + cos’ x = 3(1-cos” x) 
4 cos*x-—2cosx—2=0 

2 cos*x—cosx—1=0 

(2 cos x + 1)(cos x-1)=0 


J UYU SUSY 


l 
cosx=—% OF cos x= | 
MS ificosx= — > 
| T 
Since cos x is —ve in II and III Quadrants with the reference angle x=3 
Tu™ 27 tT 40 
=> x=N-3=9 and x=TN+3 = 73 where x € [0, 270] 


At 
| Now x = — does not satisfy the given equation (i). 


ned 


Ar. So: 2 , 
= 3 is not admissible andso x = 3 «IS the only solution. 


owt 2s © 


Since 27 is the period of cos x 


2n 
3 


Ad brie. “Phx -alanwde 


General value of x is + 2nt , neZz 
“Tt If cos x=1 


=>: x= 0 and x = 2X where x € [0, 27] 


aa 
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ca Al oe 


oo 4 


10. 
11. 
12. 
13. 
14, 


15. 


16. 
17. 
18. 


19. 





Now both csc x and cot x are not defined for x=0 and x=2n 


x = 0 and x = 2m are not admissible. 


2 
Hence solution set = = + on} , née Z. 


i) sinx=- = li) cosec 9@=2 iii) 


Solve the following trigonometric equations: 


i) tan” 0=3 ii) cosec” g=5 iii) 


~, on 
52 Swe tty 


Find the solutions of the following equations which lie in 





110. 27] 
sec x = -—2 iv) cot 0=— = 


1 


4 
sec’ @= 3 iv) cot” @= 3 


Find the values of @ satisfying the following equations: 


3 tan? 6+ 2\/3 tan 9+ 1=0 

tan’ 0—sec 9-1 =0 

2 sin 9+ cos’ @-1=0 

2 sin’ @— sin 6=0 

3 cos” @— 2\/3 sin @cos @—3 sin? 8=0 
4 sin’ @-8 cos 0+1=0 


[Hint: Divide by sin’ | 


Find the solution sets of the following equations: 


V3 tanx—secx-1=0 
cos 2x = sin 3x 

sec 36= sec 6 

tan 26+ cot @=0 

sin 2x + sin x =0 


sin 4x — sin 2x =cos 3x 


sin x + cos 3x = cos 5x 

sin 3x + sin 2x + sinx=0 

sin 7x — sin x = sin 3x 

sin x + sin 3x + sin 5x =0 

sin 9+ sin 36+ sin5@+ sin 70=0 


_ cos 9+ cos 30+ cos 50+ cos 70=0 


[Hint: sin 3x = 3 sinx—4 sin? x] 
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Answers 





aml == 5 
" 





— a 





Exercise 1.1 on page 12 15. i) (a+ 2ib)(a —2ib) 
1. i) Closed wrt. “+ closed wrt. *x’ ii) (3a+4ib)(3a—4ib) 
ii) Not Closed w.r.t. “+’closed wart. mee iii) 3(x +iy)(x—iy) 
iil) Not Closed w.7t. ‘+’not closed w.r.t. “x* 97 38. 17 | 
iv) Not Closed writ. ‘+’ closed wart. *x 16. 1) 4 ads Fide a) 1) pelo i 
* i ative | ri. ‘+’ ; 7 j 
2 V Saath S188) SA : Exercise 1.3 on page 28 
ii) Associative property w.rf. + nae : Fe th 
iii) Associative property w.r.t. “+" =u oi ak ae MOR sch ho i) toe, st 
iv) Additive identity SL hs a 
v) Multiplicative identity 
vi) Additive inverse 
vii) Additive inverse 
viii) Commutative property w.r.t. °x’ 
ix) Left distributive property 
x) Right distributive property 
xi) Associative property w.r.t. °x’ 
xii) Left distributive property 
3.. i) Additive property 
ii) Multiplicative property 
iii) Additive property 
iv) Multiplicative property 
v) Multiplicative Property 
vi) Multiplicative property 
6. i) 1+4x li) 9 0) 44 a2 Dye hee 3% A5to | 
.i) - —+—i iii) -—+— --= 
i ABI 3 ett 1 3! Wire aby) agian) 5 
1 iv) ; 
ad —be ab —| Beijos elie” ii). t ‘iy).=1 
Exercise 1.2 on page 16 5. i) 544i i) 345./3i 
4. i) i ii) -1 lil) 2 iv) —l r 2/5 _4V2 , . Simtel, 
5. i). ib iy VS5i- id) A Dees, ey TE di eel 
| SsuD» 01 ii) 1 
6. (10,4) 7. (15,-9) 8. (—36,32) ie thy | 
14 2 ~ iii) Sl bieeus iv) a> +2abi-b* 
9. (—23,2) 10. (—15,0) 11. (—,—) 2 | 
29° 29 2p? One 
Lz as, v) 4 Fa a Fe; 
12. 14.1 (=, | : Zr 2\2 20 202 
& 4 Bites 65 Chae CE 
‘G 8) ‘ vi) a> —3ab* + (3a7b-b’)i 
0 > a7 i) (1,0) vii) a? —3ab? —(3a7b-b*)i 








viii) Pes r aie 
2197 2197 
Exercise 2.1 on page 34 
1. .i) {x]xeNax 1000} 


ii) {x|xeW ax S100} 
iii) {x|xeZA—1000S x <1000} 
iv) {x]xeZa-500Sxs 0} 
v) {x|xeNal00<x < 400} 
or {x|xeZal00<x< 400} 
vi) {x|xeZa-S00Sx<-100} 
vii) {x|x is the capital of a province of 
Pakistan}. 
viii) {x|x is a month of the Calendar year 
beginning with J} | 
ix) {x|x is an odd natural number} 
x) {x|xeEQ} 
xi) {x|xe TR al<x<2} 
xii) {x| xe ZA—100< x< 1000} 
2. Descriptive form and Tabular form 
i) The set of the first ten natural numbers. 
{1,2,3,....)10} 
’ ii) The set of natural numbers between 4 and 12 
{5,6,7,....,1 1} 
iii) The set of integers between —5 and 5 
p24 390 bra} 
iv) The set of even integers between 2 and 5. 
{4} 
v) The set of prime numbers less than 12. 
{2,3,5,7,1 1} 
vi) The set of odd integers between 3 and 12 
nto; 7.9.01: | 3 
vii) The set of even integers from 4 upto 10. 
{4,6,8,10} 
‘viii) The set of even integers between 4 and 6. 


{ } 


ix) The set of odd integers from 5 upto 7. . 
{5,7} 


ix) Infinite x) Finite 
- Xill) Finite ~ x1.) Finite 


4. i) {a,b;}; {a,c} 


x) The set of odd integers between 5 and 7 
{ } 


xi) The set of natural numbers x satisfying x+4=0 
eo 3 


xii) The set of a rational numbers x satisfying 
x= 2 (yee 

xiii) The set of real numbers x satisfying x=x 
set of real numbers. 

xiv) The set of rational numbers x satisfying 
x=-x: {0} 

xv) The set of real numbers x satisfying x # xX 


xvi) The set of real numbers x which are not 
rational, 0% 

3. 

i) Finite 

v) Infinite 


Fi) Finite Weiy)sinfinite 
vii) Finite eavili) Finite 
x1) Infinite ~ xii) Finite 
Xv) Finite xvi) Infinite 
Sit) {0}, {1} 
iii) {1,3,5,.}, {2,4,6;...} or {1,3,}, {2,4}. 
iv) N,W or {-2,-1}, {0,1) 


ii) Finite 
vi) Infinite 


v) N,Zor (-1.0}, sl} 


: . 1 3 
v1) Z,O or {0,2,4} , tah o>! 


_ vii) {0,2,4,...}, {1,3,5,...} or {2,4} {1,3} 
vill) {x|xEQaAl< x2}, 
{x|xEQalsx<2}or fl}, {2} 


a Mor { } | 
6. {a, b,} isaset containing two elements a and 
b, but {{a,b}} is a Singleton containing only 
one element {a, 5} 
7. 1) True ii) True iii) False 
iv) true v) False vi) False 
8. i) 1, © ii) 27=4 ~~ iii) 27 =128 
iv) 2°=256 v)27?=4 vi) 2°>=8 
9. i) {®@ ,{9}, {11}, {9,11} } 


i) 1 © .0.003, 9.9, 
ed Gt both eo 
Hi), {0}} 

iv) {® ,{a},{ {b,c}, {a,1b,c}} 


 f+xe} {= ,4}, {4,-x5} 
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10) i) Equivalent il) Equal 
iii) Equivalent iv) Equivalent 


v) Equivalent vi) Equivalent 
vil) Not equivalent 
Exercise 2.2 on page 40 
1) i) ACB 





iil) BoA 





35a) ey ii) ACB iii) A= 


I iv)BSCA v) ANB=@vi) ACB 


fi 














vii) ANB= ® viii) ANB=@ 
: 5 ix) B= A’ x) It holds always. 
ANB x1) BCA xii) A=U 
mI ‘Nl i 4. i) {1,3,5,7,9} ii) {6,7,8,9,10} 
s | iii) {1,2,3,4,5,6,8,10} iv) {6,8,10} 
ii) AVA’ Hi iil | v) {} vi) U 
| vi) C= {1,3,5,7,9} vin) { } 
iv) A A i and B are. disjoint sets 5. i)U-A ii) A iii) U iv)A v)@® 
, Exercise 2.4  __— on page 54 
eat Converse Inverse Contrapositive 
Te queen 9 Pe P34 1-9 > P 
li) 7p Po doris Git P. i= Png 
AUB 7 ae l)~p~g  ~g-~p pP>q  4>P 
Vv) ~q-~p  ~p-~q 4>P pq 





AUB ANB 





(ea | [ee one) 
[a 
LE ee ae) 












a) 
| Beet TS | Beal 
As ~(p—q) and (pA~q) have same truth — jy) {(2,4), (3,3), (3,4), (4,2), (4,3), (4,4)} 
values, so ~(p—q)@(pa~q) dom of (iv) = {2,3,4}, Range of (iv) = {2,3,4} 
4, 
1) pA~p is absurdity | 
ii) p—(q-p) is a Tautology. 
iii) gv(~qvp) is Tautology 





Exercise 2.6 on page 63 
1. : 
i) {1,1). (2.2), 3,3), 4.47} 2. A= TR ) 
Dom of (i) = {1,2,3,4)=A. i) {(x, y) | y=x}. The graph of (i)is shown in the 
Range of (i) = {1,2,3,4}=A fy escapes 
y (1) is a function. y 





: | ii) {(x, y) | x+y=5}. The graph of (ii) is shown in 
ii) {(1,4), (2,3), G2), (4,1)} the figure. 


Dom of (ii) = {1,2,3,4}= Az, (ii) isafunction. y 
Range of (ii)={ 1,2,3,4}=A 


y 





iii) {(x, y) lxty < 5}. A part of the graph of (iii) 


iii) {(1,1), (1,2), (1,3), 2,1), (2,2), 3,))} is shown in the figure: 
~~ Dom of (iii)={1,2;3} (iii) is not a function. 


Range of (iii)={1,2,3). 
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iv {(x, y) | x+y > 5}. A part of the graph of 
(iv) is shown in the figure: 
(iv) iS not a function 





3. Fig (i) does not represent a function. Fig 
(ii) and Fig. (iii) represent functions. Both 
functions are one-one and onto. 

Fig.(iv) represents a function which is 
into. 

4. i) {(2,1),G,2), 

inverse of 

(i)={(1,2), (2,3), (3,4), (4,5), (5,6) }. 
(i) is a function and the inverse of (i) is also 
a function. = ae 
11) {(1,3),(2,5), (3,7), (4.9), (5,.11)}, inverse of 
(ii)={(3,1), (5,2), (7,3), (9,4), (11,5)}. 
(ii) and the inverse of (ii) are functions. 
iii) {(x.y) | vy = 2x + 3.x © 7K} and the 


inverse of (iii) = {(x, v) | y==>, xe 


(4, 3). (5,4), (6,5) }, the 


functions. 


iv) {(x,y) | y* =4ax, x>0} and the inverse 


of (iv)= {(%y) ly = ——x?,x20) (iv) is 
a 


not a function but the inverse of (iv) is a 
function. . | 


v) {(xy)lx*+y? =9.1x, yl$3} and the 
. inverse of (v> i 
=((x,y)l vy? +97 =9,l xIAl vis B} 


‘y) and the inverse of ¢v) are not functions 


Exercise 2.7 
1. 


on page 69 















~ Set of numbers 
4 






Integers 
Rational 





Property L 







| Closure 


Associative 


ss 
sisi 
s[sistststs] 
ase SiEISIS 





a 


| Identity 


ERERRRCEGE 


Fe 


“es 





Inverse 







| Commutative | 


SSx[s 


BRE 
REE 








Here 2 +2 =0 (mod 4), 2 + 3 =1 (mod 4) etc. 


5. Binary operation in Table (a) is not 
commutative ("a * c=b,c ¥% a=C). 


Binary operation in Table -(b) 1s not 


commutative ("a % b=c,b 3% a=b) 





LZ ec aa Ea 
7. i) The operation is addition mod 4. 
11) 0 is the identity element. 
iii) The operation is a associative. 
iv) The inverse of 0 is 0, | and 3 are inverses . 
of each other. The inverse of 2 is 2. 
Exercise 2.8 
1 i)0 li) | 
ili) Yes, Gis a group and itis abelian. 





on page 78 


ee ee eee Answers 


sh 
Operation 
i) The set of rational x Qis nota group 
numbers. under ‘x’. 
li) The setofrational + Qis‘a group under 
number +", 


iii) The set of positive x This isa group 
rational numbers under “x’. 
iv) Thesetofintegers + Zisa group under 
“ 
vy) The set of integers. x Zis nota group 
under ‘x’ 


4. Identity is E. The inverse of E is E and the 
inverse of 0 is 0. 


6. a’ * 5 is solution ofa % x=b 


b ¥& a™' is the solution of x ¥ a=b 
8. P(S) is a semi-group under 3 which stands for 
intersection. 





Exercise 3.1 on page 95 
3. i) x=-l, y=2 li) x=-5,y=-2 


a et 3 4 ii) k °3 | 


§. i) x=-l_y=2 8 a=- 


9. a=0,b=-1 11. oO. 


_8 a 
12. i) 3 =| iy) | 2 s: 


297 52 

19) £9) 
oe) 

13: 3) 4 4? |i) 3 - 5 
4 8 


Exercise 3.2 on page 100 
sie eaie a=? 
2. i) 9 3 i) | 2) 59 
— 2 -!l 
a 
sued 
iil) es 5 iv) Inverse does not exist 
EY 
3. i) x, =1,x,=-1 ii) x, =2,x, =-1 


lee 35 
li) |-2 1 -1 
O=2. — 





f -17 26 7 —5 
AAS ie Rog 1G 
[1 -5 -10 5 


8. i) x= ; 73 ii) X=[ 3, =A ;| 


9. i) a=|y ri ii) a-|3 | 


-10 8 
Exercise 3.3 on page 111 
Wey ii) 10 iii) -9 
iv) 9al* ~—v) 9 vi) 4abe 
4. Aj, =0,A,. =—5, A329 =0,1AE10 
B,, =1, By, = 0, B>, =—-1,|BlE-1 
6. i) x=-2,3)—~ii) x= -10 
iii) x=3,4 7. i) 305 ii) -228 sii) *O 


9. i) lAA‘I=171,1A‘Al=0 


ii) | AA’ 1=0,1 A’ Al=45 
11. Aissingularif A=3, Bissingularif A =4, 





writ 
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~ 12. i) Non-singular ti) Singular 6. 1) A=6, x, =27+6,x, =-2r—-l,x, =! 
1 -1 0O : 
iii) NonSingular 13. E 2 | Exercise 4.1 ____on page 142 
| Slee 7/5 | | { 5 
Exercise 34 on page 126 cael Scar aS 2at=3,-4} (3-9 Ee 3153 


l-i = -¥, A -¥, 4. {2,-1} §.{2,-2} 6. {-2, 1} 
8. |i4i 2 1-i| 9% | 0 -% 0 “s Aa ta 

i iti -Y, -Y, -/, Sh ay | 
= = 73 h h -* 


~— 


~~ 


ad 





iy} 1 1 -1i|-% KY YX 9. {-29, 31} 10.{-35, 31} 11. (21, -27} 
Hh nr -h =<¥ Via, 12. {(-24, 27). 13. {42,43} 14. (5,-11)} 
10. i)3 li) 2 i) 4 
—-7 +65 
15. {2.2} 16. {-7s.¥69} 
Exercise3.5 sin page 138 
li) xv=ly=0,c=1 U7.} =, 4 18. {-+| 
4 
ii) x, =X. =—'Hs,X, ="%s 
ili) XS 2.2 Shay =3 (athecyt Va +b +6 -ab—be-ca 
fae ee 19. 7 
7 TH) VST AVS ES St 
il) -x,=2, x= $,x,=4 20. ‘=I I ~2+¢ 
iit) A =lhvelc=l : 
HA Exercise 4.2 on page 146 
S57 71) Gea 2 ae B28 1 | 
: SVE IQ We=ahI9. 19 1. {+2,+-/2} 2. -3. 4 


ie 8 Si E20 
Wi) x=—\v=-,2r=— 
$=. 3 9 


~ 


a3 1253) 


3 14.31 3(-1+~V3i 

li) x, =2t,x, =—-t,x, =1 1-1, SLE ne, eis) 

iii) x, =—3r,x. =-2t,x, =! | as ++ Si 
- {32, 1024} 6. {-5.0, 


> —f 2 
or x; =f, Xo =21,X3=— 


3 | —7+~7/79 il - 
| {-10, 3, =12u7 8. {-7, -2,3, 8) 


S. i) A=-5, x=—4r, y=3r, 2=1 2 


: 4 —4 +59 i 
pay ee ae | 9. £25, -4,7} 10.,-6. 2: ; 


ili) xy = D: X> = l, xy =-—2 


4. i) x=—-4ty=3t,2=0 


> 


Un 


> 


eg 4 2 

43 Yoras — ee rns 1+~65 

il) If 4 ahd 21, X> 1, Xa. Lips 11. {3.4 7 12.{-9, ae-S +./-6} 
! 7 

Mo Cl SA SHS eat Sr 13. {—4, 2, -1+/71} 14. {-3, 0} 15. (2,4) 


or x, =10nx7=1, x; =f 










16. (3, 4} 


18. SE asl 
19.41, 215] 20. eee 


17. {2, 3} 


1. -lty-3 
21, {t,2, VEN} op fay, 
23. (2, 7 3. tA. {-1,-1,1,1,41,4/2413} 


on page 150 


1. {1, -3| 2. 2-31 3. (4) 


Am(a0ySs {2} 6. cis | 


Exercise 4.3 





2 


7. {1,-3} 84-2) 9 {1} 


10. (-144V2}3 1. (4-2) 
. 3 


—7+V17 
12. | 8 ! 


Exercise 4.4 on page 155 


l, i) {2,2@,2ar} ii) {-2,~2,-2a°} 
iii) (3,3, 3a”) iv) {-3, -3@, -3a"} 
v) {4,4@, 4ar} 

2. i) 256@ ii) 0 iii) 4 
iv) —l v) -—32 6. x7°+2x+4=0 
2, —2, 2i, -2i; 3, -3, 3i, -3i; 5, -5, Si, -Si 
i) {42,427} ii) (0,+3,+3%} 
ii) {-lti} iv) (041,41) 


Exercise 4.5 on page 160 
5 Zsa 7, 4 (21 
‘5. Yes 6. No 7.'No 8 Yes 


LE Answers 


. Exercise 4.8 


l 


9. No 10. k=" ll. k=-3 


12. (x—2)(x— 1)(x+ 3) 13. (x + 4x4 2x6) 
14. (x—2)(x + 3)(x+ 1)(2x + 3) 


IS. p =-4,g=1 16.a=-4, b=16. 


Exercise 4.6 on page 164 


5 eee LZ? 

11); 'coe i) “ary wale! ail 
. 64 = 4J-11 ; 

Iv) 97 vy) -] VU) Sind. 


1) 2p? = 9q ii) Pp +qg+g =3py 
ii) p=O iv) gal S.a¢+h = () 


7. i) a*y* -(b? —2ac)y+c* =0 
ii) c+by+a = 0 
iii) cv — v(b> — 2ac) + a7 = 0 
iv) ay" -yGabe — b*) + =0 
v) ¢y-yGabce-b*)+a° = 0 
vi) acy + b(cta)y + (a + bh? + Jac) =0 
vii) a* y* —2a*(b* ~2ac)y +b? (b? —4ac) =0 
Vill) ey - (b° — 3abc) yea" =) 
8. 2v+3y-45 =0 9. 9° + 8y4+3= 0 


Exercise 4.7 on page 167 


Ll. i) Irrational and unequal ii) Real and unequal. 


iii) lrrational and unequal iv) Real and equal. 


| 10 
Toe it ii) 2,29 iii) 10.3 
i) 3 ii) 7 iii) { | } 


_on page 169 
1. {(1,-2.(. 2} 2 @, 2), 3} 


3. {(3, -1), (11, -13)} 4. {2 3), Gaay 
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K 


b b 
so, fee ar }6 
ewes: 
{0 52 FS (basa ae 
7.. {(4, 2). (2. -2)} 8. ((-4. $1). (-2. 3} 


. jaa SENS) postu.) 


Exercise 4.9 on pave 172 


(G22)... —2).(3. 2), (3. —2)} 


19 38| 
ieVint 27) S38 
Sagi 3 
4, ie (-6.- =e =| 3} 
“HagneRoh. (x2 6 Je - pe lin 
6. ve sot | 
5 Seis 


7. {(5. 3), ($3. 3). (37. 30). (-3 8, 3} 


8. (2.2}(-2.-2} 9. {(3.7).(-3.-7)} 
4°4]\\4° 4 


“10. {(2. 1). Cl. 2). («2. -1). (-1, =2)} 


—— 





Exercise 4.10 on page 176 


| | 
SS ee al Omesentsa 15” 4) 5. 


64 6. 11,12 and -l1, -12 
8. ISsheep 9. 
Il. Length =27 cm, Breadth - 
12. Length = 26 cm, Breadth = 21 .m 
13. 63 14. 27 
15. Base = 35.m, Altitude = |2 
. 16. Length = 42 m, Breadth - 40m 
17. 20 days. lO days 18. 


7.6, 8 and -6, -8 
A dozen 1. Bhours. 


llm 


2 days. 6 days 








19. 12 dm 20. Rs. 56,000: Rs.44.000 

Exercise 5.1 on page 183 

Sue | oy, lee el 
v1) 2v4+ hl * £4 ct, 




















g i Sey he 

4(x-1) x+2 4(x+3) 

| 30) eu 

4. ———+ + 

28(x~2) 7(x+5) 4(x+2) 
i | we pean * 
21) v= 1 28-1) 
6. rt h 


(a—b)(a-—cv—-a) | (b-ab-c) (NX) 
a 2 ee a 
- (c—ate=<b)iv=c) 


7. 3x+4+ 4 13 














-—————— 
3(x-l) 3(2x+1D 
1 
8. 1- vt 5(2x4 3) 33 S(ix— 1) 
9 3 3 15 
ieee Sve 2)e 4(0—4) BC — 6) 
10. a push: 


(a-—b)(a-—c lan) hi (b-a)(b—c (1 —bx) 


Ke 
ee 
(c—a)(c—b)(1—ev) 


a +42 
aap i be 


11. Se ee ee * st * a | 7. 
(Ir eH ae) ea te) 


rs t 
a—ad 
+ 


(h7=d" We fol ( ed : ) 


Exercise 5.2 on page 1835 
































2 jaf | 3 
1. : + + 
: (x-I)P (r-I1) 
5 29 27 
(yv42)>) (v4 27 
ah = ele aS 
x- |] x+ 1 (x +1) 
| | 3 
+. Ef aia 
(v+2) 





oS ee 
* 16(%+ 1)” 16(¢= 3)" 4, 





























=P 
= 4 
I ! 
8. Tae : : 
A(x-ly 2(x-1) 
9. Tee oe as ; 3 
Ox+ 1) 34+) 
| 2 5 7 | 
" Gea ye 264 2a 
(ee )) 
| 2 
12.2x- 2455025 + ee re 
Exercise 5.3 on page 187 
l7x-6 __17 
eee spy Oe 
Ad. Wis jee 
al mie (1 4x2) 
3. ate a) + ae 
13x +4) 
Se 
x +2x+5 
5. TRS =e 
207 + 4) 
6. a 
30 —x +1) 
i ma! = Sars 
8(x—-1)? 4(x7 +3) 
3 i ee 
eee) aq—1) 18%" +2) 


10. 


l l l 





tad —x 4 =x) on pes 


—X+2 x-2 


Exercise 5.4 
x-1 
v+x4+l 


I 
4(x-1) 





—| : 
36(x—2) ~ 








x+1 


A(x" + 1) 


36(x° + 2) 


SxS RS Sp gee tS 
Wxe4+x4+1) 200-x+1) 


on page 188 
2x +3 


(?+x4+1) 


2x7 + 1) 
x+2 x+14 
6(x° + 2) 
_2 eee 


v+l (x + 1) 


2 2x - 1 3 
= 


x- | 2 


x +x4+1 


—| l 
ee a 





Exercise 6.1 
i) —1,1,3,5 


iii) 1,1,-3, 


| 


PAs 
Vv) ae 
Sil 


ww |— 


vii) 2,6,11,17 viii) 1, 


ix) 1,.3):12)603 =x) =—.———— 


ps FN) al 


iv) 13 
Si) Peele 


iii) 112, 288 


Exercise 6.2 
A) 





(x +1) 


,— Vi) 


ii) 2520 





5,8, 11, 14,... i) 


(x e4+x4+ 1) 
x 2x 
(x? + 2) 


r * 

(x° + 2) 
on page 191 

ii) —1,4.—9,16 

iv) —2,1,4,/ 

Lol 

2,6, 24 

l a l 


us 
9 2 


— 








a atd at+2d a+3d 


13 
iii) — 
s 64 


v) -15 


ii) 63, 127 
iv) 13,-15 


on page 194 
aie WA ky) Pax 


iii) —3, 1,5, 9 


Zz. a, =2n+l 


sy Sil 
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12-lix' ~; 5. 67 
31* term of AP 

20 

fio. BE 

10. i) (-—19) isthe term of A.P. 


li) 2isnotthe term of A.P. 


3 Goal 
3 


Exercise 6.3 ) 
ee) ee ee 
2. a=2,b=11 7 
5, A BU cy aoe) Se 


4. 2¥2,3V2,4V2,5/2, 


5, i 5 it 623. pe 

2 2 2 2 : 
6. 5,7,9 are three A.Ms between 3 and 11 
tf (Ral 


7. 26" term of A.P 


4, 
6. 


$67 98 





on page 196 


iii) 1+x° 


Exercise 6.4 on page 199 
1. 1581 
117 | 
2. i) 192 ii) —- iii) 24.6 
V2 


iv) 2? = 159.5 v) n(x+(n—2)a) 


tm 


Se 


——$— 


v1) 


2 l-x 2 [tae 
3. i) 13 terms ii) 12 terms 
4. i) n(@n-2) ii) 5 On 13] | 
5. 650 6; 14+54+94+13+... 7. = 


9. 20,0000 10. Sy =126 11.3+7+11+-... 
12, 24+5+8+11+... 13. 24+54+8+11+... 
14. 5,8,11 or 11,8, 5 

15.5957;9; 119 =or”  11,9;7;5 


16. 3,4,5,6,7 or 7,6,5,4,3 17. 2,5, 8, 11, ... 





Exercise 6.5 __ on page 202 
1.270 2.27 3.160 4.78 5. 30 weeks 
6. i) 8lm _ ii) 225m 7. Rs. 99000 


8. l4z 9. Rs. 11000 10. 120 balls 
on page 205 

32(1-r) 3. 64 

9774 approx 6. 11 


Exercise 6.6 
1. 48 am 
4. 32(1-i) 5. 


9. co" S| 10. 2, 6, 18 or 18, 6, 2 


11. 2, 6, 18,54 13. 2,7, 12 or 10, 7,4 


14. 1,2,3 or 17,2,-13 
Exercise 6.7 on page 209 
1. i) 4: or -4i ii) 4 or -4 
2. i) 2and4 ii) 4and8 
3. i) 2,4,8,-2,4,-8,2i,-4,-81,-21,—4,8i 
li) 4,8,16;-4,8,-16,47,-8,—167,—4i,—8,161 
] 
4. 8, 12,24, 48 6.05 
2 
7. 16,4 or 4, 16 8. 8,2 or2,8 
Exercise 6.8 | _ on page 215 


1, Oe ee ter] 
4782969 | Ol) eae 108 
i) +[ 20" | 
a(b-1)(a" -1)-(a-1)b(" -1) 
(a—b)(a-1)(b-1) 
a(l-b)(1-a")-(1-a)b-b") 
(a—b)(1—a) (1-5) 


a r |jl—-r"” kQ-k"r") 
ii) ——|- — 
l-r l—kr 


Some) 


Or 





1-k 


r [" 4 k(k"r" —1) 
or ——j|— - ——_—__ 
1-—k| r-1l kr—1 








4. -i) 5. 2 ir 


iii) = iv) 4 v) 4(2+V72) +=vwi02 


133 . 259 
SEIT cy 
(152 159 .. 1136 
iv) ee vy eo ee 
99 999 990 
fi 10. 135m 


——————— 
(l—r)(l-kr) 


11. 175m 12. i)-+<x<+ 
aimee 


13. ii) —2<x<2 14. 342424. 
Exercise 6.9 on page 218 
l. Rs.968 2.Rs. 16384 3. 70304 
4. 750 5. A2*" or A4” bacteria 6. 3 


Exercise 6.10 on page 224 
J l ] ocd 
l — i)— -1)— n)— 
09 Ph M35 P39 
3, . 
3 i)—l oe fi) eee 
DSS 22 32 14 §2 62 
ihe thie floes sky Shy Sh) Sh 
4. 2 = 
Tt LL 15419 23 31539) 47 
100 100 100 100 
Meuep iki 
5 — 6. es 7. —10 
29 Is 
I I | 
i a n=l Il, —,-,-... 
$f —67 9.2 3° 5°8 


131), A==4. Gate 
7 5; Seal is 
i) A=31,G=-8,H TH: 


ill) A eG =t6H zale 
2 L3 


14. i) A=5,G=4,H = 


Exercise 7.1 


4 16 
li) =1,G=—,H =— 
ii) A a a 
. 16 
15. i) As, OS aia 
ed 16 
ll =-1,¢ =—-—,H =-— 
ii) A=-1,G 5 me 


16. 6,3 or 3,6 17. 8,2 or 2,8 
ik | + 2160025 


18. 1-,- | eg os ee 
R79 1 953 14d 
Exercise 6.11 _ on page 229 
ereY ores). 7), uA Gt) 
2 2 
3. n(n+1)? 4, 3 (Gn? +2In+16) 
5, 2 (4n2=1) 6s 2 (6n?- £3n-1) 
3 1D. 
n?(n+1)? en 2 
—— 8 Gn? +16n? +30n+23) 


9. 5 (n° +58n? +135n +134) 


10. n(n? +20n? +5n—10) 11, “et De*2) 
12 n(n+1)(n? +3n+2) 13. n(n+1)? 
12 en oe 
14. i) —-n(2n+l) ii) -8n? 
iii) =e (An? +15n +17) 
15. i) n(n?)+2n+2. ii) wena 


16. i) n(8n* +10n+5) 

ii) n(4n? +4n? +5n+8) 
on page 231 
1. i) 24 ii) 720 iii) 8 iv) 720 


v) 330 vi) 20 vii) 840 viii) 770 
ix) 36 -x) | xi)6 xi) 24 


nh 


A Textbook of Algebra and Trigonometry 


emOLe ) 12! 20! WE | 
Z. i) 3) Wi) rh li) Fey 161 'Y) dren RT 8. 3, 





2 1.8 
+5 1076-8 


oo | — 
coa|~) 
= 
tn] 


8! ee! 2p te at : 248 
OD) Sa a = Wea Exercise 7.6 ___ on page 2 


m7 8 
' I 1) 14 ii) 16 «iti) — iv) — 
viii) (n+2)t (n+ 1)! x) n , ) ) ) C r 
(n—1)! * 3! (n—2)! (n-r)! 
2. i) 20 ii) 15 iii)S1 iv) 52 
Exercise 7,2 on page 235 y 13 51 1B 
1. i) 6840 _ii) 43680 __ iii) 95040 520° 100’ 25 
iv) 604800 v) 362880 3. i) 90 ii) 108 iii) 135 
i) 6 ii) 3 iii) 9 4. 60 5. 1956 Exercise 7.7 on page 251 
6. i) 120 ii) 720 iii) 5040 7. 60 eNO 93-- 4 fo 23)? 


ye RR 4. 5.5 6.7. — 8.5 
9069) 48) ii) 72) 10. 600,120 “9% 3 *55 *.13 59 § j= 96) 8 
11. 24 12. 30240 13. 1440 14. 2880 Bree 7's pe: 








- Exercise 7.3 on page 238 5 I i | 
ip l 9 3.47447 5: eq 
1. i) 15120 ii) 20160 : 
iii) 4989600 iv) 10810800 alt 2 SE ee : Gh 
| 169° 169 7108 ®36 % 3 10: 99 
2. 20 3. 180 4. 360 5. 9012 
6.69300 7. 725760 8. 19958400 ways Exercise 8.2 on page 273 
9. 967680 10. 2880 11.3 12. 60 1. i) a’ +100*h + 400°b? + 8007b* + 80ab* + 320° 
el 
: i) 233,15 20, 60 96 64 
Exercise 7.4 on page 242 ii) Le meas Ri SI ay 3 
un—-1)\(n—2)(n-3 att 
1. i) 220 ii) 1140 itty M2—PR A 9) leet 
. iii) 81a" —36a°x+ 6x? -— + —_ 
251)99 ae di) 12) iii) 18 9a J 
Ae) 73) eiiin=10 res iv) 128a’ -448a°x+672a>x* -560ax? 
4 fi ae | x* x pa 
4. 1) 10 ii) 20 iii) 54 5. 6160 +280— -84— + 14——-— 
6. 20 7. 1365, 1001 a a a-ha 
9. i) 11760 ii) 22968 iii) 20616 


Exercise 7.5 on page 245 


eo meres 2) 307 

1. 1,0 2.353 3. 3) 8 ig: 8 g 
162 3 a aE 
6323 OS 5 9767 18 





) Lx Lx? 7x 14> +70 
2 ——— ee 


¥ 





3 4 6. A. 
* 256 
-2942— 4442-51224 2 
de x4 x x 
3 Z 2 3 
vi) H-64 4154-20415==6 4 
x? <r x a a a 
2. i) 0.912673 ii) 16.64966416 
iii) 9920.23968016 iv) 4084101 
3. i)  2a°+24atxe+8x ii) 724 
iii) 82i iv) 2x(4x* -3) 
4. i) 16+32x—8x* -40x° +x* +20x° 


+2x° —4x’ + x3 


ii) 1—4x+10x? —16x? +19x* -16x? 
+10x° —4x!’ +x 


iii 1—4x+2x7 +8x° —5x* —8x° +2x° 
+4x' +435 
5°91) x9 43x° —5x? +3x-1 
ii) BYE AGS 


xX Xx 


15120x* sii) —41184x~ 


iii) 4032 iv) 462x*y° 
x 





7 , (2n)! 
7, i) _ 15309 ii) Cina 
9 (n!)* 
- | Se ee ae 
8. = 9, i) —8064 11) #2 ili) 
8 4 
35 
hy) Men Le 
16 32 16x 
iii) 2-1)" oe" Ey and 
m'! (n+ 1)! 
1c gymet m+ DE 1 
2 mdn+l)! x 





(Dav Gan)! x" 
2" “7!Qn)! 


11. 


Exercise 8.3 on page 283 
1. 1-5 x-o 3" “<x —... valid if |x|<1 


ii) 1—-2x+4x7 —8x? +... 


iii) ee ee ie valid if | x|<1 
9° 81 
; 3 Ah vas 4 
v) 2-—x—-— x? -— x’ -... valid if | xk — 
2 a AS Tees Fans 
vy) ty sig te 4. valid if |x\< 4 
8 32 #42128 512 
ye 24213 +... valid if |x} = 
TG iy IE 3 


vii) l—x+2x? —2x? +... valid if | x|<1 


viii) 142+ + 2x? +... valid if | xk> 


ix) le ox ext 2° 3 +...valid if |x|<2 
Ser 352 123s: 


X) eee es emevalid if Bee 
2 5.8 16 2 


X1) toyed x x +... valid if me <x<l 
3. i9 3 
2. i) 9.950 approx. (correct to three decimal places) 
ii)0.990 approx. (correct to three decimal places) 
iii)1.010 approx. (correct to three’ decimal places) 
iv) 4.021 approx. (correct to three decimal places) 
v) 2.031 approx. (correct to three decimal places) 
vi) 1.987 approx. (correct to three decimal places) 
vii)O.100 approx. (correct to three decimal places) 
viii) 0.331 approx. (correct to three decimal places) 
ix)0.935 approx. (correct to three decimal places) 
x) 1.001 approx. (correct to three decimal places) 
xi) 0.356 approx. (correct to three decimal places) 
xli)5.981 approx. (correct to three decimal places) 
3. i) (-1)"x2n ii) 4n 


iv) 2n7+2n+1 v) (-1)"(n+1) 


valid if | x |< i 
2 


iii). 4(2n—1) 





9. i) 7 ii) 2 iii) 2V2 iv) a 


Exercise 9.1 _ on page 292 


ih ae ii) 5 ii) iv) v) 5 


mit: 21 eee Te 
v1) 1D vil) > vill) ZF ix) v3 


4ixn .53x  ... 9013 .... 1817 
x) 590 X1) 579 Xi) 57600 “4 [5900 
_. 27721% 
XIV) 32400 
2. i) 22°30° ii) 30° iii) 45° 
. v) 90° vi) 120° vii) 135° viii) 150° 
1x) E1052" x)) 324° xi) 73° 20° 
xii) 73°20’ xii)146° 15’ 
xiii) 127° 37° 59” xiv) 125° 





xv) 0 aan 


iv) 60° 


2m 
3 


amOorad seni) 1.6rad. 
5. i)18.86cm _ii) 20.5mm 
i) 10cm ii) 71.3cm 


Xv) 106° 52’ 30” 3. 


7. 10.99cm 8 35 9. > rad, 


10. 10.9966 m 11. 6.983 cm 

12. 1390000 Km 13.5 rad, 

15. 7819 Km 16. 3354.53Km 

17. 3860007 Km (approx.) 

Exercise 9.2 on page 301 

l. i) +ve - ii) -ve iii) —ve 
iv) —ve v) +ve vi) —ve 

2. i)— ve. ii) +ve iii) —ve 
iv)-ve  v)+ve vi) — ve 

3.0) 1) LV li) | 


i) IV 


ie 


| A Textbook of Algebra and Trigonometry 





iv) Ill v) Ill vi) Il 











4. i. il. iii. iv. Vv 
nae 2 ea ee, = 
7. OE 4| 2 iO) AD 
} 9, =3 tao. ele 
costes a 5 We ah 
12 —40 ] —| 
tn@g@= — —- —s — —| 
_ 5 Guta Gs 
| 13 —4] 
cO= — — -2 —2 
csc oer iO) =A2 
3 4] —2 10 
sec O= — = et) Abe 
9 V3 3 v2 
5 -9 
cog= — =: —3 —| 
12 40 v3 
5 ee ae oc Oe 
17 8 
' z 
6. sin @= : 4 e 
eet m + | 
: m* —1 
3 26 
4 fe 4 9. 3 
Exercise 9.3 on page 308 
a §) ii) ze 4. v3 
4/3 2 2 


5. Trigonometric functions of following angles. 
i) m ii) m iii) > iv) a v) 1 
eed | Sane | 
vi) 90° vii) 90 Vili) > ix) 35 

6. i) 30° ii) 30° iii) 45° iv) 45° v)5 


vi) 5 vii) € viii) Z ix) 45° 





Exercise 10.1 on page 321 
3 a8 a8 —2 
lL 13 ii) | iii) —= 
1) 7 ; 
| . v3 
iv) —2 v) 3 vi) ; 


2. i) —sin 16° ii) —cos 33° iii)—sin 41° 
iv)—sin 16° v) —cot 24° vi)cos 8° 
vii) cos 5° viti)sin 15° x) sin 30° 


Exercise 10.2 on page 326 


Z. 1) N3=1 ii) V3 +1 iii 
: 2/2 24/2 
vy) 2/2 v) 2/2 YI) 


Camara Clam 
=650. Weags a JY) 33 


) Bo 
) 
1+y3 
-/3 
9, i) 


5 16 63 . 16 
iV) 65 v) 65 V1) 63 


The terminal arms of angles of measure 
a+ and a—f are in [Il and [ quadrants 


respectively. 
33.256 416 3 
10. s FP res 25 —. , — 
UGS 7 65 ") 5" 5 


14, 1) 13 sin(@+ @), tan g= = 


ii) 5 sin(@+ @), tan g=5 


ili) J/2 sin (8+), tang=—l 


IV) {41 sin (6+ @), tan (AEST 


v) V2 sin (8+ ¢), tan g= 1 


vi) /34 sin(@+@),tang= = 


Exercise 10.3 on page 332 
1. 1) sin 2aaToe, cos 2a =i, tan 2a=-0 
24 | 7 
ll) sin 20=55 , cos 2@=— 35° tan 2Q@= - 


14. sin’ @= 3—4 cos 20+ cos 44 


3 
15. sin 18° =B=1 =cos 72° 

sin 54° = SOE 05 36° 

cos 18° = vio+2¥5 = sin 72° 

cos 54° = i025 = sin 36° 
Exercise 10.4 on page 336 


l. i) sm4@+sin2@ 11) sin8@—sin2@ 


an | 
1) 7 (sin 76+ sin 3@) iv) cos 5@—cos 9@ 
lea: Se 
Vv) 4 (sin 2x—sin 2y) vi)> (cos 4x + cos 60°) 
el | all | 
Vil) 5 (cos 34° — cos 58°) viii) 5 (cos 90° — cos 2x) 


2. 1) -2sin4@cos@ ii) 2cos6@sin 2@ 


iii) 2 cos cos lv) —2 sin 4@sin 3@ 
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v) 2.cos 30° cos 18° vi) 2 sin.xcos 30° 5. a=6i,  @=44°40% f=45° 203 


Exercise 11.1 _ on page 341 6. b=3184, a@=59° 36’, B= 30° 24’ 


1. * 2. 1 an 4.2xn 5. 6n 6.87 7. @=39°50°, a=0.533, b=0.639 


Me 2K Tl Exercise 12.3 on page 359 
7. 10n 8.122 9, 7n 10. gl. 12. 


1 53° 852s 9.3m 3.2 93576m 
4. 5.47 5, 62m 62923:m 
Exercise 11,2 _ on page 35] 7. 3057m 8& 36.6m 9. 30.8m 


13. 2x 14. 2x 15. 10x 


r= 10.555 11. 10.2m 12. 28°54” 
Si) oat) 0 
13. 155.5m 14. 44°27°15. 34.64m, 20m 


Exercise 12.1 __ on page 353 Exercise 12.4 ___ on page 268 


1. i) 0.8055 ii) 0.8055 iii) 0.3541 
0s.) a=3+1. c=7V3-1 
iv) 1.4919 v) 0.7357 vi) 0.4784 
2. @=38°25°. b=113.32. c= 143.78 
vii) 0.3175 viii)0.6127 ix) 0.1736 ) 
3. (80°, a=93, c= 101 
2. .i) 35°23° ii) 21°18° iii) 58° 17° 
4. f62°43, a=113, b= 148 


iv) 59°36° v) 87°23" vi) 31°14 5. @=59930°, b=61.5, c= 32.5 


Exercise 12.2 ____ on page 355 Exercise 12.5 on page 271 
1. i) 44/245 — iii) 6,6V3,30° 1. a=36.01, B=80°, y=48°, 
iii) 5J3,30°,60° iv) 9.5,10.4,50° 2. a=15.3, B=30°26,, y= 111914 
v) a, 12.4,34° vi) 8V2,45°,45° 3. c=V6, @=15, — B=105" 
4. b=4, a= 26°23", y=117°17" 


2. B=52°40, c=400, b=318 


+ =5 o= 120°: =2|°47° 
3. B=27°20°, c=1733, a=1540 + saa p 


| 6. c=30.14, @=57°21’, B=78°10° 
c=661,  a@=29°45', B=60° 15” 





7. b=125, a=47, £B=53°, 


8. b=11.3, B=62°43', y=74°32’ 


9. c=409,  a=46°59', B=22°39' 


10. a=53, B=88°36, y=31°5S4' 


11. 81°43" and 41°17’ 12. 67.25N 


Exercise 12.6 on page 372 


a= 50°, B=50°, y= 80° 

a=20°55', B=26°30' y = 132935", 
@=38°22', B= 47° 46', y= 93° 52' 
a= 33°40’, B=101°58', y=44°22" 
a=60°10', B=76° 32’, 
B=3°39' 7. 
43° 17', 


y= 43° 18' 
132° 35’ 


oaa ® #6 PY > 


64° 26’, 72° 17 


10. @=23°52', B=37°22', y= 118° 46' 


Exercise 12.7 on page 276 


1. i) 6000 Sq Unit ii) 426.69 Sq. Unit 
iii) 16.74 Sq Unit . 


2. i) 138.29Sq Unit ii) 400.57 Sq Unit 
iii) 6.01 Sq Unit 


3. i) 216SqUnit ii) 35705.89 Sq Unit 
iii 616.60 Sq Unit 

4. B=39°30' 

5. c= 22.24, y= 828" 6. Rs. 1125 

Exercise 12.8 on page 385 


6. i) R8.125,r=4,7= 10.5, =12,r=14 | 


nN) R= 21.25, r=7, r= 24, 1=12, r,=56 


Exercise 13.1 on page 398 
Sloe ae eh = 

ub 5 11) ay iil) - iv) = 

v) m voL— mice viii) — ix)— 
6 4 3 4 


3. ) ii) 2 iii + 5 
yrs SE thy) Ne ese 
3 ai B J2 


Exercise 13.2 on page 400 
20. sin x= De cos X= 3 Ene 
2 2 V3 
, cot x= 3, sec X= ee csc X=2 
J3 
Exercise 14 on page 407 


|Note: Add "ne Z' with every pait. . 
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ar 
© 
mila 
+ 
he 
aR 
G 
Cate 
o|A 
+ 
mn 
eae 
Cc 
a 
So 
+ 
bh 
ea 
G 
—_— 


43. (m) v= + 200} u) = + 2n0| 
14. 4 Eh) anebul = +200 
EGiees 6 6 


15am vtevam of {ES 


18. (mp eom) fg 2m) U's +2 
17. Bom} UfE3mm v lata} vinta} 
+m 
#8. yf] ot am ulsem| 
20. {EME {E+ mh {E+ 2m 


18. (2mm) U {n+ 20m} AE + mn uz 


oe 








